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FUZZY SSP-IRRESOLUTE MAPPINGS

EGZON RRUSTOLLI ' AND BILJANA KRSTESKA 2

Abstract. In this paper, we introduce the concepts of fuzzy SSP-irresolute con-
tinuous mappings, fuzzy SSP-irresolute open (closed) mappings, and SSP home-
omorphisms. We also investigate several of their properties and examine their
relationships with other forms of fuzzy continuity.

1. INTRODUCTION

After the introduction of the concept of fuzzy sets by Zadeh [11], and fuzzy
topological spaces and fuzzy continuity by Chang [2], various weaker forms of
fuzzy continuity were investigated by many researchers [1, 3, 10, 13, 12, 7] .

Irresolute mappings form another important class of mappings in fuzzy topol-
ogy. Unlike ordinary fuzzy continuous mappings, which are defined by the
inverse images of fuzzy open sets, irresolute mappings are usually defined by
using generalized fuzzy open sets. Thus, they provide a natural way to study
mappings that preserve weaker forms of fuzzy openness. Mukherjee and Sinha
[6] introduced irresolute and almost open functions between fuzzy topological
spaces in relation to fuzzy semiopen sets. Later, Krsteska [4] studied fuzzy SP-
irresolute mappings associated with fuzzy strongly preopen sets. In recent years,
Makolli and Krsteska [5] also studied fuzzy SSPO irresolute mappings, which
further shows the relevance of irresolute-type mappings in fuzzy topology.

Recently, Rrustolli and Krsteska [8] introduced the class of fuzzy semi strongly
preopen sets and the corresponding notion of fuzzy semi strong precontinuity.
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This class is defined by using the fuzzy interior, fuzzy closure and fuzzy preclo-
sure operators, and it is closely related to several known classes of fuzzy open-
type sets. Therefore, it is natural to study mappings that preserve this class in the
sense of irresoluteness.

Motivated by these developments, in this paper we introduce fuzzy SSP-irres-
olute continuous mappings. The advantage of the present approach is that fuzzy
SSP-irresolute continuity is based on the preservation of fuzzy semi strongly pre-
open sets rather than only fuzzy open sets. Therefore, the proposed mappings
allow one to study transformations that may not be covered by ordinary fuzzy
continuity, while still preserving a meaningful fuzzy topological structure associ-
ated with FSSPOS. We also introduce fuzzy SSP-irresolute open mappings, fuzzy
SSP-irresolute closed mappings and fuzzy SSP-homeomorphisms. Several char-
acterizations of these mappings are obtained, and their relationships with other
forms of fuzzy continuity and fuzzy semi strong precontinuity are investigated.
Furthermore, several results concerning the composition of mappings are estab-
lished, particularly in relation to some previously studied types of mappings.

2. PRELIMINARIES

In this paper by (X, T), or simply by X, we will denote a fuzzy topological
space (fts) due to Chang[2]. The interior, closure, and complement of a fuzzy set
A will be denoted by int A, cl A, and A€, respectively.

Definition 2.1. A fuzzy set A of a fts X is called:

1) fuzzy semiopen (FSOS) if and only if A < cl(int A) [1];

2) fuzzy preopen (FPOS) if and only if A < int(cl A) [9];

3) fuzzy strongly semiopen (FSSOS) if and only if A < int(cl(int A)) [13];
Definition 2.2. A fuzzy set A of X is called:

1) fuzzy semiclosed (FSCS) if and only if int(cl A) < A [1];

2) fuzzy preclosed (FPCS) if and only if cl(int A) < A [9];
3) fuzzy strongly semiclosed (FSSCS) if and only if cl(int(cl A)) < A [13];

Definition 2.3. [9] Let A be a fuzzy set of fts X. Then,
1) pint A =V{B:B < A, Bisa fuzzy preopen set of X} is called a fuzzy preinte-
rior of A;
2) pdl A = AN{B: B > A,Bisa fuzzy preclosed set of X} is called a fuzzy preclo-
sure of A;

Lemma 1. [9] Let A be a fuzzy set of fts X. Then,
1) pcl A = (pint A);
2) pint A® = (pcl A)°.
Definition 2.4. [8]
(1) A fuzzy set A of a fts X is called fuzzy semi strongly preopen set (FSSPOS) if
and only if A < cl(int(pcl A)).
(2) A fuzzy set A of fts X is called fuzzy semi strongly preclosed set (FSSPCS) if
and only if int(cl(pint A)) < A.
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Theorem 1. [8] Let (X, T) be a fts. Every fuzzy open set is a FSSPOS.

Lemma 2. [2] Let f : X — Y be a mapping. For fuzzy sets A and B of X and Y
respectively, the following statements hold:

) ff1(B) < B

2) fTUf(A) = A

3) f(A%) = f(A)

4) f~1(B) = f1(B)

5) if f is injective, then f~1 f(A) = A;

6) if f is surjective, then ff~1(B) = B;

7) if f is bijective, then f(A°) = f(A)".

Definition 2.5. [8] Let f : (X, 71) — (Y, ™) be a mapping from a fts (X, 7y) into a fts
(Y, 12). The mapping f is called:
(1) fuzzy semi strong precontinuous if f ~*(B) € FSSPOS(ty) for each B € 1.
(2) fuzzy semi strongly preopen(preclosed) if f(A) € FSSPOS(12)
(f(A) € FSSPCS(1p)) for each A € 1y (A € 7).

Definition 2.6. [8] Let A be a fuzzy set of fts X.
1) The union of all FSSPOSs contained in A is called a fuzzy semi strong preinterior
of A, denoted by sspint A.
2) The intersection of all FSSPCSs containing A is called a fuzzy semi strong pre-
closure of A, denoted by sspcl A.

3. Fuzzy SSP-IRRESOLUTE CONTINUOUS MAPPINGS

Definition 3.1. A mapping f : (X, ) = (Y, 1) from a fts (X, 7y) into a fts (Y, 1) is
called SSP-irresolute continuous mapping if f~1(B) is a FSSPOS of X for each FSSPOS
BofY.

Example 3.1. Let (X, ) be a fuzzy topological space. Then the identity mapping
idyx : (X, 1) = (X, 1)

is a fuzzy SSP-irresolute continuous mapping. Indeed, for every FSSPOS B of X, we
have id;(l(B) = B. Therefore, id;(l(B) is a FSSPOS of X for every FSSPOS B of X.

Theorem 2. Let f : (X, 71) — (Y, 12) be a mapping from a fts (X, 1) into a fts (Y, T).
The following statements are equivalent:
i) f is fuzzy SSP-irresolute continuous;
ii) f~1(B)is FSSPCS of X for each FSSPCS B of Y;
iii) f(sspcl A) < sspcl f(A), for each fuzzy set A of X;
iv) sspcl f~Y(B) < f~(sspcl B), for each fuzzy set B of Y;
v) f~l(sspint B) < sspint f ~1(B), for each fuzzy set B of Y.

Proof. i) = ii) Let B be a FSSPCS of Y, B is a FSSPOS of Y. By assumptions it
follows that f~1(B°) is a FSSPOS of X. Thus, f_l(B) = (f ~1(B®)) is a FSSPCS.
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ii) = iii) Let A be a fuzzy set of X. sspcl f(A) is a FSSPCS, by assumptions,
f *1(sspcl f(A))is a FSSPCS of X. Thus,
f(sspel A) < f(sspel £ (f(A))) < f(sspel £~ (sspel £(A)))
= f(f ! (sspcl f(A))) < sspcl f(A).

iii) = iv) Let B be a fuzzy set of Y. Therefore, f~!(B) is a fuzzy set of X, by
assumptions, it follows that

f(sspel f1(B)) < sspel f(f'(B)) < sspel B

Thus,

sspel f~1(B) < f~!(f(sspel f1(B)) < f~ ' (sspel B).
iv) = v) Let B be a fuzzy set of Y. By assumptions, it follows that

sspcl f71(B%) < f~Y(sspcl BY)
Thus,
f~Y(sspint B) = (f ~(sspcl BY))® < (sspcl f1(B))¢ = sspint f~1(B).
v) = i) Let B be a FSSPOS of Y, sspint B = B. Thus, by assumptions, it follows
that
f7(B) < sspint f(B)

Therefore, f ~1(B) is a FSSPOS of X. Indeed, f is SSP-irresolute continuous map-
ping. U

Theorem 3. Let (X, 11) and (Y, 12) be fts. Every SSP-irresolute continuous mapping
f (X, 1) = (Y, 1) is also fuzzy semi strong precontinuous.

Proof. Let B be a fuzzy open set of Y. By Theorem 1, B is a FSSPOS. Therefore,
by assumptions, it follows that f~1(B) is a FSSPOS of X. Indeed, f is fuzzy semi
strong precontinuous mapping. g

Remark 3.1: Converse of Theorem 3 may not be true.

Example 3.2. Let X = {x,y}. Let U, V, W and A fuzzy sets of X defined as it follows:

Ux)=02, Uy =02
V(x)=07, V(y)=0.7
W(x)=03, W(y)=0.3
Ax)=04, A(y)=04

Let 1 = {0,U,V,1}, » = {0, W, 1} and f = id : (X, n) — (X, 7). f is fuzzy semi
strong precontinuous mapping. Since A is a FSSPOS on (X, 1) but not in (X, 7y) it
follows that f is not SSP-irresolute continuous mapping.

Theorem 4. Let f : (X, 71) — (Y, 72) be a bijective mapping from a fts (X, 11) into a fts
(Y, 12). The mapping f is a fuzzy SSP-irresolute continuous if and only if sspint f(A) <
f(sspint A), for each fuzzy set A of X.
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Proof. (=) Assume that f is a fuzzy SSP-irresolute continuous mapping, and let A
be an arbitrary fuzzy set of X. Since sspint f(A) is a FSSPOS, also f ! (sspint f(A))
is a FSSPOS of X. Thus, by Theorem 2(v), it follows that

f~(sspint f(A)) < sspint f~1(f(A)) = sspint A
Therefore,

sspint f(A) = ff(sspint f(A)) < f(sspint A)
(«=) Let B be a FSSPOS of Y. Thus, by assumptions, it follows that

B = sspint B = sspint f(f "1(B)) < f(sspint f~1(B))
Therefore,
fﬁl(B) < sspintffl(B)
Thus, f~1(B) is a FSSPOS. Indeed, f is fuzzy SSP-irresolute continuous mapping.
O

Theorem 5. Let f : (X, 71) — (Y, 12) be a mapping from a fts (X, 1) into a fts (Y, T).
The following statements are equivalent:
i) f is fuzzy SSP-irresolute continuous;
ii) f~Y(sspint B) < cl(int(pcl f~(B))), for each fuzzy set B of Y;
iii) int(cl(pint f~1(B)))) < f~(sspcl B), for each fuzzy set B of Y.
Proof. i) = ii) Let f be a fuzzy SSP-irresolute continuous mapping, and let B be an

arbitrary fuzzy set of Y. Since sspint B is a FSSPOS, by assumptions f~!(sspint B)
is a FSSPOS on X. Thus,

fY(sspint B) < cl(int(pcl f~(sspint B))) < cl(int(pcl f~1(B)))
ii) = iii) Directly by using complement.
iii) = 7) Let B be a FSSPC S of Y, sspcl B = B. Thus,
int(cl(pint f~(B))) < f~(B)
it follows that f~1(B) is a FSSPCS of X. Indeed, by Theorem 2, f is fuzzy SSP-
irresolute continuous mapping,. g

Theorem 6. Let f : (X, 71) — (Y, ) be a mapping from a fts (X, 1) into a fts (Y, T).
If f is SSP-irresolute continuous mapping then f~1(B) < sspint f ~!(cl(int(pcl B))), for
each FSSPOS B of Y.

Proof. Let B be a FSSPOS of Y, by assumptions, f~1(B) is a FSSPOS of X. Then,
F~YB) < f~Ycl(int(pcl B))), and
f7Y(B) = sspint f~}(B) < sspint f~(cl(int(pcl B))).
O
Theorem 7. Let f : (X, 11) = (Y, 12) be a mapping from a fts (X, 7y) into a fts (Y, 1).

If f is SSP-irresolute continuous mapping then sspcl f~!(int(cl(pint B))) < f~(B), for
each FSSPCS B of Y.

Proof. In similar manner as the proof of Theorem 6. |
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Theorem 8. Let f : (X, 11) = (Y, w) and g : (Y, 0) — (Z, 13), where (X, 11), (Y, )
and (Z, t3) are fts.
(1) if f and g are fuzzy SSP-irresolute continuous mappings, then gf is also SSP-
irresolute continuous mapping;
(2) if f is fuzzy SSP-irresolute continuous mapping and g is fuzzy semi strong pre-
continuous mapping, then g f is fuzzy semi strong precontinuous mapping.

Proof. The proof is straightforward. O

4. Fuzzy SSP-IRRESOLUTE OPEN AND FUZZY SSP-IRRESOLUTE CLOSED
MAPPINGS

Definition 4.1. Let f : (X, 11) — (Y, 7o) be a mapping from a fts (X, 1) into a fts
(Y, 12). The mapping f is called a fuzzy SSP-irresolute open(closed) mapping if f(A)isa
FSSPOS(ESSPCS) of Y, for each FSSPOS(FSSPCS) A of X.

Example 4.1. Let (X, T) be a fuzzy topological space. Then the identity mapping
idy : (X, 1) = (X, 1)

is both a fuzzy SSP-irresolute open mapping and a fuzzy SSP-irresolute closed mapping.
Indeed, for every FSSPOS A of X, we have idx(A) = A, and for every FSSPCS B of X,
we also have idx(B) = B.

Theorem 9. Let f : (X, 11) — (Y, 12) be a mapping from a fts (X, 7y) into a fts (Y, 1).
The following statements are equivalent:
i) f is SSP-irresolute open mapping;

ii) f(sspint A) < sspint f(A), for each fuzzy set A of X;

iii) sspint f 1(B) < f~!(sspint B), for each fuzzy set B of Y;

iv) f~sspcl B) < sspcl f~1(B), for each fuzzy set B of Y.
Proof. i) = ii) Let f be a SSP-irresolute open mapping, and A be a fuzzy set of X.
By assumptions, it follows that f(sspint A) is a FSSPOS of Y. Thus,

f(sspint A) = sspint f(sspint A) < sspint f(A)

ii) = iii) Let B be a fuzzy set of Y, f ~(B) is a fuzzy set of X. By assumptions and
Lemma 2, it follows that

f(sspint f~(B)) < sspint f(f*(B) < sspint B
Thus,
sspint f~1(B) < f~1(f(sspint f "1(B))) < f~!(sspint B).

iii) < iv) Directly by using complement. iii) = ii) Let A be a fuzzy set of X, by
assumptions, it follows that

sspint f ' (f(A)) < f ' (sspint f(A))
sspint A < f~!(sspint f(A))
f(sspint A) < ff~!(sspint f(A)) < sspint f(A).
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ii) = i) Let A be a FSSPOS of X, sspint A = A. By assumptions, it follows that
f(A) < sspint f(A)

Therefore, f(A) is a FSSPOS. Indeed, f is a SSP-irresolute open mapping. O

Theorem 10. Let f : (X, 71) — (Y, 72) be a mapping from a fts (X, 1) into a fts (Y, 1).

f is a fuzzy SSP-irresolute open mapping if and only if f(sspint A) < cl(int(pcl f(A)))

for each fuzzy set A of X.

Proof. (=) Let A be a fuzzy set of X. Since sspint A is a FSSPOS, by assumptions,

it follows that

f(sspint A) < cl(int(pcl f(sspint A))) < cl(int(pcl f(A))).
(«<=) Let A be a FSSPOS of X. By assumptions, it follows that
f(A) = f(sspint A) < cl(int(pcl f(A)))

Thus, f(A) is a FSSPOS; it follows that f is fuzzy SSP-irresolute open mapping.

O

Theorem 11. Let f : (X, 71) — (Y, 72) be a mapping from a fts (X, 1) into a fts (Y, 1).
The following statements are equivalent:

i) fisa fuzzy SSP-irresolute closed mapping;

ii) sspcl f(A) < f(sspcl A), for each fuzzy set A of X.

Proof. i) = ii) Let A be a fuzzy set of X. By assumptions, f(sspcl A) is FSSPCS.
Thus, by definition of the operator sspcl, it follows that

sspcl f(A) < f(sspcl A).
ii) = i) Let A be a FSSPCS of X. By assumptions, it follows that

sspcl f(A) < f(sspcl A) = f(A).
f(A)is a FSSPCS, indeed, f is fuzzy SSP-irresolute closed mapping. g

Theorem 12. Let f : (X, 1) = (Y, 72) be a mapping from a fts (X, 7y) into a fts (Y, 1).
(1) if f(cl(int(pcl A))) < cl(int(pcl f(A))), for each FSSPOS A of X, then f is a
fuzzy SSP-irresolute open mapping;
(2) if int(cl(pint f(A))) < f(int(cl(pint A)), for each FSSPCS A of X, then f is a
fuzzy SSP-irresolute closed mapping.

Proof. 1) Let A be a FSSPOS of X. Thus,

f(A) < f(cl(int(pcl A))) < cl(int(pcl f(A))).
f(A) is a FSSPOS, indeed, f is SSP-irresolute open mapping.
2) Similar. [l

Theorem 13. Let f : (X, 11) — (Y, T2) e a bijective mapping from a fts (X, 11) into a
ﬂ'S (Y, Tz).
(1) f is a fuzzy SSP-irresolute open if and only if f is fuzzy SSP-irresolute closed
(2) fis a fuzzy SSP-irresolute open(closed) if and only if f~' is fuzzy SSP-irresolute
continuous
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Proof. The proof is straightforward. O
Corollary 13.1. Let f : (X, 71) — (Y, T2) e a bijective mapping from a fts (X, 1y) into
a fts (Y, ©p). The following statements are equivalent:
i) fisa fuzzy SSP-irresolute closed mapping;

ii) sspcl f(A) < f(sspcl A), for each fuzzy set A of X;

iii) f~Y(sspcl B) < (sspcl f~1(B)), for each fuzzy set B of Y;

iv) sspint f~1(B) < f~!(sspint B), for each fuzzy set B of Y.
Theorem 14. Let f : (X, 11) = (Y, T2) be a mapping from a fts (X, Ty) into a fts (Y, o).
f is fuzzy SSP-irresolute closed mapping if and only if int(cl(pint f(A))) < f(sspcl A)
for each fuzzy set A of X.

Proof. (=) Let A be a fuzzy set of X. Since sspcl A is a FSSPCS of X, by assump-
tions, it follows that

int(cl(pint f(A))) < int(cl(pint f(sspcl A))) < f(sspcl A).
(«=) Let A be an arbitrary FSSPCS of X. By assumptions, it follows that
int(cl(pint f(A))) < f(sspcl A) = f(A)
Thus, f(A) is a FSSPCS of Y. Indeed, f is fuzzy SSP-irresolute closed mapping.
O

Theorem 15. Let f : (X, 71) — (Y, 72) be a mapping from a fts (X, 1) into a fts (Y, 1).
The mapping f is fuzzy SSP-irresolute open if and only if for every fuzzy set B of Y and
every FSSPCS A of X, such that f‘l(B) < A, there exists a FSSPCS C of Y, such that
B<Cand f71(C) < A.

Proof. (=) Let A be an arbitrary FSSPCS of X, and B be a fuzzy set of Y such that
f~1(B) < A. By assumptions, f(A°) is a FSSPOS of Y, and A¢ < f~1(B°). Thus,
F(AS) < ff1(B) < B, it follows that B < f(A°)°. Define C = f(A°)‘, which is a
FSSPCS of Y. Then,

f(AC) — CC
A< FHA(AY = F7H(CY)
o) <A

(<) Let A be a FSSPOS of X. By Lemma 2, A < f~!f(A), it follows that
FUf(A) < AS, where A€ is a FSSPCS. Define B = f(A)°. By assumptions,
there exists a FSSPCS C of Y, such that B < C and f _1(C) < A€ Thus,

A< f7H(C)
f(A) < fFicoy <ce
C < f(A)F =B

Conclusively, f(A)° = B = Cis a FSSPCS, it follows that f(A) is a FSSPOS. Indeed,
f is fuzzy SSP-irresolute open mapping. g
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Theorem 16. Let f : (X, 71) — (Y, 72) be a mapping from a fts (X, 1) into a fts (Y, 1).
The mapping f is fuzzy SSP-irresolute closed if and only if for each fuzzy set A and each
FSSPOS B of Y, such that f‘l(B) < A, there exists a FSSPOS C of Y, such that B < C
and f~1(C) < A.

Proof. In similar manner as the proof of Theorem 15. O

Theorem 17. Let f : (X, 71) = (Y, ) and g : (Y, 12) — (Z, 13), where (X, 11), (Y, T2)
and (Z, 13) are fts.
(1) if f and g are fuzzy SSP-irresolute open(closed), then gf is also fuzzy SSP-
irresolute open(closed);
(2) if f is a fuzzy semi strong preopen(preclosed) and g is fuzzy SSP-irresolute
open(closed) then gf is fuzzy semi strong preopen (preclosed) mapping.

Proof. The proof is straightforward. O

Theorem 18. Let f : (X, 71) — (Y, ) and g : (Y, 12) — (Z, 13), where (X, 11), (Y, T2)
and (Z,13) are fts and gf is a fuzzy SSP-irresolute open(closed) mapping.
(1) if g is fuzzy SSP-irresolute continuous and injective, then f is fuzzy
SSP-irresolute open(closed);
(2) if f is fuzzy SSP-irresolute continuous and surjective, then g is fuzzy SSP-
irresolute open(closed).
(3) if f is fuzzy semi strong precontinuous and surjective, then g is fuzzy semi strong
preopen(preclosed).

Proof. 1) Let A be a FSSPOS(FSSPCS) of X, by assumptions, g(f(A)) is a FSS-
POS(FSSPCS). Since g is SSP-irresolute continuous, then f(A) = g_l g(f(A)) is a
FSSPOS(FSSPCS). Thus, f is SSP-irresolute open(closed).

2) Let B be a FSSPOS(FSSPCS) of Y, by assumptions, f~!(B) is FSSPOS(FSSPCS)
of X. Thus, g(B) = g(f(f "}(B))) is a FSSPOS(FSSPCS) of Z. Indeed, g is SSP-
irresolute open(closed) mapping.

3) Let B be a fuzzy open(closed) set of Y. By assumptions, f~!(B) is a FSS-
POS(FSSPCS) of X. Thus, ¢(B) = g(f(f ~}(B))) is a FSSPOS(FSSPCS) of Z. Indeed,
g is a fuzzy semi strong preopen(preclosed) mapping. O

Theorem 19. Let f : (X, 71) = (Y, ) and g : (Y, ) — (Z, 13), where (X, 11), (Y, T2)
and (Z, t3) are fts and gf is a fuzzy SSP-irresolute continuous mapping.
(1) if g is fuzzy SSP-irresolute open(closed) and injective, then f is fuzzy SSP-
irresolute continuous;
(2) if f is fuzzy SSP-irresolute open(closed) and surjective, then g is fuzzy SSP-
irresolute continuous.

Proof. In similar manner as the proof of Theorem 18. g

5. Fuzzy SSP-HOMEOMORPHISM

Definition 5.1. A bijective mapping f : (X, 71) = (Y, &) from a fts (X, 1q) into a fts
(Y, 1) is called a fuzzy SSP-homeomorphism if both f and f~! are fuzzy SSP-irresolute
continuous.
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Theorem 20. Let f : (X, 71) — (Y, 72) be a mapping from a fts (X, 1) into a fts (Y, 1).
The following statements are equivalent:

i) fis fuzzy SSP-homeomorphism;
ii) f~1is fuzzy SSP-homeomorphism;
iit) f is fuzzy SSP-irresolute continuous and fuzzy SSP-irresolute open;
iv) f is fuzzy SSP-irresolute continuous and fuzzy SSP-irresolute closed;
v) f(sspcl A) = sspcl f(A), for each fuzzy set A of X.
vi) sspcl f~Y(B) = f~(sspcl B), for each fuzzy set B of Y;
vii) f~(sspint B) = sspint f ~(B), for each fuzzy set B of Y;
viii) sspint f(A) = f(sspint A), for each fuzzy set A of X.

Proof. Directly by Theorem 2, Theorem 4, Theorem 9 and Theorem 11. U

6. CONCLUSION

In this paper, we introduced the notions of fuzzy SSP-irresolute continuous
mappings, fuzzy SSP-irresolute open mappings, fuzzy SSP-irresolute closed map-
pings, and fuzzy SSP-homeomorphisms. Several characterizations of these map-
pings were established by using fuzzy semi strong preinterior and fuzzy semi
strong preclosure operators. The present study is restricted to fuzzy topological
spaces in the sense of Chang. Future research may extend these notions to other
generalized fuzzy topological structures.
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