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EQUIVARIANT HYERS-ULAM STABILITY OF QUADRATIC
FUNCTIONAL EQUATIONS ON ABELIAN GROUPS AND POLYNOMIAL
MODULES

LY VAN NGOC

Abstract. The classical dyadic construction gives a quadratic limit for an approxi-
mately quadratic map on an Abelian group under summable control. We prove
that endomorphism-intertwining identities pass to this limit when the rescaled
intertwining defects vanish. For M = (Z[X]/(X" + 1))k, coefficient norms give
explicit multiplier criteria. Relations between multiplier words force operator
identities on the span W = span Q(M). This span is finite-dimensional, and
X" = —1 implies U"|yy = Ly. Expected defects are treated in L' (Q;Y). McDi-
armid’s inequality gives bounds at fixed dyadic stages on finite grids, not a global
pathwise stability theorem.

1. INTRODUCTION

Consider the quadratic equation

flety) + flx —y) =2f(x) +2f(y). (11)
The dyadic method 47" f(2™x) is classical: see Skof [23], Cholewa [6], Czerwik
[8], and Grabiec [12]; see also [24, 14, 21, 15, 9, 11]. For related settings see [22, 7,
19, 4,2, 3].

We study whether intertwining survives this limit. For an additive S : G —
G and II(S) € L(Y), a dyadically negligible defect f(Sx) —II(S)f(x) yields
Q(Sx) = II(S)Q(x) (Theorem 3.2). The theorem does not require I to be a
representation.

For R = Z[X]/(X" + 1) and M = R¥, the bound |jax||, < v/ ||a||, ||x||, gives
multiplier criteria. If g, = £g, in R, the corresponding ordered operator words
agree on Q(M) (Theorem 3.6). One approximate relation for X suffices for all
powers of X; since X" = —1,

Q(M) C ker(U" — Iy)

2020 Mathematics Subject Classification. Primary 39B52, 39B82; Secondary 46B99, 60E15.
Key words and phrases. quadratic functional equation; Hyers-Ulam stability; Abelian groups; poly-
nomial modules; multiplier equivariance; finite-grid concentration.
141



142 L. V.NGOC

(Theorem 3.7). These restrictions apply to the stabilized range, not necessarily to
allof Y.
Section 4 gives the L! formulation for expected defects. Section 5 concerns
fixed-stage bounds on finite grids.
2. PRELIMINARIES

Let G be an additive Abelian group. Write 2"x for repeated addition and
reserve M for RF,

2.1. Discrete polynomial modules. Let ,k > 1 be integers, and define
R=Z[X]/(X"+1).

Since X" + 1 is monic of degree 1, every element a € R has a unique representative
n—1 .
a(X) =Y a;X, a; € Z.
i=0

The coefficient embedding
avr— (ag,...,a,_1)

identifies the underlying additive group of R with Z". We equip R with the

Euclidean coefficient norm
" 1/2
2
all, = (Z ﬂi> :
i=0

n—1 )
x:(xl,...,xk), Xj = ijriX',
i=0

Let M = R*. For

define
k n—1 1/2
[[x[l, = <Z Yy xﬁ) : @.1)
j=1i=0

As an additive group, M = Z"*. The target Y is a real or complex Banach space
with norm ||-|y.

Lemma 1 (Coefficient-norm control of multiplication). Forall a,b € R,

labll, < v flally [1B]], - 22
For every a € R and every x € M,
laxlly < v/n [lally [|x]l, - (23)

Proof. Write

n—1 . n—1 )
a(X)= Y aX,  b(X)=Y bX.
i=0 i=0
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Reduction modulo X" + 1 gives

n—1
ab = Z X,
4

=0
where
14 n—1
co=Y aibp_j— Y aibyi.
=0 i=(+1

The sum defining c, pairs the coefficients of a with a signed permutation of those
of b. Cauchy-Schwarz gives

el < llall2 1181l
Summing over ¢, we obtain

n—1
2 2 2 2
labll; = Y ¢ < nlallz (o],
(=0

which proves (2.2).
For x = (x1,..., %) € M, applying (2.2) coordinatewise yields

k
lax|3 = Y [lax;||3
j:l

2 £ 2
< nllallz ) %l
j=1

= nlall3 %3
Taking square roots proves (2.3). 0
For a € R, define the multiplication map
T,: M — M, Ta(x) = ax.
The map T, is additive. Moreover, by Lemma 1,
1Ta(x) = Ta(W)lly < V1 llally lx = yll,, X,y € M. (24)
Thus T, is Lipschitz in the coefficient norm.
Lemma 2 (Dyadic compatibility). For everya € R, x € M, and integer m > 0,
a(2™x) = 2" (ax).

Equivalently,
Ta(2"x) = 2" T, (x).

Proof. The module action is distributive and 2" x is repeated addition. O
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2.2. Quadratic mappings and defect operators.
Definition 2.1. A mapping Q : G — Y is called quadratic if
Qlx+y)+Qx—y) =2Q(x) +2Q(y), xyeG. (2.5)
Equation (2.5) implies
Q0)=0, Q(—x)=Q(x),  Q(2x) =4Q(x).
By iteration,
Q(2"x) =4"Q(x), m>0, xé€G. (2.6)
For any mapping h : G — Y, define its quadratic defect by
Ap(x,y) =h(x+y)+h(x—y)—2h(x) — 2h(y), x,y€G. (2.7)

Thus & is quadratic exactly when A;, = 0.
For f: G — Y set

Ap(y) = fx+y) + flx —y) = 2f(x) = 2f(y). 28)
In particular,
Af(x,x) = £(2x) + £(0) — 4f(x). 29)
For f(0) = 0, the right-hand side is f(2x) — 4f(x).
If £(0) # 0, define
Then f(0) = 0, and
Az(x,y) = Ap(x,y) +2f(0). (2.10)
Consequently, a bound
|ar=w)], < oo y)
implies
|87, < oCey) +21£O)y -
The results below assume f(0) = 0. Otherwise apply them to f with the control

¢(x,y) = ¢(x,y) + 2| f(0)[ly-
If ¢ satisfies the summability and dyadic-vanishing conditions (3.2) and (3.3) (with
€ = ¢), then so does ¢. Put

y(x) =Y 4~ D g(2/x, 2x).
=0
Theorem 3.1 applied to f gives the quadratic limit Q for f and f, since 4~ f(0) —
0. From (2.9),

1£(x) = Q(x)lly < Pp(x) + % 1£(0)[ly -

Indeed, ||f(2u) —4f(u)|ly < @(u,u) + | f(0)||y. Telescoping with u = 2/x and
weights 4~ 1) gives the factor 1/3. For an additive S and TI(S) € £(Y),

f(8x) =T1(S)f (x) = f(Sx) = I1(S)f (x) + (I(S) — L) £(0).
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Thus a control || f(Sx) —TI(S)f(x)||y < ps(x) gives the valid normalized control
ps(x) = ps(x) + [|(TL(S) = Iy) f(O) [l -
The added term is independent of m; hence dyadic decay of pg also gives dyadic
decay of ps.
3. DETERMINISTIC STABILITY AND EQUIVARIANCE
The argument below uses only the Abelian-group law and completeness of Y.
3.1. Quadratic stability on Abelian groups.

Theorem 3.1 (Quadratic stability under summable dyadic control). Let G be an
Abelian group, let Y be a Banach space, and let f : G — Y satisfy f(0) = 0. Suppose that
there exists a control function

e:GxG—[0,00)

such that
|asey)|| <etxy),  xyed. (3.1)
Assume that, for every x € G,
®(x) := )y 47U+ Ve(2/x,2/x) < o0, (3.2)
j=0

and that, forall x,y € G,

: —m m m —
%%4 e(2"x,2"y) = 0. (3.3)
Then, for every x € G, the limit
Q(x) = lim 47" f(2"x) (3.4)

m—o0

exists in Y. The mapping Q : G — Y is quadratic and satisfies
1f(x) = Q)]ly < ®(x),  x€G. (3.5)
This Q is the unique quadratic mapping satisfying (3.5).
Proof. Putting y = x in (3.1) and using f(0) = 0, we get
1f(2x) = 4f (2)[ly < &(x, x).
Hence, for every j > 0,
H4’(j“)f(2j+1x) - 4’ff(2fx)HY < 4= De(2lx, 2x).

Thus, form > ¢ > 0,
[ — a7 f20)| < Y 470 e(2ix, 20x),
=t
The summable tail makes 4~ f(2"x) Cauchy. Letting m — oo with ¢ = 0 gives
(3.5).
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For x,y € G, continuity of addition and scalar multiplication in Y gives
— 3 —m m m
Ag(x,y) = %1_{204 Ap(2"x,2™y).
Using (3.1) and (3.3),
|Ag(x,y)||y <limsup4 ™e(2"x,2"y) = 0.
m—o0
Thus Q is quadratic.
Let P : G — Y be another quadratic mapping satisfying (3.5). Quadratic
homogeneity gives
1Q(x) = P(x)[ly <247 "®(2"x).
The remaining term is the tail of (3.2):

47m@(2mx) = Y 4= De(2x,2fx) — 0,
l=m

Therefore P = Q. O

Corollary 3.1.1 (Power-type control on the polynomial module). Let M = RF
be equipped with the coefficient norm ||-||,. Let 0 < p < 2 and 6 > 0. Suppose that
f: M — Y satisfies f(0) = 0 and

|asw|, <olxE+1wlE),  xyem

Then there exists a unique quadratic mapping Q : M — Y such that

1) = Qo) ly < 5= 5

Moreover Q(x) = limy 004~ ™ f(2"x).

x5, xeM. (3.6)

Proof. Apply Theorem 3.1 to the Abelian group underlying M, with
e(x,y) = 0(Ix[} + y]1)-

Since ||2/x||, = 2/ || x|,

0

(x) = Y 4 Ut2g Hzfxuz ] I3l
j=0
The dyadic vanishing condition follows from p < 2. O

Corollary 3.1.2 (Uniform control). Let f : M — Y satisfy f(0) = 0 and
HAf(x,y)HY < 20, X,y €M,
where 0 > 0. Then there exists a unique quadratic mapping Q : M — Y such that
20
IF)-Qlly <5,  xeM

Proof. Use Theorem 3.1 with &(x,y) = 26. Then ®(x) = 12 4-0+)20 = 20/3,
and dyadic vanishing is immediate. O
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3.2. Intertwining under additive endomorphisms. We pass the endomorphism
defect to the dyadic limit.

Theorem 3.2 (Persistence of intertwining under additive endomorphisms). Let
G be an Abelian group, let the assumptions of Theorem 3.1 hold, and let Q be defined by
(3.4). Let

IcC Endz(G)
be a family of additive endomorphisms. Suppose that to each S € T there is associated

a bounded linear operator T1(S) € L(Y). Assume that, for every S € T, there exists
ps : G — [0, 00) such that

[£(Sx) —=TL(S)f(x)[ly <ps(x), x€G, 3.7)
and
r%i_r}rloéfmps(zmx) =0, x €G. (3.8)
Then
Q(Sx) =TI(S)Q(x), SeIl, xedG. (3.9)

Proof. Since S is additive, S(2"x) = 2"S(x). Therefore
Q(Sx) = lim 4 "f(S(2"x)).
Bounded linearity gives
I($)Q(x) = lim 47"TI(S)f(2"x).
Using (3.7) and (3.8),
1Q(Sx) = T($)Qx) [y < lim sup 4~Fp(2"x) = 0.
O

If I is a composition semigroup and I1 is a representation, the resulting identi-
ties respect composition:
Q(S1S2x) = TI(S1)II(S2)Q(x), 51,52 €T, xeG.
The representation assumption is not needed for Theorem 3.2.

3.3. Polynomial-module multiplier criteria. For a € R, apply the preceding
theorem to T,(x) = ax.

Theorem 3.3 (Single multiplier intertwining). Let the assumptions of Theorem 3.1
hold on the Abelian group underlying M, and let Q be defined by (3.4). Fix a € R, and let
nt(a) € L(Y). Suppose that there exists p, : M — [0, 00) such that

[f(ax) — m(a) f(x)[ly < pa(x),  xEM, (3.10)
and
éi_rgoéf’”pa(me) =0, x € M. (3.11)
Then

Q(ax) = m(a)Q(x), x € M. (3.12)
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Proof. This is Theorem 3.2 with G = M, S = T, and I1(T;) = 7t(a). Lemma 2
gives T, (2"x) = 2"T,(x). O

Theorem 3.4 (Coefficient-norm multiplier criterion). Let M = RK, R = Z[X]/ (X" +
1), and let Q be obtained from Theorem 3.1. Let A C R, and assign to eacha € A a
bounded linear operator 1t(a) € L(Y). Assume that there are numbers 0 < q < 2 and
Ca, Dy > 0 such that, foralla € Aand x € M,

If (ax) — 7(a) f (x)]ly < Ca llax|l3 + Da [[x]I3 - (3.13)
Then
Q(ax) = m(a)Q(x), ae A xeM. (3.14)
By Lemma 1, the decay is controlled by

47" f(a2"x) = (@) f(2"x) |y < (Ca(Vn [lallp)" + Da) 2"~ |lx[].  (3.15)

If A is coefficient-bounded and the constants C,, D, are bounded uniformly on A, then
the right-hand side of (3.15) is uniform in a € A.

Proof. Since a(2™x) = 2™ (ax), condition (3.13) gives
47| F(@2"x) — (@) f(2") |y < 47 (Calla2"x]§ + Do [27x]3)
= 270°2) (G [lax|} + Da |%]1) -

Apply Lemma 1 to get (3.15). Since 4 < 2, Theorem 3.3 gives the assertion for each
ac A O

Remark 3.1 (Intertwining and equivariance): The identities Q(ax) = 7(a)Q(x)
give semigroup equivariance only if A is multiplicative and 77 is a representation.

Corollary 3.4.1 (Uniform criterion on coefficient-bounded families). Suppose the
hypotheses of Theorem 3.4 hold, with A C R, L > 0, ||a||, < L, and C,D > 0 such that
Ca <C,D, <D foralla € A. Then Q(ax) = rt(a)Q(x) for a € A, and, uniformly in
a,

47" f(a2"x) = 7(a) f(2"x) [y < (C(VnL)T +D)2"072)||x||3.
If A is a multiplicative subsemigroup and 7t : A — L(Y) is a representation, then also

Q(abx) = m(ab)Q(x) = 7t(a)7(0)Q(x).

Proof. Take the uniform upper bounds in (3.15); the last identity is the representa-
tion property. O
Since R = Z", a coefficient-bounded set A is finite, with | A| < (2|L] +1)".

The next criterion combines Corollaries 3.1.1 and 3.4.1.
Theorem 3.5 (Consolidated quadratic stability and multiplier intertwining). Let
M = RK, R = Z[X]/(X" +1), let L > 0, and let A C R satisfy |||, < L for all
a € A. Toeacha € A, assign a bounded linear operator 1t(a) € L(Y). Assume that
f:M—=Y, f(0) =0, satisfies

|asm|, <ed=ls +Ivld),  xyem, (3.16)
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for some 8 > 0and 0 < p < 2. Assume also that
If(ax) = m(@)f ()]ly < Cllax|3+Dx}, a€A xeM,  (317)

for some C,D > 0and 0 < g < 2. Then there exists a unique quadratic mapping
Q: M — Y satisfying

0
1f(x) = Qx)[ly < -7y x5, xeM, (3.18)
and
Q(ax) = m(a)Q(x), ace A, xeM. (3.19)
The dyadic intertwining error is bounded uniformly in a € A by
47| f(a2"x) = (@) f (") < (C(VAL)T+D)2" 02 xflf. (3:20)

If A is a multiplicative subsemigroup of R and 1t : A — L(Y) is a representation, then
Q is multiplier-equivariant for that represented semigroup.

Proof. Corollary 3.1.1 yields the unique quadratic approximation and (3.18). Corol-
lary 3.4.1 gives (3.19), (3.20), and the represented-semigroup assertion. 0

Theorem 3.6 (Multiplier-word relations and range restrictions). Let M = R,
R =2Z[X]/(X" +1), and let the assumptions of Theorem 3.1 hold on the Abelian group
underlying M. Let Q be defined by (3.4). Let g1,...,8s € R, and let Uy, ..., Us € L(Y).
Assume that, for each i € {1,...,s}, there exists p; : M — [0, 0) such that

1f(gix) —Uif(V)ly < pi(x),  xeM, (3.21)
and

. —m (M.
n%lgloél pi(2"x) =0, x € M. (3.22)
For aword w = iy - - - iy in the alphabet {1, ..., s}, define
nggil-"g,‘[ER, Uwzui]"'uirEE(Y).

The operator word Uy, is ordered exactly as the word w is written; no commutativity
among the operators U; is assumed. Put g = 1 and Uy = Iy. Then

Q(8wx) = UwQ(x), x€M, (3.23)
for every word w. Consequently, if two words u, v satisfy
Qu=09y IinR, ce{1,-1}, (3.24)
then
(U, — Uy)Q(x) =0, x € M. (3.25)
Equivalently,

Q(M) C ker(Uy, — Uy).
By linearity, this inclusion also holds with Q(M) replaced by W = spany Q(M), where
F = R or C according to the scalar field of Y. If U,, — U, is injective for one such relation,
then Q = 0.
If the generator defects are controlled in the coefficient norm by

I £(gix) = Uif(x)|ly < Cillgix||3 + D |x]I3,  xe€M, (3.26)
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where 0 < g < 2and C;, D; > 0, then (3.22) follows from the estimate
47" f(gi2"x) = Wif 2")[ly < (Gi(Vn llgill)T + D)2 [|x|§.  (3.27)
Proof. Theorem 3.3 applied to each multiplier g; gives
Q(gix) =U;iQ(x), xeM.
Induction on the length of w = iy - - - i; gives
Q(gwx) = Q(gi (8i, - - &%) = Uy Q&4 - - 8ipX) = U Q(x).
This proves (3.23). If g, = 0gy in R, then
UnQ(x) = Q(gux) = Q(0gvx) = Q(gvx) = UuQ(x),

because every quadratic map is even and therefore Q(—y) = Q(y). This proves
(3.25). The injective case is immediate.
Finally, (3.26), the identity ;2" x = 2™ (g;x), and Lemma 1 give

47| f(gi2"x) — Uf 2"y <47 (i llgi2" x| + Di 27 ¥

< (Gi(vn |1gill)" + D)2 =) ||x||3,

which tends to zero since q < 2. O

Corollary 3.6.1 (Commutator restrictions on the stabilized range). Assume the
hypotheses of Theorem 3.6. Then, for all generators g;, gj,

(WU — Ui;)Q(x) =0,  x€ M. (3.28)

Thus the commutators vanish on W = spang Q(M); the operators need not commaute on
all of Y.

Proof. Apply Theorem 3.6 to g;gj = &;gi- O

Finite-dimensional stabilized span. Putd = nk, W = span Q(M), and B(x,y) =
1(Q(x+y) — Q(x —y)). Symmetry of B follows from evenness of Q. The qua-
dratic identity gives the Jensen relation B(x +y,z) + B(x —y,z) = 2B(x,z).
As B(0,z) = 0, taking y = x yields B(2x,z) = 2B(x,z). Replacing (x,y) by
(u + v, u — v) in the Jensen relation gives B(u + v,z) = B(u,z) + B(v, z); symme-
try now proves biadditivity. Also Q(x) = B(x,x). For any Z-basis ey, ...,e; of
M, biadditivity gives Q(¥; a;e;) = Y_; ;a;a;B(e;, €;), while 2B(e;, ¢;) = Q(e; +¢;) —
Q(ei) — Q(ej). Therefore

d(d+1)

W = span]F{B(ei,e]-) 11 <i<j<d}, dimp W <

Since Q(gix) = U;Q(x), we also have U;W C W. The word and commutator
identities therefore hold on the finite-dimensional invariant space W. No regularity
of Q is used.
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Theorem 3.7 (One-generator negacyclic multiplier criterion and range obstruction).
Let M = RK, where R = Z[X]/(X" +1). Let U € L(Y). Assume that f : M — Y,
f(0) = 0, satisfies the quadratic control (3.16) for some 0 < p < 2 and 6 > 0. Assume
also that, for some 0 < g < 2and C,D > 0,

|f(Xx) — Uf(@)ly < CXx[§+Dx[§, xeM. (3:29)
Then there is a unique quadratic mapping Q : M — Y satisfying (3.18) and
Q(Xx) = UQ(x), x € M. (3.30)
Consequently,
Q(X"x) =U"Q(x), r>0, xeM. (3.31)
Since X" = —1in R, the range of Q satisfies
Q(M) C ker(U" — Iy). (3.32)

In particular, U"|w = Iy on W = spang Q(M). If ker(U" — Iy) = {0}, then Q =0,
and hence

0
1f()ly < -7 )15, xe M. (3.33)

Moreover, since multiplication by X is an isometry in the coefficient norm, the dyadic
X-intertwining error satisfies

47 f(X2"x) = UF(2"x)lly < (C+ D)2 ||x|3. (3.34)

Proof. Multiplication by X is a signed coordinate permutation in each copy of R.
Hence

[Xx[l = ], x €M
Corollary 3.1.1 gives the unique quadratic mapping Q and the estimate (3.18). The
intertwining hypothesis gives, for every m > 0,

47" f(X2"x) = Uf(2"x)lly < (C+ D)2 |23,

because || X2"x||, = ||2"x||, = 2" ||x||,. Since g < 2, Theorem 3.3, applied to the
multiplier X, gives (3.30). This also proves (3.34).

Iterating (3.30) gives (3.31). Since X" = —1in R, and since every quadratic map
satisfies Q(—x) = Q(x), we obtain

U"Q(x) = Q(X"x) = Q(—x) = Q(x), x € M.
Thus (3.32) holds. If ker(U" — Iy) = {0}, then Q = 0; (3.18) gives (3.33). O
Remark 3.2 (One-generator assumption): The hypothesis concerns only X.

All power identities and (3.32) then follow. Applying the family criterion to
{1,X,...,X?""1} would instead require separate defect bounds.

Example 3.1 (A zero-limit obstruction). Letn = 1, so R = Z[X]/(X + 1) and
multiplication by X is multiplication by —1. Let M = Rk = ZF, let Y be a real or
complex Banach space, and put U = —Iy. Then

ker(U — Iy) = ker(—2Iy) = {0}.
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Assume that f : M — Y, f(0) = 0, satisfies the quadratic control (3.16) and, for
some(0 <g<2andC,D >0,

If(Xx) = Uf()lly = If (=x) + f(¥)lly < (C+D)|xll3,  xeM.
Theorem 3.7 gives Q(M) C ker(—2Iy) = {0}. Hence Q = 0, and therefore

0
fF()lly < m”ﬂlg, x € M.

Thus subquadratic approximate oddness rules out a nonzero quadratic limit in
this case.

Example 3.2 (A nonzero negacyclic generator-equivariant quadratic map). Let
n=2k=1,and R = Z[X]/(X? +1). Write an element of R as a + bX, and take
Y = R? with U = —I». Define

Q(a +bX) = (a® — b?,2ab).
This map is quadratic on the underlying additive group Z2. Since
X(a+bX) = —-b+aX,
a direct computation gives
Q(X(a+bX)) = Q(—b +aX) = (b* — a®, —2ab) = —Q(a + bX) = UQ(a + bX).

Theorem 3.7 applies to f = Q with zero quadratic defect and zero generator-
intertwining defect. It gives

Q(X'x) = (~17Q(x),  r>0.
Here U? = Iy and Q # 0; the range restriction does not force a zero limit.

Example 3.3 (Failure without dyadic decay). Let G = Z, Y = R, and f(x) = x2.
Then Af =0and Q = f. Take S = idg and I1(S) = 0. For every m > 0,

47 £(S2™x) — TI(S) f(2"x)| = 2.

For x # 0 the defect does not decay, and Q(Sx) # I1(S)Q(x). The same example
occurs forn = k =1, M = Z[X]/(X+1) = Z, with multiplier 2 = 1 and
(1) = 0.

4. BOCHNER-SPACE FORMULATION OF EXPECTED CONTROL

Apply the deterministic theorem with target L!(Q; Y). For random-normed-
space and fixed-point approaches see [20, 18]. Let (Q), F,P) be a probability space,
and let f : M x Q) — Y be such that f(x, -) is strongly measurable and Bochner
integrable for each x € M, with f(0, -) = 0 almost surely. Write

Ap(x ;) = f(x +y,w) + fx —y,w) = 2f (x,w) = 2f(y, w).

Bochner integrability and the L! norm are used as in [10, 16].
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4.1. Quadratic stability in L.
Theorem 4.1 (L'-quadratic stability). Suppose that e : M x M — [0, o) satisfies

E HAf(x,y;~)HY <e(x,y), x,y €M, 4.1)
and that .
®(x) = Y 4 He(2x,2/x) <0, x€M, (4.2)
j=0
47Me(2"x,2My) — 0, X,y € M. (4.3)
Then the limit
Q(x) = lim 47"f(2"x, ) (44

exists in L1(Q); Y). It defines the unique quadratic mapping Q : M — LY (Qy;Y) satisfy-
ing

1£(x, ) = Q)| 11 quyy < (%), x € M. (4.5)
Proof. Set F(x) = f(x,-) € LY((%;Y). Then ||Ap(x,y)|;1 = ]EHAf(x,y;-)‘

Theorem 3.1 applies with target L' (Q); Y), including its uniqueness conclusion. [

v SO

Corollary 4.1.1 (Two direct L! bounds). In each of the following cases, there is a unique
quadratic mapping Q : M — L1(Q;Y).
(@) If0<p<20>0and
E||ar(ry:)|, <o +IwlD),  xyem,
then

0
1f(x ) = Q) L1 apy) < 21=27) =I5, xeM.

(ii) If6 > 0and E HAf(x,y;~)HY <20forall x,y € M, then

260
[1f(x,-) = Q(x)HLl(Q;Y) < 37 x e M.

Proof. Apply Theorem 4.1. The diagonal series sums to 0 ||x|} /[2(1 —2P72)] in
(i), and to 26/3 in (ii). Both controls satisfy the dyadic-vanishing condition. [

4.2. Inheritance of endomorphism intertwining. For S € Endz(M), any I1(S) €
L(Y) induces a bounded operator IT;(S) on L' (Q); Y) by

(Mh(S)H)(w) =TI(S)H(w),  [Th(S)]| < [ITT(S)[op -

Theorem 4.2 (L!-inheritance of intertwining). Let Q be given by Theorem 4.1. Let
I' C Endz(M), with I1(S) € L(Y) and ps : M — [0, 00) assigned to each S € T. If
E[If(Sx,-) =TIS)f(x,-)lly <ps(x),  xeM, (4.6)

and
47 "Mpg(2"x) — 0, X €M, (4.7)
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forevery S € T, then

Q(Sx) =IL(S)Q(x), SeT, xeM, 4.8)
in LY(Q;Y).
Proof. For F(x) = f(x,-), condition (4.6) is exactly ||[F(Sx) —II;(S)F(x)||;1 <
ps(x). Apply Theorem 3.2 in L' (Q); ). O

Corollary 4.2.1 (Immediate L! specializations). Assume the hypotheses of Theorem 4.1.
Let T C Endz(M), and assign operators I1(S) € L(Y) and nonnegative controls pg
satisfying (4.6) for every S € I'. The conclusion (4.8) follows whenever, for every S € T,
either ps(x) < Cs ||x||2° with 0 < g5 < 2.and Cs > 0, or ps(x) < Cs with Cs > 0 for
all x € M. In particular, when T, € T, take 7t(a) = I1(T,); then Q(ax) = 1 (a)Q(x),
where 111 (a) is induced by 7t(a). The same single-multiplier conclusion holds under the
general dyadic decay condition (4.7), by Theorem 4.2. If T is a composition semigroup and
I1is a representation, these intertwining identities are compatible with composition.

Proof. Both bounds imply (4.7), since 4" p5(2"x) < C52™(1572) ||x||4S in the first
case and < Cg4~" in the second. Apply Theorem 4.2. O

Remark 4.1 (Almost-sure representatives): The conclusions above are L! identi-
ties. Since M is countable, simultaneous almost-sure representatives exist. Set
Dy (x,w) =4""f(2"x,w). Foreach x € M,

E ) [IDms1(x,) = Du(x, ) [ly < @(x) < oo.
m=0

Tonelli’s theorem and countability of M = Z"¥ give a single full-measure event on
which Qu (x) := lim,, Dy, (x, w) exists for every x € M. Since Dy, (x,-) — Q(x) in
L!, uniqueness of the limit in probability identifies Q. (x) as a representative of
Q(x), simultaneously in x outside a common null set. The identities Ag(x,y) = 0
in L! then show that Q,, is quadratic simultaneously for all (x,y) € M?, after dis-
carding another null set. Under the hypotheses of Theorem 4.2, I' C Endz(M) =
Mat,(Z) is also countable; hence Q. (Sx) = IT(5)Q (x) holds for every (S, x) €
I' X M on one full-measure event. No bound | f(x,w) — Qu(x)|ly < P(x) is
asserted pointwise or uniformly over dyadic stages.

5. FINITE-GRID HIGH-PROBABILITY BOUNDS VIA BOUNDED DIFFERENCES

Fix d > 1 random coordinates, not necessarily equal to the module rank nk. Let
Z=(2Zy,...,Zy)

be a random vector with independent coordinates, where each Z; takes values in a
finite set S; C Z. Write
8281X~~~X8d.
Let
fTMxS—=Y
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satisfy
f(0,z) =0, zeS.
Forx,y € Mand z € S, define
Ap(xy;2) = flx+y,2) + f(x—,2) —2(x,2) = 2f (1, 2).

One realization of Z is used for the entire testing grid. We use McDiarmid’s
bounded-difference inequality [1, 13, 17, 5].

5.1. Finite-grid discrepancy envelopes.

Theorem 5.1 (McDiarmid’s inequality). Let g : S — RR. Suppose that, for each
i€ {1,...,d}, there exists ¢; > 0 such that

8(z) —g()| < ci
whenever z,z' € S differ only in their i-th coordinate. If y_; ¢z > 0, then, for every t > 0,

21
P(g(Z) —Eg(Z) > t) < exp(—dz> . (5.1)
Li=16
Ifall ¢; = 0, then g(Z) is constant almost surely.
For x,y € M, define

z€eS.

gxy(2) = ||Br(xyi2)|

Let G C M x M be a finite testing grid. Assume that there exist constants
c1,...,¢4 > 0,independent of (x,y) € G, such that

|8x,y(z) - gx,y(zlﬂ < ¢ (5.2)

whenever z,z’ € S differ only in coordinate i. Set

d

V=Y c. (5.3)

i=1

Corollary 5.1.1 (Finite-grid discrepancy envelope). Let G C M x M be nonempty
and finite. Assume that

Efarxy2)|, <e@wy),  (xy)eg,
and that (5.2) holds uniformly on G. Then, for every 6 € (0,1), with probability at least
1-9,

HAf(x/y/‘Z)HY <es(vy), (xy) €G, (5.4)
where

es( ) = el )+ 7 log (1)), 65)



156 L. V.NGOC

Proof. If V = 0, then every gy, (x,y) € G, is constant in each coordinate. Thus
Sxy(Z) = Egyy(Z) < e(x,y). The claim follows. Assume V > 0. For each
(x,y) € G, apply Theorem 5.1 with

_ Y e (9]
t= 210g<(5>.

Then (5
P (gxy(7) > Bguy(2) +1) < 157
Since Egy,y(Z) < &(x,y), the union bound over G proves (5.4). 0

If ¢; < cforevery i, then V < dc?, and one may enlarge the envelope (5.5) to

uni d g
€ f(x,y) =e(x,y)+c 2log<|5|>.

Proposition 5.1 (A common-input perturbation model). Let f(u,z) = Fo(u) +
n(u,z). Assume that Fy : M — Y is quadratic. Let U C M be finite. Suppose that, for
each coordinate i, numbers L;(u) > 0, u € U, satisfy

[, 2) = (w2 |y < Liu)

whenever z,z' € S differ only in coordinate i. If x +y,x — y,x,y € U, then

gxy(2) = ||B(ey:2)|

satisfies

18xy(2) = gy ()] < Li(x +y) + Li(x —y) +2Li(x) + 2Li(y).
Thus Corollary 5.1.1 applies with any c; dominating this bound on the grid.
Proof. The quadratic part cancels from Ay at each tested pair. Hence

‘gx,y(z) - gx,y(zlﬂ < HA,?(x,y,‘z) - Ar] (x/]/;zl) ||y .

Expanding the right-hand side gives the bound. O
Proposition 5.2 (Common-input multiplier sensitivity). Let T C R x M be a finite
collection of tested multiplier—input pairs, let t(a) € L(Y) for every multiplier appearing
inT,and let f(u,z) = Fy(u) +n(u,z) on M x S. Choose a finite set U C M containing

u and au for every (a,u) € T, and suppose that Fy(au) = 7t(a)Fy(u) for these tested
pairs. For each coordinate i, assume there is a function L; : U — [0, 00) such that

In.2) =m0y <Liw),  ved,
when z, 2’ differ only in coordinate i. Then for hg,(z) = || f(au,z) — 7(a) f(u,2)||y,
Mau(z) = hau(2')| < Li(au) + [7r(a) | op Li (1), (a,u) €T.

Proof. The Fy terms cancel on each tested pair. Apply the reverse triangle inequality
to 17 (au,z) — m(a)y(u,z) and use boundedness of 77(a). O
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5.2. Finite-stage dyadic stability.

Theorem 5.2 (Finite-grid stability with high probability). Let F C M be nonempty
and finite, let | > 0 be an integer, and fix 6 € (0,1). Define

Gry={(@x,2x):xeF,0<j< ] u{(@x2y) :xyeF}
Assume that the hypotheses of Corollary 5.1.1 hold on Gr j, with es defined using this
grid.
For z € S, define the finite-stage dyadic mapping
Qj(-;z): M—=Y, Qj(x;z) = 47T (2 x, 2). (5.6)

Then, with probability at least 1 — 0, the following two estimates hold simultaneously:

-1 o
1f(x,2) = Qj(x;Z)|y < Y47 U+Ves(2x,2/x),  x €F, (5.7)
j=0
and
HAQ](,;Z)(x,y)HY <47 Jes(2x,20y), x,y € F. (5.8)

When | = 0, the sum in (5.7) is understood to be zero.
Proof. By Corollary 5.1.1, there is an event of probability at least 1 — 6 on which
HAf(u,U;Z)HY < es(u,v), (u,v) € Gr .
Fix an outcome in this event. Since f(0,Z) =0,
Ap(2x,2x;Z) = f(211x, Z) — 4 (2, Z).
The telescoping identity
f(x,2)—477f(2x,2) = Ezfﬁﬂ) (4f (2/x,Z) — f(2*1x, 7))
j=0

therefore yields (5.7) after taking norms.
For x,y € F, the definition of Q; gives

A2y (X y) = 47]Af(2]x, 2ly; 7).
This pair belongs to Gr j, proving (5.8). 0

Theorem 5.3 (Finite-grid multiplier equivariance with high probability). Let F C
M and A C R be nonempty finite sets, let ] > 0 be an integer, and let 5 € (0,1). For
eacha € A, let t(a) € L(Y). Let Qj be defined by (5.6). For a € Aand x € F, define

niz) = | fa2lx,2) - m(a)f(2x, 2)]

Assume that there are functions p, : M — [0, 00) such that

, z e S.
Y

]Eht(l];(Z) < pa(2/x), ac A, x€F,
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and assume that there are constants by, ..., by > 0, independent of a € Aand x € F,
such that

il (z) = W] < by
whenever z,z' € S differ only in the i-th coordinate. Put

d
B=Y b7
i=1

Then, with probability at least 1 — 6, foralla € Aandall x € F,

Qe 2) — (@) Q) (x:2) | < 47T <pa<zfx>+ ﬁlg(%)) 59)

If, in addition, for some 0 < q < 2 and constants Cq, D, > 0,

q

0.(2)x) < G, aZIxHZ—l—Da . a€A x€eF

2]x‘

then the deterministic part of the right-hand side in (5.9) is bounded by
(ol llally)" + Da)2/72) |3 (5.10)

Proof. If B =0, each ht(zl ,2 is constant in every coordinate, and the probabilistic term
in (5.9) is zero. The claim follows from the expectation bound. Assume B > 0. By

McDiarmid’s inequality,

2
P (ht(z,]x(z) > ]Eho(zQ(Z) + t) < exp (—2];) .

_ B[ [AlE|
t= 2log(é.

A union bound over A x F gives, with probability at least 1 — J,

Take

W(Z) <pa@x)+t, acA xeF
On this event,
1Q)(ax; 2) — m(a)Qy(x; Z) ||, = 47/ Hf(Z]ax,Z) - n(a)f(zlx,Z)HY
= 471fi(2),
because a(2/x) = 2/(ax). This proves (5.9). The power-type estimate gives
47 pa(2/x) < 2172 (Cy llax]|3 + D lx]3),
and Lemma 1 gives (5.10). O

Remark 5.1 (Fixed-stage scope): Both results hold for a fixed | on finite grids.
Applying Theorems 5.2 and 5.3 with failure probability 4 /2 gives simultaneous
bounds with probability at least 1 — é. The map Qj(-; z) need not be quadratic. No
uniform-in-J or global pathwise bound follows.
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Remark 5.2 (Dependence on dyadic depth): The inputs 2/x, a2/x, sensitivity
constants b;, ¢;, and union-bound costs may grow with J. Thus the factor 4~/ in
(5.9) does not imply convergence by itself.

Remark 5.3 (Bounded coordinate ranges): For eachi € {1,...,d}, let A;,L; > 0.
Suppose that
S; C[-A;, AlNnZ
and that, uniformly over the testing grid,
18xy(2) — 8xy(2)] < Lilzi — zj]

whenever z,z’ € S differ only in coordinate i. Since

|zi — zj| < 24;,
one may take the bounded-difference constants

c; = 2L;A;.

Consequently,

V§4iﬁ&.
In the uniform case A; = Aand L; = L ,l t}11is reduces to

V < 4dL?A%

These parameters bound only the concentration correction. The expectation &(x, i)

may depend on the law of Z.

Example 5.1 (A linear common-input finite-grid model). Take a quadratic Fj :
M — Y and maps ¢p; : M — Y with 1;(0) = 0. Define

d
flu,z) = Fo(u) +n(w,z),  n(uz) = ;Zﬂpi(”)f

where A; > 0and S; C [—A;, A;] NZ for every i. Thus f(0,z) = 0, as required
above, and
7, 2) =, 2)[ly < 240 [lgi ()l
when only coordinate i is changed. To apply Theorem 5.2, choose a finite I/ contain-
ing, for every (v, w) € Gr , all four inputs v + w, v — w, v, w. Proposition 5.1 then
applies with L;(u) = 2A; ||;(u)|y for u € U. For example, uniform coordinate
constants on this grid are
ci =24A; max (|lyi(o+w)ly + i —w)lly +2[:@)lly +2[¢i(@)]y)-
(Z},w)egp,/
For Theorem 5.3, also include 2/F and a2/F, a € A, in U, and assume Fo(azf x) =
mt(a)Fy(2/x) fora € A, x € F. Apply Proposition5.2to T = {(a,2/x) :a € A, x €
F}; a valid uniform choice is

bi = max 2A;(
acA,xeF

pi(a2/x)|| +117(@) op i) ).
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Since Fy is quadratic,

E HAf(x,y;Z)HY < iIEZi (| Ay (x,9) |y -
=

On a tested pair (4, u) where Fy(au) = m(a)Fy(u), likewise

d
E|f(au, Z) = (@) f(w, Z) ||y < Y E|Z] l[pi(au) — 7r(a)i(u)ly -
i=1
These bounds provide ¢ and p, on the finite grids. Independence is used only for
concentration.

Corollary 5.3.1 (Coefficient-box finite-grid certificates). For positive integers N, L,
set

Fy = {x = (X]',Z') € Rk : ‘x]‘,i| < N}, Ap = {61 = (ﬂi) €ER: |Lll'| < L}.

Write Hy = (2N +1)"* and K; = (2L + 1)". At each fixed | > 0, the finite-grid
theorem uses

HY < |Gry | < HY +JHN,
so its logarithmic union-bound cost is log |Gr,, ;| < log(H%; + JHy). For the multiplier
theorem the cost is instead

log(|AL||Fn|) = nlog(2L + 1) + nklog(2N +1).

Proof. The coefficient embedding gives |Fy| = Hy and |Ar| = Ki. The second
part of Gr,, ; has precisely H%, points, since multiplication by 2/ is injective on M;
the first part has at most JHy points. For | = 0, |Gp, 0| = H2,. The multiplier grid
has cardinality Ky Hy.

6. CONCLUSION

Dyadically negligible intertwining defects pass to the classical quadratic limit.
On Rk, coefficient-norm bounds give multiplier criteria, while ring relations restrict
the invariant span W = spany Q(M). For X" = —1, one generator relation gives
U"|w = Iw, not necessarily U" = Iy.

Expected defects yield L' stability. McDiarmid’s inequality controls finite-stage
maps on prescribed finite grids, not a global pathwise limit.
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