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A NOTE ON THE INVERSE THEOREM FOR A
GF;‘NERALISED MODULUS OF SMOOTHNESS

M. Q. Berisha and F. M. Berisha

Abstract

We prove the theorem inverse to Jackson’s theorem for a mod-
ulus of smoothness of the first order generalised by means of asym-
metric operator of generalised translation.

Introduction

The relation between the modulus of smoothness and the best ap-
proximation by trigonometric polynomials od 2x-periodic function is well-
known. In the case od non-periodic functions there is no such relation
between their moduli of smoothness and the bestapproximations by alge-
braic polynomials. An analogy with the 2x-periodic case takes place of the
ordinary modulus of smoothness is replaced by a generalised modulus of
smoothness (see e.g. [4]-[6]). In number of papers generalised moduli of
smoothness are introduced by neabs of the generalised symmetric operator
of translation ([2], [3], [6]).

In [1], an asymmetric operator of generalised translation is intoduced,
by means of it the generalised modulus of smoothness of the first order is
defined, and the theorem of coincidence of the class of functions defined
by that modulus with the class of functions with given order of the best
approximation by algebraic polynomials is proved. In the present paper we
prove the theorem inverse to the Jackon’s theorem related to that modulus
of smoothness.
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1. Definitions.

By L, we denote ‘the set of functions f measurable on the segment
[-1, 1] such that for 1 <p < o0

1/p

1
1fllp = / f@)Pde| < oo,

and for p = 00 ;,
[flloc =ess sup [f(z)] < oo.
—-1<z<1

Denote by L, the set of functions f such that f(z)(1 — z2)® € Ly,

and put
I lpa = £ @)1= 2%)* ],

By En(f)p,a We denote the best approximation of the function f € L, o by
algebraic polynomials of degree not greater than n—1,in Lpq metrics, l.e.

En(f)p,a :ilgf If - Pn"P,a )

where P, are algebraic polynomials of degree not greater than n — 1.
For a function f we define the operator of generalised transformation

T(f,z) by
™
- 1 2
T(f,x)z——/(— (a; cost+4/1—z2sint cos<p) — 2sin? t sin? o+
n(1—2z2)
0

+4(1 — z?)sin® ¢ sin? (p)f(a: cost + /1 — z? sin t cos ga)dcp.

By means of that operator of generalised transformation we define the
generalised modulus of smoothness by

‘:"(fv 6)p,a = |st}1<p6 ||f1t(f,$) - f(x)"pa .

By P,Sa’ﬂ)(a:) (v = 0,1,...) we denote the Jacobi’s polynomials, i.e.
algebraic polynomials of degree v orthogonal with the weight function
(1 — )2(1 + z)? on the segment [-1, 1] and normed by the condition

PP (1) =1 (»,0,1,...).
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Denote by a,(f) the Fourier-Jacobi coefficients of a function f, in-
tegrable with the weight funkction (1 — z)2 on the segment [~1,1], with

respect to the system of Jacobi polynomials { ,(12 2)(x)} , le.
n=

1
an(f) = /f(x)P,(lm)(:c)(l -2%)%z (n=0,1,...).
' -1

The following properties of the operator f"( f, z) are proved in [1].
Theorem A. Operator T, has the following properties
1) The operator Ty (f, =) is linear on f,
2) Tu(f,z) = f(=z);
3) T, (P3P, z) = PP (z) PP (y) T,(P*P),z) =
= P,(l2’2)(a:) Ra(y) (n=0,1,...)

where Rn(y) = P33 (v) + 3(1 - v2) PP w);
4) T,(1,z) = 1;
5) ax (Ty(f,2)) = Re@)ar(f) (k=0,1,...).
The following theorem is known as the theorem of coincidence.

Theorem B. Let given numbers p, a and X be such that
1<p<oo, 0<A<2;

L <1
2 * = for p=1
1 3 1
1—-$<a<§—5 for 1<p< o
1§a<§ for p=o00.
2
Let f € Lpa. Then
C
En(f) "T

if and only if
| &(f,8)p,a < Ca8™,

where the constants C; and C3 do not depend on f, n and é.
Theorem is proved in [[2]].
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2. The inverse theorem.

New we formulate our result

Theorem 2.1. Let given numbers p,« and A be such that
1<p<oo, 0<A<2

1
— <
2<Ol—l for p=1
1 1< <3 L for 1
2p « § 2p or <p<OO
1Sa<g for p = .

If f € Lp,q, then the following inequality holds

1 1 «
3 y <C— L ’
w(f n)p,a - ngvzz:lv v(f)p’a

where the constant C' does not depend on f and n.

Proof. Let P,(z) be the polynomial of degree not greater than n — 1
such that

”f - Pn”p,a,ﬂ - E(f)p,a,ﬁ (n = 1,2,. . .),

and
Qxr(z) = Pyr(z) — Pos-1(z) (k= 1,2,...),

Qo(z) = Pi()-

For given n we chose the natural number N such that
s<2V<n+l.

By the proof of Theorem B given in [[1}] it follows that

N
e 1 1
w(f, ?{)pa <G (E2~ + = 222“||Qk||,,a) <

=0

N
1
<2C4 (E2N + ) 222“(E2N(f)p,a + E2“—1(f)1’aa)> <

p=1
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N-1
1
<4C <E2~ + 3 Z 22(n+1)E2“ (f)p,a> <

pu=0
1 N
2(p+1
sczn—zg_%z “*D Eg (f)pa

Considering that for 4 > 1 we have

2# -1

Z 'UEv(f)p,a 2 E2M» (f)p,a22(“_1) ,

y=2n-1

it follows that

[]

2]

3]

4]

[5]
[6]

1 1 N 2¢¥—1
d’(ﬁ;)p <cC —2(22E1(f P, +Z Z vE, (f P ) =

p=1y=24-1

1
< Ci=5 ) vEo(f)pa-
v=1

Theorem is proved.
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EMTHA 3ABEJIEIIIKA 3A NHBEP3HATA TEOPEMA
3A OBOIIILUTEHUOT MOIYJI HA T'VIATKOCT

M. Q. Berisha, F. M. Berisha

Pezuwme

Bo Tpymor ce paarieiyBa TeopeMa HMHBep3Ha Ha TeopeMaTa Ha
IlexcoH 3a MOAYJIOT Ha TIAATKOCT OJ OPB pej] reHepaM3vpaHa co cpe-
IMHA OJl aCMMEeTPUUYEeH onepaTop Ha OoGONMTEeHM TPaHCHAIWH.
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