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SOME COSINE OPERATOR FUNCTIONS IN R?

RAMIZ VUGDALIC AND SANELA HALILOVIC

Abstract. In this paper, we find out the cosine operator functions
a(t)  b(t) c(t)
Cty=1 0 dt) e(t)
00 )
in a real vector space R? (+ € R), as the solutions of the second order Cauchy
problem
C"(ty=A-C(t), C0)=1, C'(0)=0.
We find the solutions for the various cases of a given real matrix

A B C
A=|0 D E|,
0 0 F

which is a generator of these cosine operator functions C(f), t € R.

1. INTRODUCTION

The family of cosine operator functions in a given Banach space X is a family
of linear operators C(t) from X to X which satisfies the conditions

C0)=I and C(t+s)+C(t—s)=2C()C(s) forallt,s e R,  (L1)

with I-identity operator on X. Many mathematicians have studied this family
and built the theory of cosine operator functions and its applications (see [1, 2, 5,
6, 7]). The notion of a generator A of this family of operators C(t) is introduced

with A = lim 20 =D nd it holds

—0

C"(t)= AC(t), C()=1, C'(0)=0. 1.2)
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(see [1, 5, 8]). So, the family of cosine operator functions C(¢) satisfies the second
order Cauchy problem (1.2). In this paper [8] we have defined a family of cosine
operator functions and its generator in a different way, as a solution of certain
functional equations. This operator A is a linear and closed operator, defined in
everywhere dense set in X. It also holds vice versa, for given linear and closed,
everywhere dense defined operator A in X, there exists a cosine operator function
C(#) (t € R) whose generator is just the same .A and which is the solution of the
Cauchy problem (1.2).

We may notice that from (1.2), since C(0) = I it follows C"(0) = A - C(0) = A. It
is known that the Cauchy problem

y'(h=a-yt),y0)=1,y0)=0 @eR), (1.3)

has only the following solutions:

y(t) = % (e\/ﬁt +e*\/“7t) = cosh(v/at); fora >0,

y(t) = (t‘fi‘/j”t + €7i‘/j”t> = cos(v/—at); fora <0

andy =1; fora=0.

1
2

These solutions satisfy also D’ Alambert functional equation
y(t+s)+y(t —s) =2y(t)y(s), (t,s € R). (1.4)

Now, we are interested in determining of cosine operator functions C(f) in a
real vector space R3, which satisfy the second order Cauchy problem. As we see,
the solution C(t) (t € R) of the Cauchy problem (1.2) depends on the operator
A which generates that cosine operator function. We may identify generator A
and family C(t) (t € R) of cosine operator functions with corresponding matrices
from M3(R) considering the standard basis of the space R3.

2. RESULTS

Let
a(t) b(t) c(t)
Cty=1| 0 d@) e (t e R)
0 0 f

be a cosine operator function and

A B C
A=C"(0)=|0 D E
0 0 F

its generator with A,B,C,D,E,F € R. We here consider a special case, when
C(t) and A are upper triangular matrices. Our goal is for various selections of the
generator A, to determine their corresponding cosine functions {C(t) };cr. In that
case it holds:

C"(t)=A-C(t), C(0) = I, C'(0) = 0. .1)
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Hence,
at) b o1’ [A B C] TJal) b)) c@)
0 dit) e®)| =|0 D E|-|0 diB) e® (2.2)
0 0 £ 0 0 F 0 0 f@®

and we get the system of differential equations

b (t
e (2.3)
e'(t)=D-e(t)+E- f(t)
f(t)=F-f(t)
with the following initial conditions:
a(0) =d(0) = f(0) =1, b(0) =c(0) =0 =¢(0) =0,
a'(0)=b'(0)=c'(0)=d'(0) =€'(0) = f(0) =0 (2.4)
a’(0)=A,b"(0)=B,c"(0)=C,d"(0)=D,¢"(0) = E, f'(0) = F.

The solution of the first equation of the system (2.3), a”’(t) = A - a(t), with the
initial conditions a(0) = 1,4’(0) = 0,a”(0) = A, is

cosh(tv/A), forA >0
a(t) =<1, forA=0
cos(tv/—A), forA <O.
This holds, analogously, for the functions d(t) and f(¢) as the solutions of the

fourth and sixth equations of the system (2.3) with their appropriate initial con-
ditions:

cosh(tv'D), forD >0 cosh(tv/F), forF >0
dit)=<1, forD=0 and f(t)=<1, for F=0
cos(tv/—D), forD <0 cos(tv/—F), forF < 0.

By differentiating the second equation of the system (2.3) twice, we get
bW =A-v' () +B-d" ().

Further, from the fourth equation of the system (2.3) we have bA () = A0 () +
B-D-d(t). Because B - d(t) = b (t) — A - b(t) we find b®(t) = A-b"(t)+ D - ("' () —
A -D(t)), that is

V() — (A+D)- V' (1) + AD - b(t) = 0, (2.5)
with initial conditions
b(0) = b'(0) = 0, b"(0) = B. (2.6)
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After the introduction of susbstitution b = ¢'! in (2.5) we get the characteristic
equation * —(A+D)r? + AD = 0 <= (r*> — A)(r*> — D) = 0. The solutions are:

o= :I:\/Z, 134 = :I:\/E.

2.1. Discussion about the solution of the Cauchy problem (2.5)-(2.6).
A) Case D # A. Then the general solution of (2.5) is:

b(t) = CretVA + Coe™ VA + Cet VD 4 Cpe VD, 2.7)
From the initial conditions (2.6) we find
C1+C2+C3+C4=0

VA(C; — Co) +VD(C3 — Cy) =0
A(C1 + Cz) + D(C3 + C4) = B.

From the (2.7) we find
V() = CL AV AV A — CuAVAe YA + C3DVDe!VP — C,DVDe VP,

After differentiating with respect to t the second equation of the system (2.3), we
find b"'(t)= A-V'(t) + B-d'(t) and for t = 0

b"(0) = AVA(C; — C) +DVD(C3 —Cy) = A-b'(0)+B-d'(0)=A-0+B-0=0.
Now we have the system
C1+Co+C3+C4=0
VA(C — C)+VD(C3 - C) =0

A(C] + Cz) + D(C3 + C4) =B (28)
AVA(C; — C) + DVD(Cs3 — C4) = 0.
The solution of the system (2.8) is:
B B
= = — = = - 2
Ci=C A _D) C3=Cy 3A—D) (2.9)

and after putting it in (2.7), depending on signs of A and D, we get the following
results:

a)for A > 0and D > 0: b(t) = 525 (cosh(tv/A) — cosh(tv/'D))

b) for A > 0and D < 0: b(t) = 5L (cosh(tv/A) — cos(t/—D))

c) for A < 0and D < 0: b(t) = 125 (cos(tv/—A) — cos(tv/—D))

d) for A < 0and D > 0: b(t) = 5L 5(cos(tv/—A) — cosh(tv/D))

e)for A=0and D > 0: b(t) = %B(l — cosh(ty/D))

f) for A=0and D < 0: b(t) = Z2(1 — cos(tv/—D))

g) for A > 0and D = 0: b(t) = B (cosh(tv/A) — 1)

h) for A < 0and D = 0: b(t) = £(cosh(tv/—A) — 1).
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B) Case D = A. Then there are three possibilities A > 0, A < 0and A =0.

a) Let A > 0. Since D = A we get a(t) = d(t) = cosh(tv/A). From b"(t) =
A -b(t) + B - d(t) follows b (t) = A-b"(t) + B -d"(t). And from d"(t) = A - d(t)
and B-d(t) = V'(t) — A - b(t) we find bH(@#) — A - b'(t) = A-(b"(t) — A - b)),
that is b (t) — 2A - b"'(t) + A2 - b(t)) = 0. For b = ¢" we get (r> — A)?> = 0. From
b(t) = Cp-etVA +Cy - tetVA + Cae~tVA 4+ Cyte=tVA and initial conditions b(0) =
b'(0) =0, b"(0) = B we get

C1 + C3 =0
CiVA+Cy—C3VA+Cy =0
A(Cy + C3) + 2V A(C, — Cy) = B.
Hence,

B
C3 = —Cy, C+Cy=—-2VA-Cy, C—C= —F—.
3 1 2+ 4 1 2~ L4 WA

and so Cp = ﬁ —C1VA, Cy = ﬁ’% — C1V/A. That is why

b(t) = Ca(eVA — e VA — CiVA(EYA + VA + 45%@% _ VA

Bt .
m sinh(tV/A).

By calculating b”(t) and putting it into b”(t) — A - b(t) = B - cosh(tv/A) we find
C1=0,s0

= 2C; sinh(tV/A) — 2C;#V/ A cosh(tV A) +

Bt .
A si
b) Let A < 0. Then d(t) = a(t) = cos(t/—A). Again as in part a), from b™@(t) —
2AD"(t) + A%b(t) = 0 and b(t) = ¢'* we have characteristic equation (12 — A)?> = 0
and its solutions r = +iy/— A. Searching the solution in the form b(t) = C; eltV=A4
CoteltV=A 4 Cae~itV=4 4 Cyte=iV=4 and by using the initial conditions b(0) =
b'(0) =0,b"(0) = B, we get

b(t) = nh(tVA).

B
Cs =—Cyq, Co+Cy = —2CivV—A, C—Ci= ——.
3 1 2+ Ly 11 2 4 2iV—A
and b(t) = 2Cqisin(ty —A) — 2Cqit\/—Acos(tv —A) + 2% sin(ty/—A). We de-

termine number C; by calculating b”(f) and putting it into b”/(t) — A - b(t) = B -
cos(tv/—A). In that way, we find C; = 0 and hence

Bt
b(t) = ——sin(tv —A).
()= 5= sV =)
o)If D= A =0thend(t) = a(t) = 1 and b’ (t) = B. We are finding b(t) in the
form b(t) = C; + Cot + C3t2. From the initial conditions b(0) = '(0) = 0, v"/(0) = B
it follows C; =C, =0,C3 = g and b(t) = gtz.
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2.2. Determining the function e(t). By differentiating two times the equation
¢’(t) = D -e(t)+ E - f(t), and using the equations f(t) = F- f() and E - f(t) =
¢(t) — D - e(t) we obtain e®(t) — (D + F)e(t) + DFe(t) = 0. It is known that
e(0) = ¢'(0) = 0, ¢’(0) = E. Analogously to discussion in section 2.1. A) and
B), depending on the values of scalars D and F, we find the following results.
A).Let F # D. Then:

a)for F>0and D >0

F(t) = cosh(tV/F) and e(t) = Df ~(cosh(tv/D) — cosh(V/F)).
b)for D > 0and F <0
f(t) = cos(tv/—F) and e(t) = D 5 F(cosh(t\/ﬁ) — cos(ty/—F)).

c)forD <0and F <0

f(t) = cos(tv/—F) and e(t) = 5 ]i F(cos(t\/—D) — cos(tv/—F)).

d)forD <0Oand F > 0

E

o F(Cos(t\/—D) — cosh(tV/F)).

f(t) = cosh(tV/F) and e(t) =
e)forD=0and F >0
f(t) = cosh(tV/F) and e(t) = %E(l — cosh(tV/F)).
f)for D=0and F < 0
£(t) = cos(tv/~F) and e(t) = (1 — cos(tv/~F)).
g)for D > 0and F = 0
f(t)=1 and e(t) = %(cosh(t\@) —1).
h) for D < 0and F =0
f(H =1 and e(t) = (cos(tv/~D) - 1)

B). Let F = D. Then depending on the sign of the number D, analogously to
discussion in section 2.1. B), we find the following cases:

a) for D > 0: e(t) = 2% sinh(tv/D) and f(t) = cosh(tv/D),
b) for D < 0: e(t) = ; \}% sin(tv/—D) and f(t) = cos(ty/—D),
c)for D =0:e(t) = %tz and f(t) = 1.
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2.3. Determining the function c(t). From (2.3) and (2.4) we see

") —A-c(t)=B-et)+C- f(t)
c(0)=c'(0) =0, c"(0) = C.
The solution of the Cauchy problem (2.10) depends on the values of the elements
A, B, C of matrix A. In discussion of the solution ¢(t) depending on the values of
the scalars D and F we use also the results from the section 2.2.
A) Case F #D.
a)Let F > 0, D > 0. Then

f(t) = cosh(tV/F) and e(t) =

(2.10)

E

D= F(cosh(tx/ﬁ) — cosh(tV'F)),

so we get differential equation

"ty —A-c(t) = DB_EF(COSh(t\/B) — cosh(tV'F)) + C - cosh(tV/F). (2.11)
Solution of the homogenous equation ¢/ (t) — A - ¢(t) = 0 is
cu(t) = CretVA + Cre VA, (2.12)
We search the particular solution c,(t) of nonhomogenous equation in the form
cp(t) =a- cosh(tV/D) + B- cosh(tV/F). (2.13)
Then, c;’(t) =aD - cosh(tv/D) + BF - cosh(tv/F), and after putting it in (2.11) we get
BE
1.If A # D, F then
B BE _ C(D—F)—-BE
By putting (2.14) in (2.13) we obtain
B BE C(D —-F) - BE
cp(t) = D-AD-F cosh(tvV/D) + F-AD-H cosh(tV/F). (2.15)
From (2.12) and (2.15) we have
c(t) = cp(t) + cp(f) =
— VA N\ BE
=C1e'V2 + Coe + D—AD-P cosh(tV/D) + (2.16)
C(D—F)—- BE
+ m COSh(t\/F).
After taking into account the initial conditions ¢(0) = ¢/(0) = 0, ¢”(0) = C, we find
Cr=Cy= ACHBEZCD b A DA£F) 2.17)

2(D — A)F — A)’
Including (2.17) into (2.16) we find that the solutions of a Cauchy problem (2.10),
depending on the sign of number A # D, F are:
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1.i) for A >0,

AC+BE-CD BE
C(t) = m COSh(t\/Z) + m COSh(t\/E) +

C(D — F) — BE
+ F_AD_P cosh(tV/F)
Lii) for A < 0,

D - AF—A) cosh(tv/D) +

BE
(D — A)YD —F)
C(D —F)— BE
+ F_AD_D cosh(tV/F)
1.iii) for A =0,

_BE-CD  BE C(D — F) — BE
C(t) = DF + D(D — F) COSh(t\/B) + W COSh(tﬁ).

2.If A = D # F then we search the particular solution in a form

cy(t) = at - cosh(tv/A) + bt sinh(tV/A) + - cosh(tV'F).

Then,
cp()=a cosh(tV/A) + atv/A sinh(tv/A) + b sinh(tV A) +
+ btV A cosh(tV/A) + Bv/F sinh(tV'F)
and
ciy(t) = 2av/Asinh(tV/A) + a At cosh(tV/A) +2bV/A cosh(tv/A) +
+bAtsinh(tv/A) + BF - cosh(tVF).
Now we get:
ch()—A - cp(t) = 20/ Asinh(tV/A) + a At cosh(tv/A) + 2bv/A cosh(tV/ A) +
+bAtsinh(tv/A) + BF - cosh(tV/F) — aAt - cosh(tV A) —
— bAtsinh(tV/A) — BA - cosh(tVF) =

BE (cosh(tv/A) — cosh(tV'F)) + C - cosh(tV/E).

A—F
On that way, it follows a =0, b =

BE _ BE—AC+CF
2\/Z(A7F)’ﬁ_ (A—F)? -50,

BE — AC +CF
(A—F)

BE

cp(t) = TVAAE t - sinh(tVA) +

. COSh(tﬁ )
and

BE

o(t) = cp(t) +cpt) = Cre!VA + Cre VA 4 N

-t sinh(tVA) +
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BE — AC+CF
+ W o COSh(f\/?).

When we apply the initial conditions ¢(0) = ¢/(0) = 0 we get

BE — AC+CF

GQ=C= -0

The third condition ¢”’(0) = C is now satisfied. Finally, we find the solution

o) = % (cosh(t\/l?) - cosh(tx/Z)) + 2\/ZE(BI§—F) -t - sinh(tV/A).

3. If A = F # D then we search the particular solution in the form
cp(t) = at - Cosh(t\/Z) + bt sinh(t\/Z) +B- cosh(tv/D).
We find
c/,(t) = acosh(tV'A) + atV/Asinh(tV/A) + bsinh(tV/A) +
+btv/A cosh(tV/A) + Bv/D sinh(tv/D)
and
cy(t) = 2av/ A sinh(tV'A) + a At cosh(tV/A) + 2bv/A cosh(tV/ A) +
+bAt sinh(t\/Z) +BD - cosh(tv/D).
Now we get:
ch(t)—A - cp(t) = 2av/Asinh(tV/A) + a At cosh(tV/A) + 2bv/ A cosh(tv/A) +
+bAtsinh(tv/A) + BD - cosh(tv/D) — aAt - cosh(tv/A) —
— bAt sinh(tvV/A) — BA - cosh(tv/D) =

BE CD — AC — BE
=5_A cosh(tV )+—D a cosh(tV A).
_ CD—AC—-BE p_ _ BE
It followsa =0,b = 2/AD_a) P = o-ar So,
CD - AC — BE BE
cp(t) = - tsinh(t + ——— -cosh(tv D
0= =—a (WA)+ 5 g7z - cosh(t/D)
and
CD — AC — BE
c(t :Cet\/Z+C e*t‘F — - tsinh(¢ + -cosh(tv D).
(=C NI (WA)+ 57 - cosh(tvD)
By applying the initial conditions ¢(0) = ¢/(0) = 0 we get C; = C, = —72(DB_E A7 The

third condition ¢”(0) = C is also satisfied. Finally, we have the solution

cosh(tv/D) — cosh(t\/Z)) + €D - AC - BE tsinh(tv/A).

o= 2VAD - 4)

(D A)2 (
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b) Let D > 0 and F < 0. Then f(t) = cos(tv/—F) and e(t) = =5 (cosh(tv/D) —
cos(tv/—F)), so the first equation in (2.10) becomes
)= A-clt) = DB _E F(cosh(t\FD)) + w cos(tv/—F). (2.18)
The solution of the corresponding homogeneous equation is given with (2.12)
and we are looking for a particular solution of (2.18) in the form

cp(t) = a cosh(tvV/D) + B cos(tv/—F).
Now let introduce c,(t) and cZ(t) = aD cosh(tv/D) + BF cos(ty/—F) into (2.18).

aD cosh(tv'D) + BF cos(tv —F) —aA cosh(tV'D) — BAcos(tv/ —F) =
BE C(D - F)— BE
D F(cosh(t\/ﬁ)) + —D_fF cos(tv/ —F)
C(D —F)— BE
D-F '

= a(D— A) =

1.Case A¥Dand A #F
IfD#Aand F # Athena = (p—pt5—, B = Gopbp and

Dﬁpandﬁ(P—A):

~ (F-A)(D-F)
B BE C(D—F)—-BE
cp(t) = D-AD-bH (cosh(t\/ﬁ) + FE-AD-h cos(tv/—F).
The general solution of (2.18) is c(t) = cj,(t) + cp(t), i.e.
C(t) = (.jlet\/Z + Czeii}\/Z + % COSh(t\/B) +
C(D—F)—BE
+ m COS(t\/jF). (219)
By using initial conditions we get
B BE C(D—F)—BE _
O =C+C+ m— s H FoAD-F - " (2.20)
() = CiVAVA — Cov/Ae YA 4 m_Bj)‘(/DE_F) sinh(tv/D) —
(C(D — F) — BE)y/—F
— F—AD-F) sin(tv/—F).
/(0) = C;VA — Cov/A =0 = C; = Cy. Now from (2.20) we get
BE—-CD+ AC
Cl:c2:2(D—A)(F—A)' (2.21)
(t) = CLAetVA 4 CuAe YA 4 % cosh(tv/D) +

(C(D — F) — BE)F
+ F—AD-F cos(tv/—F).
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¢"(0) = (C1 + C)A + =D + S}’Z;ﬁgﬁﬁf = C. After putting (2.21) into this
last equation we see it becomes identity. So, from initial conditions we have found
C; and C; and using (2.21) in (2.19) lead us to the solution of considering Cauchy
problem. Depending on the sign of number A here are the solutions.

li)for A >0

_ BE—CD+AC BE

c(t) = D-AE-2) cosh(tV/A) + D_AD_D cosh(tV/D) +
% cos(tv/—F).
1lii) for A <0
BE —CD + AC BE
o(t) = D AF—A) cos(tv/ —A) + CEVCESS) cosh(tv/D) +
C(D — F) — BE

+ W(D—F) cos(tv/—F).

1.iii) for A = 0 the differential equation in (2.10) becomes

BE
D—-F

'(t) = (cosh(tv/D) — cos(tv/—F)) + C cos(tv/—F)

ie.
BE C(D —F)—BE
D-F D-F

d(t) = / DB_E Fcosh(t\/5)+(wscos(t\/j)]] dt

B . _ C(D-F)—BE
= 7(1__) VD sinh(tv/D) —(D “HVF

_[[BE__ _CD=F—BE v/
c(t) = / o5 \/ﬁsmh(t\/ﬁ) D-BVT sm(tﬁncl} dt.

_ BE C(D —F)— BE
ct) = D-PD cosh(tv/D) + “DO_-PF

O cosh(tv/D) + cos(tv/—F). (2.22)

BE sin(tv/—F) + C;.

cos(ty —F)+ Cit+Cy.  (2.23)

From the first condition c(0) = 0 we have

BE  C(D-F)— BE
D-OHD '~ (D-IHF

Since D # F it follows CD — BE + C;DF =0 and

_BE—CD
- DF

c(0) =

+Cy=0=> (D —F)[CD — BE + C,DF] =0.
C, (2.24)

From the second initial condition we get

'(0)=C; = 0. (2.25)
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From (2.22) we find ¢”(0) = C, so the third initial condition is satisfied. Finally,
from (2.25), (2.24) and (2.23) we get

BE C(D—F)— BE — CD
“D=Do-FD D — F)P os(t/=F)+ — 5.
2.If A = D, then we put

cp(t) = at - cosh(tV/A) + bt sinh(tV/A) + B - cos(t/—F).

cosh(t\F) + (2.26)

We find
ci,(t) = acosh(tV/A) + atV/ A sinh(tv/A) + bsinh(tV/A) +
+ btV A cosh(tVA) — Bv/—Fsin(tv/—F)
and
cy(t) = 2av/ Asinh(tV/A) + a At cosh(tV'A) + 2bv/ A cosh(tV/ A) +
+bAtsinh(tv/A) + BF - cos(tv/—F).
Now we get:
ch(t) — A cp(t) = 2av/Asinh(tV/A) + a At cosh(tV/A) + 2bv/ A cosh(tV/A) +
+bAtsinh(tVA) + BE - cos(tv/—F) — aAt - cosh(tV/A) —
— bAtsinh(tV'A) — BA - cos(ty/—F)

cosh(t\/>) w os(tv/—F).

Hence, it followsa =0, b =

_ BE—AC+CF
zﬁ(A—F)’ﬁ_ (A—F)? -So,

BE . BE — AC+CF
cp(t) = m ot smh(t\/z) + —@A_f? - cos(tv/—F)

and

o(t) = CretVA + Coe VA + BE

2V/A(A —F)
When we apply the initial conditions c¢(0) = ¢’(0) = 0Owe get C; = C, =

BE — AC+CF

t-sinh(tV/A) + A_ P

cos(tv/—F).

_ BE—AC+CF
2A—EQ
The third condition ¢”(0) = C is now satisfied. Finally, the solution is

c(t) = W (cos(tﬁ) - cosh(tﬂ)) + 2\/21(35—13)

3.If A = F, then cy(t) = at - cos(tv/ —A) + bt sin(tv/ —A) + B - cosh(tv/D). We find
¢y (t) = acos(tv/ —A) — at/—Asin(tv/—A) + bsin(tv/ — A) +
+btv/— A cos(tv/— A) + Bv/D sinh(tv/'D)

-t - sinh(tV/A).

and

¢y () = —2av/—Asin(tv/—A) + aAt cos(tV — A) +2bv/ — A cos(tV — A) +
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+bAtsin(tv/—A) + BD - cosh(tv/D).
Now we get:
cy(t) — A-cp(t) = —2av/—Asin(tvV/— A) + a At cos(tv/— A) + 2bv/— A cos(tv/— A) +
+bAtsin(tv/—A) + BD - cosh(tv/D) — aAt - cos(tv/— A) —
— bAtsin(tv/—A) — BA - cosh(tV/'D) =

BE CD - AC—-BE
=5 A cosh(t\F) + —D-A cos(tv —A)
— _ CD-AC-BE _ __ BE
It followsa =0,b = sy AD_A P = (D—A)Z’SO
CD - AC— BE
cp(t) = ZM(D— A ctsin(tv —A) + ——— D A)2 - cosh(tV/D)

and

WA VA CD - AC—-BE
c(t) = Cie’™V 2 + Coe ZM(D A - tsin(tyv — )+(D A)2 - cosh(tV/D).

By applying the initial conditions ¢(0) = ¢/(0) =0 we get C; = C, = — 2(D A 5. The
third condition ¢”(0) = C is also satisfied. Finally, we have the solution

CD - AC—-BE .
c(t) = (D A)z (COSh(t\F cos(t\/j)) + W AD_A) tsin(tv/'— A).

o LetD <0, F <0and D # F. Then we have an equation:
(cos(t\/—D) — cos(tv/ —F))+ C - cos(tvV —

= DB _E = cos(tv/—D) + (C — )cos(tﬁ F).

Let us find the particular solution. c,(t) = a cos(tv/—D) + [3 cos(tv/ —F). It follows
c’p’(t) = «D cos(tv/—D) + BF cos(ty/—F). We get

aD cos(tv/ —D) + BF cos(tv/—F) — a A cos(tv/—D) — BA cos(tv/—F) =
cos(tv —D) + CD—F)—BE cos(tv/—F),

() —A-c(t) =

"D-F D—F
% CD —-CF - BE
DC(D - A) = arld ﬁ(P - A) = W
1L.IfA#Dand A #F, thena— Wamdﬁ % Hence,
BE —— CD—-CF—-BE —
and
c(t) = CretVA + Cre VA + BE - cos(tv/—D)+

(D —A)D —F)
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CD —-CF—-BE —
+ m N COS(t —F)
Further,

BE CD—-CF—-BE _

O=C+a+ 5D -H F-AD-F

0. (2.27)

() = OV AVA — Cy/Ae VA - __BEV-D | sin(tv/—D) —

(D—A)D-F
N (CD(F—_C}; )?DBE)f - sin(tv/—F).

d(0)=CiVA—CVA=0= C; =C,.
From (2.27) now follows

BE -CD+ AC

e T\ )

(2.28)

and
_ BE-CD+AC ,/a, BE-CD+AC _,/z
~2(F-A)D - A) 2(F — A)(D — A)

BE CD - CF - BE
D= ADO=T 3 - cos(tv/—D) + F-AD-H - cos(tv/—F).

The condition ¢”(0) = C is also satisfied. Depending on the sign of number A, the
solutions are:

c(t)

li)for A >0
BE —-CD+ AC BE
c(t) = F—A)D—-A) cosh(tv/'A) + CEVACER cos(tv/—D) +
CD —-CF—-BE
+ F—AD-F - cos(tv/—F).
lii) for A <0
BE - CD+ AC BE
c(f) = F-A)D-4) cos(tV/—A) + D-AD-F cos(tv/—D) +
CD - CF - BE
+ m ~cos(t¢?F).
1.iii) for A=0
()= 5o cos(ty/ D)+ OB ZPE cosr )

After integrating this equation two times we get

of) = % cos(tv/—D) + % cos(tv/—F) + Cyt + Cy.
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We find constants C; and C, from initial conditions.
BE —CD
DF ~’

_BE-CD BE C(D — F)— BE
c(t) = DF + DD —F) cos(tv/ —D) + w cos(t\/jF).

2. If A = D(# F), then we put
cp(t) = at - cos(tv/— A) + bt sin(tv/— A) + B - cos(tv/—F).

(0)=0=C, = d(H)=0=C; =0.

We find
cp(t)=a cos(tv/—A) — atv/— Asin(tv/— A) + bsin(tv/— A) +
+btV/—A cos(t\/j) — ﬁﬁsin(tﬁ)
and
cy(t) = —2av/—Asin(tv/—A) + aAt cos(tv/— A) + 2bv/— A cos(tV/— A) +
+bAtsin(tv/— A) + BF - cos(ty/—F).
Now we get:
ch(t) = A - cp(t) = —2aV/—Asin(tV/— A) + aAt cos(tv/— A) + 2bv/— A cos(tvV/— A) +
+bAtsin(tv/— A) + BF - cos(tv/—F) — aAt - cos(tv/— A) —

— bAtsin(tv/—A) — BA - cos(tv/—F)
BE AC — CF — BE
= A F cos(tv/—A) + —aA_F cos(tv/—F).

Hence, it follows 2 = 0, b = 5 \/%f sy B= BE@{%}“ . So,

-tsin(tv —A) + % - cos(tv/—F)

cp(t) = __BE
P o —AA-F)

and

c(f) = CretVA + Cre~tVA 4 2\/—731354—F) tsin(tv/—A) +

+ w . Cos(tg / _F)'

(A—Fy
When we apply the initial conditions ¢(0) = ¢/(0) = Owe getC; = C; = — %.

The third condition ¢”(0) = C is now satisfied. Finally, the solution is

c(t) = % (COS(tﬁ) — cos(tv —A)) + 2\/_7554_1:) - tsin(tv/ —A).

3. If A = F(# D), then c,(t) = at - cos(t/—A) + bt sin(t\/—A) + B - cos(tv/ —D).
We find

¢y (t) = acos(tv/ —A) — atv/—Asin(tv/—A) + bsin(tv/ — A) +
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+btv/—A cos(t\/j) — ,B\/j sin(t\/j)

and
cy(t) = —2av/— Asin(tv/'— A) + aAt cos(tv/— A) + 2bv/— A cos(tv/— A) +
+bAtsin(tv/— A) + BD - cos(tv/—D).
Now we get:
cp(t) = A - cp(t) = —2aV/—Asin(tV/— A) + aAt cos(tv/— A) +2bv/— A cos(tV/'— A) +
+bAtsin(tv/—A) + BD - cos(tv/—D) — aAt - cos(tv/—A) —
— bAtsin(ty/—A) — BA - cos(tv/—D)

cos(tv/—D) + M -cos(ty —A).

“D- A D—-A
It followsa =0, b = ZC\?J(% Ejf = (D A)2 So, we have
CD - AC—-BE
cp(t) = - tsin(t + —— -cos(tv—D
p(t) 2VAD A (tv—A) (D A) (tv=D)
and
CD—- AC—BE
ct)=C etﬁ+C e VAL -tsin(tv —A) + -cos(tv —D).
H=c 2V/—A(D — A) (tv=4) (D A)2 ( )
By applying the initial conditions ¢(0) = ¢/(0) = 0 we get C; = C, = —ﬁ. The

third condition ¢”(0) = C is also satisfied. Finally, we have the solution

BE CD—-AC—-BE .
o(t) = (D — A2 (cos(t\/i) COS(tM)) + 2 AD_A) tsin(tv/— A).

d) Let D < 0 and F > 0. Now we have an equation

CD —-CF - BE
v-D)+ ————M ———
T cos(t )+ D_F

()= A-ct) = 5 cosh(tV/F). (2.29)
We put
cp(t) = acos(tv/—D) + B cosh( t\F) and ¢/ (t) = aD cos(tv/—D) + BF cosh(tV/E).
When we imply these in (2.29) we get
aD cos(ty/—D) + BF cosh(tVF) — a A cos(tv/—D) — BA cosh(tV'F) =

cos(tv/ —D) + w cosh(tV'F).

BE
"D-TF
= a(D — A) = 25 and B(F — A) CD_CF-BE
1.IfA#D,F then o= W and B = S:DA():% Therefore

BE CD - CF-BE
-cos(tv —D) +

(D~ A)D _F) F-AD-F VD

cp(t) =

and
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_ — VA —tVA BE . s
c(t) = cp(t) +cp(t) = Cre + Cpe + D—A)D-B cos(tv —D) +
CD —-CF—-BE
+ m . COSh(tﬁ).
BE CD—CF—BE _

c0)=C1+C + 0. (2.30)

D-AD-F  (F-AD-F

(1) = vV AVA — Cyv/Ae VA —
— BEV-D -sin(tv —D) + (CD —CF —BE)WVE -sinh(tVF).

(D—A)D—F) (F— A)YD - F)
c'(0) = Cl\/Z —GVA=0= Cy = Cy. From (2.30) it follows
BE — CD + AC
C=C= DA (2.31)
We get
j_ BE-CD+AC eVA L e tVA
O=F—ao-n\ 2 )*
BE CD - CF - BE
"o A0 B VD Egp g VD
li)for A >0
BE —CD + AC
c(t) = m COSh(t\/Z) +
BE CD —CF — BE
"o a0 VD E o VP
1.ii) for A < 0
BE-CD+ AC BE
c(f) = F-A)D-4) cos(tV/—A) + D-AD-F cos(tv/—D) +
CD—CF—BE cosh(tV/F).

TF-AD-P
1.iii) for A = 0, the equation (2.29) becomes

BE CD - CF - BE
F cos(tv/—D) + ——— == cosh(tV'F).

C”(t) _

D - D-F
Then
BE CD —CF - BE
)= ————  sin(tvV/—-D)+ ——— " ginh(tVF) + Cy.
=0 pvp "V T oo pyE VPG
BE CD—CF-BE
= cos(tV/=D)+ —————— = cosh(t\/F .
c(t) D_FD cos(t )+ D-bF < (tVFE)+Cit+Cy
o) = —BE CD—CF-BE . __  _BE-CD

DO-FHD '~ (D-FF DF
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d(0)=C; =0.
Hence,
BE — CD BE

“O=—pHF *Do-p
2.If A= D, then

CD - CF—-BE

cos(tv —D) + FD—F)

cosh(t\/?).

CA—-CF—-BE
A F cos(tyv —A) + —a—F cosh(tV/F). (2.32)

cp(t) = at cos(tv/ —A) + bt sin(tv/ —A) + B cosh(tV/'F)

'(t) = A-c(t) =

and
cy(t) = —2av/—Asin(tv/—A) + 2bv/— A cos(tv/— A) + a At cos(tV/— A) +
+bAtsin(t\/— A) + BF cosh(tV/F).
When we put these in (2.32) we get
—2av/— Asin(tv/—A) + 2bv/— A cos(t/— A) + a At cos(tv/— A) +
+bAtsin(tv/— A) + BF cosh(tV/'F) — aAt cos(t/— A) —
— bAtsin(tv/—A) — BA cosh(tVF) =

BE CA—-CF—-BE
A F cos(tv/ —A) + ?cosh(t\/f).
— — BE+CF—AC

:>a—0,b—2 TA(AfF) and B = 7& o So,

BE BE+CF — AC

)= —tsintv—-A)+ ———— ht\/l?
cp(t) VAL sin(tv —A) A_Fp cosh( )
and
BE BE+CF — AC
c(t) = CretVACre VAL 2% fsin(tv/— —c osh(tV/F).
BE+CF — AC
C(O) = Cl + C2 + W =0. (233)
BE
‘(1) = CiVAeVA — VA VAL 2= sin(tV/—A) +
c(t)=CyvAe 2V Ae 2V AGA D) sin( )
BE BE+CF—CA .

2(A F) - tcos t\/ ) Wﬁsmh(t\/ﬁ)

c(0) = C1vVA — Co/A =0 = C; = Cy. From (2.33) it follows
BE+CF - AC
Cl = Cz = _Z(A——F)z (234)

It also values ¢/(0) = C. Thus, we find

c(t) = % cos(tv —A)+
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tsin(tv/—A) + BE+CF — AC cosh(tV/F)

. BE
2v/—A(A—F) (A—F)?

= c(t) = W (cosh(t\/?) — cos(t\/—A)) +
BE .
+ mtsm(t\/ —A).
3.1f A =F, then

cos(t\/ D)+ wcosh(t\ﬁ) (2.35)

¢(t) — A c(t) = S

cy(t) = at cosh(tv/A) + bt sinh(tv/A) + B cos(tv/—D)
and

ci(t) = 2a/ A sinh(tV/A) + 2bv/A cosh(tV/'A) + a At cosh(tV/ A) +

+bAtsinh(tv/A) + BD cos(tv/—D).
When we put these in (2.35) we get
2a+/Asinh(tv/A) + 2bV/ A cosh(tV'A) + aAt cosh(tv/A) + bAt sinh(tV A) +
+ BD cos(tv/—D) — aAt cosh(tv/A) — bAt sinh(tV/A) — BA cos(tv/—D) =

cos(tF D)+ CD-CA-BE | osh(tv/A)

"D D—-A
= a =0, f(D~A) = g5 and 20VA = LLEAEE Tt follows p = 5PE,
CD—AC—BE
= 2vawm-a) 4
CD - AC — BE
()= — = "= . tsinh(tVA) + cos(tv/—D
0= =0 A (WA) + 5> cos(t/=D).
We get
CD - AC—-BE
c(t :Cet\/Z+C e*t‘ﬁ = = 7~ tsinh(tVA) + Ccos t\/i
(H=C NI ( >(D A)z (
BE
C(0)=C1+C2+m=0' (2.36)
) = C1\/>et\ﬁ Cfe_tf €D - AC - BE sinh(tV'A) +
2V A(D — A)
CD — AC—BE
0 -a - tcosh(tV/A) — mmsm(t\/—p)
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(0) = C1vVA — VA =0= C; = Cy. From (z 36) it follows C; = Cp = —ﬁ.
Further, ¢ (0) = C{A + Co A + CDB{CA_BE + (D A)2 - D = C. Finally,

BE [elVA4etVA
C(t)z_(D—A)2< 2 )*
CD — AC —
+ 2— Z(D_Iqt Slnh(t V ) + (D A COS(f vV — ) —
BE CD—AC-BE | .
=5 ap (Cos(t\/ D) — cosh(tV/A )) iD= t sinh(tV/A).

e) Let D = 0 and F > 0. The equation (2.10) becomes

—BE
()= A-clt) = —— (1 — cosh(tVF) ) + Ccosh(tv/F) =
—BE BE+CF
=5 t—F cosh(tV/F).
We search for the particular solution cy(t) = a + B cosh(ty/F) and then c;’(t) =
BF cosh(tv/F). We get
ch(t) — A-cp(t) = BF cosh(tV'F) — Aa — AB cosh(tV'F) =

—BE BE F
=5t ;C cosh(tV/F)

BE +CF

F
1. f A #0and A # F then a = % and B = E(E:tcf) Hence cy(t) = AF +

BESCE cosh(ty/F) and

— —Aa="DPE and B(F — A) =

I(I—A)
WA VA BE BE+CF
c(t) = CretVA + Cre tAF R4 cosh(tV/F). (2.37)
() = CiVAeVA — Cov/Ae VA + w sinh(tV/F).
BE +CF
(t) = CrAeVA + CuAe VA + % cosh(tV/F).
BE BE+CF
c0)=C+Cr+ — AF FE—A) A)
=COVA-CVA=0=C =(,.
BE + AC
G=C= T 2A(F- A)
From (2.37) it follows

BE+AC [etVA e tVA BE _BE+CF
C(t)__A(F—A)< 2 ) AF * EQF— A) oshtVE)
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Li) If A > 0: c(t) = — R4S cosh(tV/A) + & AF + By cosh(tV/F).
L) fA <0:c(t) = BEI_TAE) cos(ty/ —A) + AF + E?CX cosh(tV/F).
2.IfA=0:

—BE BE+CF
(1) = - 7; cosh(tVF) =
—BE BE +CF
() = t+ sinh(tVF) + C; =
()= — VT (tVF)+C
c(t) = _;;:E 2+ BE; CF cosh(tV'F) + Ct + Cy.
BE +CF BE F
c(0) = L c2_o:>c2_—%c d(0)=C;=0= C; =0.
—BE BE+CF
(0= -+ =C.

Hence,

—BE , BE+CF BE+CF
ot) = —z 2 =t cosh(tV/F) =

BE+CP BE ,

(cosh(tV'F) — 1) _ﬁt

3. If A = F, then ¢"(t) — Ac(t) = BE % cosh(tv/A). We search for a
particular solution ¢, (t) = a + at cosh(t\F ) + bt sinh(tv/A) and then

cy(t) = 2av/ Asinh(tV/A) + a At cosh(tv/A) + 2bv/ A cosh(tV/'A) + bAt sinh(tV/A).
It follows
ch(t) = Acy(t) = 2av/Asinh(tV/A) + a At cosh(tV/A) +2bV/ A cosh(tV/A) +
+bAtsinh(tV'A) — Aa — aAt cosh(tv/A) — bAtsinh(tV/A)
= _BE + BE+AC cosh(tV/A).

A A
Wegeta=0,a= % and b = g’f}fg Hence, cp(t) = BE 4 Bf/t‘ftsmh (tv/A) and
BE BE+ AC
c(f) = CretVA+ Cre VA + 22 1 22T tinh tVA).
tH=C 2 A2t 5 A (tVA)
c(0) = c1+c2+ —Oc(t) CiVAeVA — v/ Ae VA
BE + AC BE +
+ ——Zsinh(tVA) + tcosh tVA
o sinh(VA) + S cosh(ty/A)
d0)=CVA-CVA=0= C, =C,.

¢"(0) = 2C, A BE;fAczc.
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Thus

oVA | p—tVA
o(6) = BE( +e > BE , BE+AC, Sinh(tVA) =

2 Az’ 2\/ZA

c(t) = % ( cosh(t\/>)) tsmh (tVA.)

f)Let D =0and F < 0. Then

c’(t) — Ac(t) = EE (1 — cos(tv/—F) ) +Ccos(tv/—F) =

—BE BE+CF
— os(tv/=P).

We search for the particular solution c,(f) = a + cos(t/—F) and hence cp(t) =
BF cos(tv/—F). It follows

BE cos(tv/—F) — Aa — ABcos(tv/—F) = BE BE+CF cos(tv/—F) =

Aa:% and ﬁ(P—A):BE;CF.

1. If A # 0 then a = %, B = g@t% and c(t) = Clet‘/z+ Cze*t‘/z+ % +
E(I;tCAF) cos(tv/ —F). Further,

\/Z

() = CiVAVA — Cov/Ae VA - W sin(tv/—F).

(f) = CAetVA + CrAe VA + B 5 +CE cos(tv/—F).
BE _ BE+CF
C(O) Ci+C+— AF F(F A) =0.
d(0)=C1VA—CVA=0= C; =C,.
BE + AC
2A(F — A)

Therefore, c(t) = —gf;‘qf) (et\/ath/z) +BE 4 f(’?’cf) cos(tv/— )

1)IfA>O0: c(t)=— BE;AX) cosh(tvVA) + AF + g(’ff% cos(tv/ —
Li) If A < 0: c(t) = BE;AX) cos(tv/—A) + BE + g(?cf COS(t\/ )
2IfA=0:

BE BE F
¢(h) = PELEL coste/~F) =
e _BE. BE+CF
) = 3 t— F\/jsn(t\/ +C =
—BE BE+CF

c(t) = cos(tv/—F) + Cqt + Cy.

2F F2
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£(0) = w C2=0:>c2=_BE;CF ¢'(0)=Cy =0 =>C; =0.
BE BE + CF
//
0) = - + T =C.
Hence,
~BE, BE+CF BE+CF
«®)=—pt [ Fz costtv—F) =

BE + BE ,
= F2 (COS(t\/*F) -1)— ft .

3. If A = F, then ¢”'(t) — Ac(t) = =BE + BEXAC cog(t\/—A). We put cp(t) =
a +at cos(ty/ —A) + bt sin(ty/—A) and

= —2av/ —Asin(tvV —A) +2bv —Acos(tv —A) +
+ aAt cos(tv —A) + bAt sin(tv —A).

It follows
CZ(i’) — Acp(t) = —2av —Asin(tv —A) +2bv/ — A cos(tV —A) + aAt cos(tvV —A) +
+bAtsin(tv —A) — Aa — Aat cos(tv/ —A) — Abtsin(tv/ —A)
—BE BE+ AC
= + — a1 cos(tv —A)

:>a—00c—§b—7BE+AC
’ A?’ 2v/—AA

So, cy(t) = f\fﬂi tsin(tv/—A) and
BE BE + AC
ct:Cet‘/Z+Cet‘F - tsin(t
(6= CreV 2w ooV 4 o 4 A tsin(t/ )

BE
c0)=Ci+Cy + = 0.

() = OV AVA — Cov/Ae VA 4
CBERAC oy BEAC iy

A

d0)=C1VA—CoVA=0= C; =C,.
BE BE

2C1+A =0=C = ﬁ

The third condition is now satisfied, i.e. ¢/(0) = 2C; A + BE+AC = C. It follows

_BE A | o—tVA BE  BE+AC
o) = <€2€> A We ) - tsin(tv/—A).
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Since A = F < 0, we have

c(t):% (l—cos(t\/—A)) ZBiLC tsin(tv/— A).

g) Let D > 0 and F = 0. We have an equation
"(t) — Ac(t) = —= cosh(t\F) M

The particular solution cp(t) = & + 8 cosh(t\F D) and then c’ h() = BD cosh(tv/D).

CD — BE BE

) cosh(t\/>) =

8D cosh(tV'D) — Aa — ApB cosh(t\/B)

—Azx:CDl;BE and B(D — A) = BE

1.IfFA#0and D # A, then a = BE.SD andB= DAy SO

c(t) = Cie'V" + Coe + D + IOy cosh(tV/D).

) =C \/Zet\/Z — Cz\/ge*t\/z Dl(glE)\/;) smh(t\/>

'(f) = CLAetVA + CpAe VA + % cosh(tV/D).
BE—CD BE
c0)=C1+C + D +D(D7A)_O
)=CiVA—CoVA=0= C; =C,.

SoCi=GC = % It follows

CD — BE — AC [eVA o tVA ,BE-CD  BE
AD — A) 2 AD D(D — A)

c(t) = cosh(tV/D).

1i)If A > 0: c(t) = €8 SEA’)“C cosh(tv/A) + BEADCD + D(D A cosh(tv/D).
Lil) If A < 0: c(t) = ch EBBEAE cos(tv/—A) + BELSR + B4 cosh(tv/D).
2.IfA=0:

D —-BE BE
d'(t) = Ci 6cosht\/>):>

D
CD — BE BE
d(t) = t+ sinh(tV'D) + C; =
CD — BE BE
c(t) = ~—p ! +ﬁcosh(t\/5)+C1t+C2.
c(0) = BE+C2—0:>C2——Z';§,C(O) C;=0=C; =0.
e

D
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Hence, c(t) = %(cosh(t\@) -1+ %tz.
3. If A= D, then C//(t) — AC(t) = % + % COSh(t\/Z), We search the partic_

ular solution cy(t) = a + at cosh(tv/A) + bt sinh(tv/A).
"(t) = 2av/ A sinh(tV/A) + 2bv/ A cosh(tV/ A) + aAt cosh(tV A) + bAt sinh(tV/ A).

Then we have

2aV/Asinh(tv/A) + 2bV/A cosh(tV/A) + a At cosh(tV/A) + bAt sinh(tv/A)
— Aa — aAt cosh(tV/A) — bAt sinh(tV/ A) =

7AC BE Ecosh(t\/»)

A
= a=0,a= BEAZAC b= 2\/3%4. Hence, ¢y (t) = BEXZAC + 25514 tsinh(tv/A) and
c(t) = Clet‘r + Cze’tf + BEE# + Z\FA tsmh(t\F Further we find
BE — AC
C(O):C1+C2+T :0
BE BE
sinh(tVA) + A t cosh(tV/A)

C/t—_c \/Zet —C vAet +
() 1 2 I

c’(0)=c1\/Z—c2\/Z=o:>c1 =C = —72142

(t) = CrAeVA + CpAe VA + cosh(tf )+7 t+V/A sinh(tV/A).

BE BE AC'ABfC

i
c'0)=ClA+C A+ a 1
Thus, c(f) = —BE-AC (ft”g’*”) + BELAC | “BE . tsinh(t\/A). Since A = D >
0, we have
- tsinh(tV/A).

BE AC BE
c(t) = ——— (1 — cosh(tV'A) ) \/ZA

h) Let D < 0 and F = 0. Now we consider the equation ¢’ (t)
cos(tv/—D) + LE)BE. The particular solution c,(t) = a + Bcos(tv/—D) and

BE
clé(t) = BD cos(tv/—D). We get
BD cos(tv/—D) — Aax — AB cos(tv —D) =

D - BE E
CiB nd (D — A) = B

D
BEA CD and B = D 7y- 1t follows

— Ac(t) =

CD BE BE
_ cos(t\/—D)=>

— Aa =

1.IfA#0and D # A, then a =
WA _+/A  BE-CD BE —
c(t) = Cie’V 2 + Cpe + 1D + DD —4) cos(tv —D).

() = CiVAVA — Cov/Ae VA — g(EDV oS sin(tv/—D).
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¢(f) = CLAetVA + CrAe VA + % cos(tv/—D).

c(O):C1+C2+BEADCD+D(§]iA) =0

d0)=CIVA-CVA=0= C; = (C,.
BE

D—A

"(0)=CilA+CrA+

SoCi=GC = % Therefore

CD — BE — AC <etﬁ+e—fﬂ>+BE—CD BE

AD - A) 2 AD DD =4 otV D)

c(t) =

Li) If A > 0: e(t) = SEFELIE cosh(tV/A) + BELSE + D(D A cos(tv/=D).

1il) If A < 0: c(t) = E8 gE Af)“c cos(tyv/—A) + BESEP + D Dby cos(tv/=D).
2.IfA=0

CD — BE BE

d'(t) = 5 — cos(t\/ -D) =

1w CD—BE B . —
c(t) = D t+Dms1n(t\/ D)+Ci =

c(t) = LDBE BE cos(t\/ D)+ Cit+ C,.

c(0) = +C2 0:>C2——%,C(0)=C1=0:>C1=0.
o BE CD BE

¢"(0) = t—p = =C.

Hence, c(t) = %(cosh(t\/—D) —1)— COBEg2,
3. If A = D, then ¢"(t) — Ac(t) = ABE + BE cos(ty/—A). We put cp(t) =
a + at cos(ty/ —A) + bt sin(ty/—A) and then find
c;(t) = (a+ btV —A)cos(tv —A)+ (b — at/—A)sin(tvV —A)
¢y (t) = —2av/—Asin(tv/ — A) + 2bv/ — A cos(tv/ — A) +
+aAtcos(tv —A) + bAt sin(tv/ —A).
Now we get
CZ(i’) — Acp(t) = —2av —Asin(tv —A) + 2bv/ — A cos(tvV —A) + aAt cos(tvV —A) +
+bAtsin(tv —A) — Aa — aAt cos(tv/ —A) — bAtsin(tv/ — A)

7ACA BE %cos(t\/j)
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_ _ BE—AC _ _ BE BE—AC BE .
So,a—O,oc—iA2 and b eV o NV

e — _ A —tv/A | BE—AC BE . — _
t;sm(t\/ A) and c(t) = Cie'V4* + Coe M we v tsin(ty/—A). Fur
er,

Hence we get cy(t) = +

BE—-A
C(O):C1+C2_TC:0

¢(t) = CIVAYA — Cpv/Ae VA 4

d(0)=CiVA-CVA=0.

It follows C; = C; = —BE4€. /(1) = Ci1AetVA + CyAe VA + BE cos(tv/—A) —

BE . /= Asin(tv/—A). ¢"(0) = C; A + CoA + BE = C. Hence,

BE — AC [etVA 4o tVA ,BE—AC _ BE
A2 2 A? 2v/—AA

ZB\/—iAA sin(tv —A) + % -tcos(tv —A)

c(t) = — - tsin(tv —A).

Since A = D < 0, we have

«(h) = BEA AC (1 — Cos tr)) \/E%A tsin(ty/— A).
B) Case F = D.

a) Let D > 0. Then e(t) = % - tsinh(tv/D) and f(t) = cosh(tv/D). The
equation is ¢”(t) — Ac(t) = B - \/»tsmh(t\/» + Ccosh(tv/D). We search the
particular solution in a form c,(t) = atsinh(tv/D) + ,Bcosh(txf ) = c;,’(t) =
(2av/D + BD) cosh(tv/D) + aDt sinh(tv/D). We get

at(D — A)sinh(tv/D) + 2av/D + BD — BA) cosh(tv/D) =

E
= B ——tsinh(tv D) + C cosh(tv D).
Wis) (tv D) (tv D)

It follows (D — A) = -BE and B(D — A) = C — 2a+/D

f
C(D—A)—BE
1)IfD #Athena = 2\/5(D—A) and 8 = ﬁ Hence,

BE . C(D— A)— BE
cp() = ————tsinh(tVD) + ———~ "~ cosh(tV/D), and
p(t) 2D — A) (tvD) DA (tv D)
BE
c(t) = Clet‘/Z + Cze*“/Z +———— tsinh(tVD) +
2v/D(D - A)
C(D — A)— BE
From the initial conditions we get C; = C; = %
i) for A > 0 we get
C(D— A)—BE

o) = Ltsinh(t\/ﬁ) + (cosh(tv/D) — cosh(tv/A)).

2v/D(D — A) (D — Ay
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ii) for A < 0 we get

_ BE . C(D— A)— BE
o(t) = 27D~ A A)tsmh(t\/ﬁ) oA

iii) for A = 0 we have the equation ¢”(t) = %tsinh(t@) + C cosh(tv/D).
After two times integration we get

(cosh(tv/'D) — cos(tv/—A)).

t ————— cosh(t tsinh(tv D) + Cit + Cy.
ot) = D (tvD \/5 (tvD)+Cit+ G
From the initial consditions we find C; = 0 and C, = 2 EDZCD therefore we have
BE—-CD BE
c(t) = 1 — cosh(tv + ———tsinh(tV
(t) = D2 —5 (tv D)) 2DVD (tvD)

2)If D = A then we find BE = 0 and c(t) = ﬁtsmh(tﬂ).
b) Let D < 0. Then e(f) = 2\/% - tsinh(ty/—D) and f(f) = cos(tv/—D). The

equation is ¢”/(t) — Ac(t) = B - 2\/%tsin(t\/ —D) + Ccos(ty/—D). The particular
solution and its second derivative are

cp(t) = atsin(tv/ —D) + B cos(tv —D) =
¢y () = 2av/' =D + BD) cos(tv/ —D) + aDt sin(ty/—D).
Hence we get a(D — A) = \/7 and (D — A) =C —2a+/—D.

1)IfD #A, thena = and B = %. Hence,

2\/—D(D—A)

BE . C(D — A)—BE
cp(t) = mtsm(t\/ —-D)+ W cos(tv/ —D) and

o(t) = C1et\/Z +Cpe VAL Hht sin(tv/—D) +
+ W cos(tv —D)

BE—C(D—A)

From the initial conditions we get C; = C; = DAY’

i) for A > 0 we get
BE . C(D—A)—-BE
() = mtsm(t\/—D) + W(cos(t\/ —D) — cosh(tVA)).
ii) for A < 0 we get
BE . C(D — A)— BE
C(t) = mtsln(t V —D) + w(cos(t V _D) — COS(f V _A))
iii) for A = 0 we have the equation ¢ () = BE tsm(t\/ D) + C cos(tv/—D).
After two times 1ntegrat10n we get

c(t) = cos(t\/ —D) + tsin(tv/ —D) + Cit + Cy.

D F
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BE—-CD
D2

, therefore we have
tsin(tv/ —D).
F vV

2)If D = A then we find BE = 0 and c(t) = \/C:qtsin(t\/—A).

o) If D = 0 then we have the equation ¢ (t) — Ac(t) = Bz—Ei‘2 + C. We search the
particular solution and its second derivative: cy(t) = at? + Bt +y and CZ (t) =
Now we get

From the initial conditions we find C; =0 and C; =

c(t) = BE CD (1 — cos(tv —D)) +

2a—Aat2—Aﬁt—A7=%t2+cz>—Aaz@,ﬁzo,za—m:c.

DIfA #0thena = 2A Eand v = M Hence, cy(t) = %tz— %
and c(t) = CyetVA + Cpe—tVA — BEp2 %. From the initial conditions we get
C C _ AC+BE

1= ~ T2AZ -

i) For A > 0 the solution is c(t) = ASHE (cosh(tv/A) — 1) — 2%

ii) For A < 0 the solution is c(t) = %(cos(t\/—A) —-1)— %tz.

2) For A = 0 we have the equation ¢”/(t) = BE+? + C. Then

E
%t‘* + gtz +Cyt +Cy.

When we apply the 1n1tia1 conditions, we find ¢(0) = C, = 0, ¢/(0) = C; = 0,
c”(0) = C. Hence, the solution is

() = 2+ Ct+Cy and c(f) =

BE, C
o) = 24t4 Etz.

3. CONCLUSION

In this paper, we have found the cosine operator functions C(t) as the solutions
of the appropriate second order Cauchy problem, for the various cases of genera-
tor A3yx3. This study is a natural continuation of our previous paper [9] where A
was 2-by-2 matrix. Analogous research could be done for a lower triangle matrix
A3y3. These results may be useful in solving various second order differential
equations with some boundary conditions in IR®. Cosine and sine operator func-
tions defined on a Banach space are useful tools in the study of wide classes of
evolution equations ([4]). There are also applications to some linear second order
control systems ([3]).
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