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ON A CLASS OF ABELIAN AND TAUBERIAN-TYPE RESULTS FOR
QUASIASYMPTOTIC BEHAVIOR OF DISTRIBUTIONS VIA CERTAIN

INTEGRAL TRANSFORMS

ASTRIT FERIZI 1 AND KATERINA HADZI-VELKOVA SANEVA 2

Abstract. We review a particular class of Abelian- and Tauberian-type results
relating the quasiasymptotic behavior of distributions to the asymptotic behav-
ior of several integral transforms. The discussion covers the shearlet transform,
the fractional Stockwell transform, and the short-time linear canonical transform.
A unified presentation highlights the common structure of the corresponding
Abelian results and the specific features of each transform. Particular attention
is given to the interpretation of the associated Tauberian-type statements, with
emphasis on the role of their normalization and limiting behavior.

1. INTRODUCTION

Abelian and Tauberian theorems play a fundamental role in asymptotic anal-
ysis. Abelian results describe how a prescribed asymptotic or quasiasymptotic
behavior of a function or distribution is reflected in the asymptotic behavior of
an associated integral transform. Tauberian results address the converse prob-
lem and seek conditions under which asymptotic information on the transform
determines the asymptotic behavior of the original object. Together, Abelian and
Tauberian results provide a natural framework for comparing asymptotic infor-
mation in the original and transform domains and for understanding to what
extent one determines the other. This is particularly relevant in distribution the-
ory, where asymptotic behavior is understood in a weak sense through the action
of distributions on test functions, and integral transforms provide a useful tool
for its characterization.

Recent studies have investigated the quasiasymptotic behavior of distribu-
tions through the asymptotic properties of various integral transforms [1, 3, 4,
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6, 9, 11, 15, 17, 20, 21, 23, 24, 29]. In particular, different classes of Abelian- and
Tauberian-type results have been established for the shearlet transform, the frac-
tional Stockwell transform, and the short-time linear canonical transform. Al-
though these transforms differ in their analytical structure and parameteriza-
tion, some of the corresponding quasiasymptotic results exhibit a closely related
Abelian-Tauberian pattern. This common structure provides a natural basis for
their unified treatment and comparison. The present survey, therefore, focuses
on this particular class of results, while the original papers [7, 8, 12] contain ad-
ditional Abelian- and Tauberian-type statements of a different form. The aim of
this paper is to present these results within a unified framework and to clarify the
interpretation and scope of the corresponding Tauberian-type statements.

The paper is organized as follows. Section 2 recalls the notation and the ba-
sic notions of quasiasymptotic behavior of distributions. Sections 3–5 review the
corresponding Abelian- and Tauberian-type results for the shearlet transform, the
fractional Stockwell transform, and the short-time linear canonical transform, re-
spectively. The final section summarizes the common features of the results and
discusses the corresponding Tauberian-type statements.

2. PRELIMINARIES

2.1. Notation and spaces. For m = (m1, . . . , mn) ∈ Nn
0 , we use the standard no-

tation xm = xm1
1 · · · xmn

n , |m|= m1 + · · · + mn, and ∂m
x = ∂m1

x1 · · · ∂mn
xn . The Fourier

transform (FT) of an integrable function f ∈ L1(Rn) is given by

ˆ︁f (ξ) = (2π)−n/2
∫︂

Rn
f (x)e−ix·ξdx, ξ ∈ Rn.

The Schwartz space S(Rn) consists of all smooth functions φ ∈ C∞(Rn) such
that

ρν(φ) = sup
x∈Rn

|m|≤ν

(1 + |x|)ν |∂m
x φ(x)| < ∞, (2.1)

for every ν ∈ N0 [14, 25]. The Lizorkin space

S0(Rn) = {φ ∈ S(Rn) :
∫︂

Rn
xm φ(x)dx = 0, ∀m ∈ Nn

0}

is a closed subspace of S(Rn) equipped with the relative topology inherited from
S(Rn). Its dual S ′

0(Rn) is the space of Lizorkin distributions and is canonically
isomorphic to the quotient of S ′(Rn) by the space of polynomials [14].

We recall the fractional Lizorkin test space Sα
0 (R) = {φ ∈ S(R) : ei c1

2 x2
φ(x) ∈

S0(R)}, α ∈ R \ πZ, c1 = cot(α), which generalizes the classical Lizorkin space
by means of the fractional Fourier transform [7]. For c ∈ R, we recall the shifted
vanishing-moment space Sc(R) =

{︁
φ ∈ S(R) : eicx φ(x) ∈ S0(R)

}︁
. The notation

(Sα
0 )′(R) stands for the dual space of S−α

0 (R), whose elements are called fractional
Lizorkin distributions.

All dual spaces are equipped with the strong dual topology [27].
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2.2. Quasiasymptotic analysis of distributions. These notions will be used in
the following sections to formulate the Abelian- and Tauberian-type results as-
sociated with the integral transforms under consideration. Throughout this sub-
section, A denotes a topological vector space of test functions, and A′ denotes its
dual space.

A positive, measurable function L, defined on (0, A] (resp. [A, ∞)), where A >
0, is said to be slowly varying at the origin (resp. at infinity) if

lim
ε→0+

L(τε)
L(ε)

= 1
(︃

resp. lim
λ→∞

L(τλ)
L(λ)

= 1
)︃

, for all τ > 0.

For a thorough treatment of slowly varying functions, we refer to [26].
We say that a distribution f ∈ A′(Rn) has quasiasymptotic behavior of degree

σ ∈ R at the origin (resp. at infinity) with respect to a slowly varying function at
the origin (resp. at infinity) L if there exists a distribution g ∈ A′(Rn) such that
for all φ ∈ A(Rn)

lim
ε→0+

⟨︃
f (εx)

εσL(ε)
, φ(x)

⟩︃
x

= ⟨g(x), φ(x)⟩x(︃
resp. lim

λ→∞

⟨︃
f (λx)

λσL(λ)
, φ(x)

⟩︃
x

= ⟨g(x), φ(x)⟩x

)︃
.

We shall use the following convenient notation f (εx) ∼ εσL(ε)g(x) as ε → 0+ in
A′(Rn) (resp. f (λx) ∼ λσL(λ)g(x) as λ → ∞ in A′(Rn)) where the limit is under-
stood in the weak topology of A′(Rn). The limit distribution g must be a homo-
geneous distribution with degree of homogeneity σ, namely, g(τx) = τσg(x), for
each τ > 0, where the equality is understood in the distributional sense [1, 19].
For a comprehensive treatment of quasiasymptotic analysis, we refer to [5, 19, 28].

For a function h defined on Rn and r ̸= 0, we use the notation h1/r(x) :=
h(x/r), x ∈ Rn.

3. QUASIASYMPTOTIC ANALYSIS VIA THE SHEARLET TRANSFORM

For S := R2 × R × R× = {(b, s, a) : b ∈ R2, s ∈ R, a ∈ R×}, where R× = R \
{0}, we recall that the natural range of the shearlet transform acting on S0(R2),
denoted by S(S), consists of all functions Φ ∈ C∞(S) such that

ρm1 ,m2 ,k,l
r1 ,r2 ,ν,q (Φ) = sup

((b1 ,b2),s,a)∈S

(1 + |b1|)r1 (1 + |b2|)r2 (1 + |s|)ν
(︂
|a| + |a|−1

)︂q

⃓⃓⃓
∂l

a∂k
s ∂m2

b2
∂m1

b1
Φ ((b1, b2) , s, a)

⃓⃓⃓
< ∞,

(3.1)

for all r1, r2, q, ν, m1, m2, k, l ∈ N0 [2]. It is topologized in the usual way. The
notation S ′(S) is used for the dual space of S(S) [2].

3.1. The shearlet transform on S ′
0(R2). In this subsection, we recall the defini-

tion of the shearlet transform and its synthesis operator, together with the corre-
sponding distributional framework. For a comprehensive overview, we refer to
[2, 10, 16].
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The shearlet transform of a Lizorkin distribution f ∈ S ′
0(R2) with respect to a

window ψ ∈ S0(R2) is defined as a smooth function on the variables (b, s, a) ∈ S

of at most polynomial growth on S by ([2], Thm. 5.5)

Sψ f (b, s, a) =
⟨︂

f (x), Sb,s,aψ(x)
⟩︂

x
, (3.2)

where

Sb,s,aψ(x) := |a|−3/4ψ
(︂

A−1
a S−1

s (x − b)
)︂

, (b, s, a) ∈ S,

and Ss =
(︃

1 −s
0 1

)︃
is a shearing matrix, and Aa = a

(︃
1 0
0 |a|−1/2

)︃
is a parabolic

scaling matrix, for s ∈ R, a ∈ R× [2, 10, 16].
The shearlet synthesis operator S t

ψΦ of Φ ∈ S(S) with respect to ψ ∈ S0(R2)
is defined by ([2], Def. 4.1)

S t
ψΦ(x) =

∫︂
R×

∫︂
R

∫︂
R2

Φ(b, s, a)Sb,s,aψ(x)
dbdsda
|a|3 , x ∈ R2.

Proposition 3.1. ([2], Theorems 3.1 and 4.2) The shearlet transform Sψ : S0(R2) →
S(S) and its synthesis operator S t

ψ : S(S) → S0(R2) are continuous linear maps for
every window function ψ ∈ S0(R2).

By Prop. 3.1, for ψ ∈ S0(R2), we may define the shearlet transform Sψ :
S ′

0(R2) → S ′(S) by duality ([2], Def. 5.1)⟨︁
Sψ f , Φ

⟩︁
=
⟨︂

f , S t
ψ

Φ
⟩︂

, f ∈ S ′
0(R2), Φ ∈ S(S), (3.3)

and its synthesis operator S t
ψ : S ′(S) → S ′

0(R2) by duality ([2], Def. 5.2)⟨︂
S t

ψF, φ
⟩︂

=
⟨︂

F, Sψ φ
⟩︂

, F ∈ S ′(S), φ ∈ S0(R2).

By Prop. 3.1 and ([27], Corollary of Prop. 19.5), it follows that the shearlet
transform Sψ : S ′

0(R2) → S ′(S) and its synthesis operator S t
ψ : S ′(S) → S ′

0(R2)
are continuous linear operators for every test function ψ ∈ S0(R2) ([2], Prop. 5.3).

For f ∈ S ′
0(R2), we have the Parseval identity in the distributional setting,

known as the desingularization formula ([2], Prop. 5.6)

⟨ f (x), φ(x)⟩ =
1

Cψ,η

∫︂
R×

∫︂
R

∫︂
R2

Sψ f (b, s, a)Sη φ(b, s, a)
dbdsda
|a|3 , φ ∈ S0(R2),

(3.4)
where ψ, η ∈ S0(R2) satisfy the admissibility condition, i.e.,

Cψ,η = (2π)2
∫︂

R2
ˆ︁ψ(ξ)ˆ︁η(ξ)|ξ1|−2dξ, ξ = (ξ1, ξ2) ∈ R2,

is finite and non-zero.
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3.2. Abelian- and Tauberian-type results through the shearlet transform. In
this subsection, we recall certain Abelian- and Tauberian-type results concerning
quasiasymptotic behavior at the origin and at infinity in terms of the asymptotic
behavior of the shearlet transform from [8].

We first recall the Abelian-type result at the origin.

Proposition 3.2. ([8], Prop. 3.4) Let L be a slowly varying function at the origin,
σ ∈ R and f ∈ S ′

0(R2). Suppose that f (εx) ∼ εσL(ε)g(x) as ε → 0+ in S ′
0(R2). Then

its shearlet transform with respect to ψ ∈ S0(R2) satisfies

1
εσ+2L(ε)

Sψ1/ε
f (ε2b, s, a) → Sψg(0, s, a) as ε → 0+ (3.5)

uniformly on compact subsets of S.

We next recall the corresponding Tauberian-type statement obtained in [8].

Proposition 3.3. ([8], Prop. 3.5) Let L be a slowly varying function at the origin, σ ∈ R,
f ∈ S ′

0(R2) and ψ ∈ S0(R2) be a function admitting a reconstruction shearlet. Suppose
that the following two conditions hold:

(i) The limit

lim
ε→0+

1
εσL(ε)

Sψ1/ε
f (ε2b, s, a) = Mb,s,a, (3.6)

exists and is finite for all (b, s, a) ∈ S, and
(ii) There exist constants l, m ≥ 0, k > 2 and C > 0 such that

1
εσL(ε)

⃓⃓⃓
Sψ1/ε

f (ε2b, s, a)
⃓⃓⃓
≤ C

(1 + |s|)l (︁|a|+|a|−1)︁m

(1 + |b|)k , (3.7)

for all (b, s, a) ∈ S and 0 < ε < 1.

Then there exists a homogeneous distribution g such that

f (εx) ∼ εσL(ε)g(x) as ε → 0+ in S ′
0(R2).

Remark 3.1: Under the assumptions (3.6) and (3.7), Proposition 3.3 yields

f (εx) ∼ εσL(ε)g(x) as ε → 0+ in S ′
0(R2).

Hence, Proposition 3.2 and relation (3.5) imply

1
εσL(ε)

Sψ1/ε
f (ε2b, s, a) = ε2 1

εσ+2L(ε)
Sψ1/ε

f (ε2b, s, a) −→ 0 as ε → 0+,

for all (b, s, a) ∈ S. Consequently, the limiting function Mb,s,a in (3.6) is necessar-
ily zero.

Analogous arguments yield the following Abelian-type result for quasiasymp-
totics at infinity.
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Proposition 3.4. ([8], Prop. 3.6) Let L be a slowly varying function at infinity, σ ∈ R

and f ∈ S ′
0(R2). Suppose that f (λx) ∼ λσL(λ)g(x) as λ → ∞ in S ′

0(R2). Then its
shearlet transform with respect to ψ ∈ S0(R2) satisfies

1
λσ+2L(λ)

Sψ1/λ
f (b, s, a) → Sψg(0, s, a) as λ → ∞ (3.8)

uniformly on compact subsets of S.

A corresponding Tauberian-type statement was also established in [8].

Proposition 3.5. ([8], Prop. 3.7) Let L be a slowly varying function at infinity, σ ∈ R,
f ∈ S ′

0(R2) and ψ ∈ S0(R2) be a function admitting a reconstruction shearlet. Suppose
that the following two conditions hold:

(i) The limit

lim
λ→∞

1
λσ+4L(λ)

Sψ1/λ
f (b, s, a) = Mb,s,a, (3.9)

exists and is finite for all (b, s, a) ∈ S, and
(ii) There exist constants l, m ≥ 0, k > 2 and C > 0 such that

1
λσ+4L(λ)

⃓⃓⃓
Sψ1/λ

f (b, s, a)
⃓⃓⃓
≤ C

(1 + |s|)l (︁|a|+|a|−1)︁m

(1 + |b|)k , (3.10)

for all (b, s, a) ∈ S and λ > 1.
Then there exists a homogeneous distribution g such that

f (λx) ∼ λσL(λ)g(x) as λ → ∞ in S ′
0(R2).

Remark 3.2: If the conclusion of Proposition 3.5 holds, then Proposition 3.4 gives

1
λσ+2L(λ)

Sψ1/λ
f (b, s, a) −→ Sψg(0, s, a).

Therefore,
1

λσ+4L(λ)
Sψ1/λ

f (b, s, a) =
1

λ2
1

λσ+2L(λ)
Sψ1/λ

f (b, s, a) −→ 0 as λ → ∞,

for all (b, s, a) ∈ S. Hence, the limiting function Mb,s,a in (3.9) is necessarily zero.

4. QUASIASYMPTOTIC ANALYSIS VIA THE FRACTIONAL STOCKWELL
TRANSFORM

For Y = R × R×, we recall that the natural range of the fractional Stockwell
transform (FRST) acting on Sα

0 (R), denoted by S(Y), consists of all functions Φ ∈
C∞(Y) such that for all q, r, m, l ∈ N0

ρl,m
q,r (Φ) = sup

(b,a)∈Y

(1 + |b|)r (︁|a|q+|a|−q)︁ ⃓⃓⃓⃓⃓ ∂l

∂al
∂m

∂bm (Φ(b, a))

⃓⃓⃓⃓
⃓ < ∞.

It is topologized in the usual way. The notation S ′(Y) is used for the dual space
of S(Y) [7, 22].
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4.1. The fractional Stockwell transform. We briefly present the distributional
framework for the fractional Stockwell transform (FRST), together with its defi-
nition and synthesis operator. For further details, we refer to [7, 30].

The FRST of a fractional Lizorkin distribution f ∈ (Sα
0 )′(R) with respect to a

window function ψ ∈ Sc2 (R) is defined as a smooth function on the variables
(b, a) ∈ Y of at most polynomial growth on Y by ([7], Prop. 7)

Sα
ψ f (b, a) :=

⟨︁
f (x), ψα,b,a(x)

⟩︁
x , (4.1)

where c1 = cot(α), c2 = csc(α), and

ψα,b,a(x) = (2π)−1/2|a|ψ(a(x − b))ei(axc2−
c1
2 (x2−b2)), (b, a) ∈ Y, x ∈ R

([30], Rel. 10). The fractional Stockwell synthesis operator (Sα
ψ)∗Φ of Φ ∈ S(Y)

with respect to a window function ψ ∈ Sc2 (R) is defined by ([7], Def. 2)

(Sα
ψ)∗Φ(x) :=

∫︂
R×

∫︂
R

Φ(b, a)ψα,b,a(x)|a|−1dbda, x ∈ R. (4.2)

Proposition 4.1. ([7], Theorems 3 and 4) The FRST Sα
ψ : Sα

0 (R) → S(Y) and its
synthesis operator (Sα

ψ)∗ : S(Y) → Sα
0 (R) are continuous linear maps for every window

function ψ ∈ Sc2 (R).

By Prop. 4.1, for ψ ∈ Sc2 (R), we may define the FRST Sα
ψ : (Sα

0 )′(R) → S ′(Y)
by duality ([7], Def. 3)⟨︂

Sα
ψ f , Φ

⟩︂
:=

⟨︂
f , (Sα

ψ)∗Φ
⟩︂

, f ∈ (Sα
0 )′(R), Φ ∈ S(Y), (4.3)

and its synthesis operator (Sα
ψ)∗ : S ′(Y) → (Sα

0 )′(R) by duality ([7], Def. 4)⟨︂
(Sα

ψ)∗F, φ
⟩︂

:=
⟨︂

F, Sα
ψ φ

⟩︂
, F ∈ S ′(Y), φ ∈ S−α

0 (R).

By Prop. 4.1 and ([27], Corollary of Prop. 19.5), it follows that the FRST
Sα

ψ : (Sα
0 )′(R) → S ′(Y) and its synthesis operator (Sα

ψ)∗ : S ′(Y) → (Sα
0 )′(R) are

continuous linear maps for every window function ψ ∈ Sc2 (R) ([7], Prop. 5).
For f ∈ (Sα

0 )′(R), we have the following desingularization formula ([7], Cor. 8)

⟨ f , φ⟩ =
1

Kα
ψ,η

∫︂
R×

∫︂
R

Sα
ψ f (b, a)Sα

η φ(b, a)|a|−1dbda, φ ∈ S−α
0 (R), (4.4)

where η ∈ Sc2 (R) is a reconstruction window for ψ ∈ Sc2 (R) \ {0}, i.e.,

Kα
ψ,η =

∫︂
R

ˆ︁ψ(ξ − c2)ˆ︁η(ξ − c2)|ξ|−1dξ

is finite and non-zero.
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4.2. Abelian- and Tauberian-type results through the FRST. This subsection re-
views a selected set of Abelian- and Tauberian-type results for the FRST obtained
in [7], concerning quasiasymptotic behavior at the origin and at infinity.

We first consider the Abelian-type result corresponding to quasiasymptotic be-
havior at the origin.

Proposition 4.2. ([7], Prop. 13) Let f ∈ S ′(R) and ψ ∈ Sc2 (R). If ei c1
2 (εx)2

f (εx)
∈ S ′(R) has quasiasymptotic behavior ei c1

2 (εx)2
f (εx) ∼ εσL(ε)g(x) as ε → 0+ in S ′

0(R),
then

lim
ε→0+

1
εσL(ε)

Sα
ψ f

(︂
ε2b,

a
ε

)︂
= |c2|−1Sψ1/c2

g (0, ac2)

uniformly for (b, a) in compact subsets of Y.

We next recall the corresponding Tauberian-type statement obtained in [7].

Proposition 4.3. ([7], Thm. 14) Let ψ ∈ Sc2 (R) \ {0} and f ∈ (Sα
0 )′(R). Suppose that

the following two conditions hold:
i) The limit

lim
ε→0+

1
εσ−1L(ε)

Sα
ψ f

(︂
ε2b,

a
ε

)︂
= Mb,a (4.5)

exists and is finite for all (b, a) ∈ Y, and
ii) There exist constants s ≥ 0, r > 1 and C > 0 such that

1
εσ−1L(ε)

⃓⃓⃓
Sα

ψ f
(︂

ε2b,
a
ε

)︂⃓⃓⃓
≤ C(1 + |b|2)−r/2(|a|s+|a|−s) (4.6)

for all (b, a) ∈ Y and 0 < ε < 1.

Then, there exists a homogeneous distribution g ∈ S ′
0(R) such that ei c1

2 (εx)2
f (εx) ∼

εσL(ε)g(x) as ε → 0+ in S ′
0(R).

Analogous arguments yield the following Abelian-type result for quasiasymp-
totics at infinity.

Proposition 4.4. ([7], Prop. 15) Let f ∈ S ′(R) and ψ ∈ Sc2 (R). If ei c1
2 (λx)2

f (λx)
∈ S ′(R) has quasiasymptotic behavior ei c1

2 (λx)2
f (λx) ∼ λσL(λ)g(x) as λ → ∞ in

S ′
0(R), then

lim
λ→∞

1
λσL(λ)

Sα
ψ f

(︂
b,

a
λ

)︂
= e−i c1

2 b2 |c2|−1Sψ1/c2
g (0, ac2)

uniformly for (b, a) in compact subsets of Y.

The corresponding Tauberian-type statement at infinity was also obtained in
[7].

Proposition 4.5. ([7], Thm. 16) Let ψ ∈ Sc2 (R) \ {0} and f ∈ (Sα
0 )′(R). Suppose that

the following two conditions hold:
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i) The limit

lim
λ→∞

1
λσ+1L(λ)

Sα
ψ f

(︂
b,

a
λ

)︂
= Mb,a (4.7)

exists and is finite for all (b, a) ∈ Y, and
ii) There exist constants s ≥ 0, r > 1 and C > 0 such that

1
λσ+1L(λ)

⃓⃓⃓
Sα

ψ f
(︂

b,
a
λ

)︂⃓⃓⃓
≤ C(1 + |b|2)−r/2(|a|s+|a|−s) (4.8)

for all (b, a) ∈ Y and λ ≥ 1.

Then, there exists a homogeneous distribution g ∈ S ′
0(R) such that ei c1

2 (λx)2
f (λx) ∼

λσL(λ)g(x) as λ → ∞ in S ′
0(R).

Remark 4.1: The Tauberian-type statements in Propositions 4.3 and 4.5 exhibit
the same feature as in the shearlet case. If the corresponding quasiasymptotic
conclusions hold, then Propositions 4.2 and 4.4 imply that the normalized expres-
sions appearing in the Tauberian assumptions differ from the Abelian ones by the
factors ε and λ−1, respectively. Hence, in both cases the limiting function Mb,a is
necessarily zero. Therefore, Propositions 4.3 and 4.5 do not yield nontrivial direct
Tauberian converses of the corresponding Abelian results.
Remark 4.2: Related Abelian- and Tauberian-type results for the classical Stock-
well transform were obtained in [22]. The same normalization pattern occurs
in that setting: under the corresponding quasiasymptotic conclusions, the nor-
malized expressions in the Tauberian statements differ from the Abelian ones
by factors tending to zero. Consequently, the associated limiting functions are
necessarily zero, so the corresponding Tauberian-type statements do not yield
nontrivial direct converses of the Abelian results.

5. QUASIASYMPTOTIC ANALYSIS VIA THE SHORT-TIME LINEAR CANONICAL
TRANSFORM

5.1. The short-time linear canonical transform. We first present the short-time
linear canonical transform (STLCT) and its synthesis operator, together with the
distributional framework required for the subsequent analysis. For further de-
tails, we refer to [12, 13, 18].

The STLCT of a distribution f ∈ S ′(R) with respect to a window function
ψ ∈ S(R) is defined as a smooth function on the variables (b, a) ∈ R × R of at
most polynomial growth on R × R by ([12], Prop. 5)

SLψ,A f (b, a) =
⟨︂

f (x), ψ(x − b)KA(x, a)
⟩︂

x
, (b, a) ∈ R × R, (5.1)

where the kernel KA(x, a) is given by

KA(x, a) =
1√︁

i2πβ
ei 1

2

(︂
α
β x2− 2

β xa+ δ
β a2

)︂
, (x, a) ∈ R × R,

for β ̸= 0 and the matrix A = (α, β; γ, δ) =
(︃

α β
γ δ

)︃
∈ R2×2 with det(A) = 1.
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The short-time linear canonical synthesis operator SL∗
ψ,AΦ of Φ ∈ S(R × R)

with respect to a window ψ ∈ S(R) and the matrix A is defined by ([12], Rel. 3.1)

SL∗
ψ,AΦ(x) :=

∫︂
R

∫︂
R

Φ(b, a)ψ(x − b)KA−1 (a, x)dbda, x ∈ R. (5.2)

Proposition 5.1. ([12], Theorems 1 and 2) The STLCT SLψ,A : S(R) → S(R2) and its
synthesis operator SL∗

ψ,A : S(R2) → S(R) are continuous linear maps for every window
function ψ ∈ S(R).

By Prop. 5.1, for ψ ∈ S(R), we may define the STLCT SLψ,A : S ′(R) → S ′(R2)
by duality ([12], Def. 1)⟨︁

SLψ,A f , Φ
⟩︁

:=
⟨︂

f , SL∗
ψ,AΦ

⟩︂
, f ∈ S ′(R), Φ ∈ S(R2), (5.3)

and its synthesis operator SL∗
ψ,A : S ′(R2) → S ′(R) by duality ([12], Def. 2)⟨︂

SL∗
ψ,AF, φ

⟩︂
:=

⟨︁
F, SLψ,A φ

⟩︁
, F ∈ S ′(R2), φ ∈ S(R).

By Prop. 5.1 and ([27], Corollary of Prop. 19.5), it follows that the STLCT
SLψ,A : S ′(R) → S ′(R2) and its synthesis operator SL∗

ψ,A : S ′(R2) → S ′(R) are
continuous linear maps for every test function ψ ∈ S(R) ([12], Prop. 3).

For f ∈ S ′(R), we have the following desingularization formula ([12], Cor. 1)

⟨ f , φ⟩ =
1

(η, ψ)

∫︂
R

∫︂
R

SLψ,A f (b, a)SLη,A φ(b, a)dbda, φ ∈ S(R), (5.4)

where η ∈ S(R) is a reconstruction window for ψ ∈ S(R) \ {0}, i.e., (η, ψ) =∫︁
R
ˆ︁ψ(ξ)ˆ︁η(ξ)dξ is finite and non-zero.

5.2. Abelian- and Tauberian-type results through the STLCT. This subsection
focuses on the STLCT-based description of quasiasymptotic behavior at the ori-
gin, following the results obtained in [12].

We begin with the Abelian-type result, which links the quasiasymptotic be-
havior of the distribution to the limiting behavior of its STLCT.

Proposition 5.2. ([12], Prop. 9) Let L be a slowly varying function at the origin, σ ∈
R, f ∈ S ′(R) and ψ ∈ S(R). Suppose that f (εx) ∼ εσL(ε)g(x) as ε → 0+ in S ′(R).
Then,

1
εσ+1L(ε)

e−i δ
2β (a/ε)2

SLψ1/ε ,A f
(︂

ε2b,
a
ε

)︂
→ β−1/2 SLψ,(0,1;−1,0)g

(︃
0,

a
β

)︃
, (5.5)

as ε → 0+, uniformly for (b, a) in bounded subsets of R × R.

A related Tauberian-type statement is also available in [12].

Proposition 5.3. ([12], Prop. 10) Let L be a slowly varying function at the origin,
σ ∈ R, f ∈ S ′(R) and ψ ∈ S(R) \ {0}. Suppose that the following two conditions hold:
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(i) The limit

lim
ε→0+

1
εσL(ε)

e−i δ
2β (a/ε)2

SLψ1/ε ,A f
(︂

ε2b,
a
ε

)︂
= Mb,a (5.6)

exists and is finite for all (b, a) ∈ R × R, and
(ii) There exist constants l > 1, k ≥ 0 and C > 0 such that

1
εσL(ε)

⃓⃓⃓
SLψ1/ε ,A f

(︂
ε2b,

a
ε

)︂⃓⃓⃓
≤ C(1 + |b|)−l(1 + |a|)k (5.7)

for all (b, a) ∈ R × R and 0 < ε < 1.
Then, there exists a homogeneous distribution g ∈ S ′(R) such that f (εx) ∼ εσL(ε)g(x)
as ε → 0+ in S ′(R).

Remark 5.1: The same phenomenon as in the shearlet and fractional Stockwell
transform settings occurs here. If the quasiasymptotic conclusion of Proposi-
tion 5.3 holds, then Proposition 5.2 implies that the normalized expression in the
Tauberian assumption is ε times the corresponding Abelian one. Hence, the limit-
ing function is necessarily zero, and Proposition 5.3 does not provide a nontrivial
direct Tauberian converse of Proposition 5.2.
Remark 5.2: Similar Abelian- and Tauberian-type results for the short-time Fou-
rier transform were obtained in [21]. In particular, comparing Theorems 3.4 and
3.5 therein shows the same normalization phenomenon: under the corresponding
quasiasymptotic conclusion, the normalized expression in the Tauberian assump-
tion is ε2 times the Abelian-normalized one. Hence, the limiting function Mx,ω
is necessarily zero, and the Tauberian-type statement does not yield a nontrivial
direct converse of the corresponding Abelian result.

6. DISCUSSION AND CONCLUDING REMARKS

The results reviewed in the previous sections concern a particular class of
Abelian- and Tauberian-type statements relating the quasiasymptotic behavior
of distributions to the asymptotic behavior of the corresponding integral trans-
forms. Additional Abelian- and Tauberian-type results were obtained in the orig-
inal papers, but the present survey is restricted to this specific family of implica-
tions for the shearlet transform, the fractional Stockwell transform, and the short-
time linear canonical transform.

Within this framework, the Abelian-type results display a clear common pat-
tern. Starting from a prescribed quasiasymptotic behavior of the underlying dis-
tribution, one obtains the corresponding asymptotic behavior of the transform
after an appropriate scaling and normalization. Although the precise scaling,
normalization, and limiting expressions depend on the transform under consid-
eration, the underlying mechanism is analogous in the three settings considered
here.

The corresponding Tauberian-type statements require a more careful interpre-
tation. As observed in the preceding sections, for the particular class of results
considered here, the normalization used in the Tauberian statements forces the
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associated limiting function to vanish whenever the stated quasiasymptotic con-
clusion holds. Thus, these statements do not provide nontrivial direct Tauberian
converses of the corresponding Abelian relations. The comparison therefore in-
dicates that obtaining nontrivial Tauberian characterizations for the correspond-
ing asymptotic regimes would require an appropriate reformulation and further
analysis. These observations may also be useful when formulating analogous
Abelian and Tauberian-type results for other integral transforms of distributions.
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REFERENCES
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[2] F. Bartolucci, S. Pilipović, N. Teofanov, Continuity properties of the shearlet
transform and the shearlet synthesis operator on the Lizorkin type spaces, Math.
Nachr., 295 (12), (2022) 2318-2337.

[3] J. V. Buralieva, Abelian- and Tauberian-type results for the generalized Stockwell
and wavelet transforms, Asian-Eur. J. Math., 18 (1), (2025) 2450088.

[4] J. V. Buralieva, K. Hadzi-Velkova Saneva, S. Atanasova, Directional short-time
Fourier transform and quasiasymptotics of distributions, Funct. Anal. Its Appl.,
53, (2019) 3–10.

[5] R. Estrada, R. P. Kanwal, A Distributional Approach to Asymptotics. Theory and
Applications, 2nd ed., Birkhäuser, Boston, 2002.

[6] A. Ferizi, K. Hadzi-Velkova Saneva, Directional short-time fractional Fourier
analysis of quasiasymptotic properties of distributions, Anal. Math., 52, (2026)
475-492.

[7] A. Ferizi, K. Hadzi-Velkova Saneva, Tauberian theorems for the fractional Stock-
well transform of Lizorkin distributions, J. Pseudo-Differ. Oper. Appl. 17, (2026).

[8] A. Ferizi, K. Hadzi-Velkova Saneva, The shearlet transform and asymptotic be-
havior of Lizorkin distributions, Appl. Anal. 103 (13), (2024) 2465-2476.
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