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A UNIFORMLY CONVERGENT METHOD FOR A LINEAR
SINGULARLY–PERTURBED REACTION–DIFFUSION PROBLEM ON A

LISEIKIN TYPE OF MESH

SAMIR KARASULJIĆ 1

Abstract. In this paper, we consider the numerical solution of a linear singu-
larly perturbed reaction-diffusion boundary value problem, where a small per-
turbation parameter multiplies the second-order derivative. To achieve this, we
approximate the differential equation using a central difference scheme on a Li-
seikin-type mesh. Furthermore, it is shown that the proposed method is uni-
formly convergent with respect to the perturbation parameter with an order of
convergence of 2. Finally, we provide two numerical examples that illustrate the
theoretical results regarding the uniform convergence of the discrete problem, as
well as the robustness of the method.

1. INTRODUCTION

Consider the following reaction-diffusion problem: find u ∈ C2(0, 1) ∩ C[0, 1]
such that

−ε2u′′ + c(x)u + f (x) = 0, x ∈ (0, 1), u(0) = A, u(1) = B, (1.1)

under the condition
c(x) ⩾ γ2 > 0, x ∈ [0, 1], (1.2)

where ε ∈ (0, 1] is a small perturbation parameter. If c, f ∈ C[0, 1], then, according
to [11], there exists a unique solution u ∈ C2[0, 1] to problem (1.1) under condition
(1.2).

Differential equations are said to be singularly perturbed if they contain a
small parameter ε that multiplies the highest-order derivative. Such equations
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frequently occur in the description of various phenomena in engineering, natu-
ral sciences, economics, and sociology. The exact solutions of these equations are
characterized by the appearance of layers where the solution changes rapidly.

The exact solution to this problem exhibits rapid changes in the vicinity of the
endpoints x = 0 and x = 1 as the perturbation parameter ε tends to zero. The is-
sue lies in the fact that standard numerical methods, which do not account for the
characteristics of the exact solution, are incapable of resolving these layers. The
performance of such methods deteriorates as ε approaches zero. Consequently,
the numerical solution becomes unreliable in this case, as the magnitude of the
error is deemed unacceptable. To overcome this, methods that are uniformly
convergent with respect to the perturbation parameter ε are required. Numeri-
cal methods are said to be ε-uniformly convergent if they demonstrate uniform
behavior for all values of the singular perturbation parameter.

The most prevalent approach for constructing such methods is the utiliza-
tion of fitted meshes, also referred to as layer-adapted or layer-resolving meshes.
Bakhvalov [1] was the first to construct meshes specifically for solving singularly
perturbed problems. Bakhvalov-type meshes necessitate detailed information
about the solution; they are uniformly spaced outside the layers and are char-
acterized by a gradual transition from a coarse to a very fine mesh within the
layers. Another approach involves piecewise equidistant meshes, as introduced
by Shishkin [14, 15]. The construction of these meshes is very simple: Shishkin
joins fine and coarse meshes at a carefully chosen transition point.

In this paper, we employ the mesh developed by Liseikin [8, 10, 6, 7, 9], which
has demonstrated excellent capabilities in resolving not only exponential layers
but also other layer types. Many authors have contributed to research on prob-
lems (1.1)–(1.2) and similar problems. To avoid listing all authors individually,
details of these results can be found in the monographs [5, 12, 4, 13] and the ref-
erences therein.
Remark 1.1: Throughout this paper, we let C, sometimes subscripted, denote a
generic positive constant that may take different values in different formulas but
is always independent of N and ε.

2. PROPERTIES OF THE EXACT SOLUTION AND LAYER–ADAPTED MESHES

Information regarding the behavior of the exact solution and its derivatives,
particularly within the layers, is a critical component in the construction of layer-
adapted meshes. This information is necessary not only for the mesh construction
but also for the convergence analysis of the numerical method. The following
theorem provides the estimates required for the subsequent sections of this paper.

Theorem 1. [5] Let c, f ∈ C4[0, 1]. Then∣∣∣u(p)(x)
∣∣∣ ⩽ C

{
1 + ε−pe−γx/ε + ε−pe−γ(1−x)/ε

}
, for x ∈ (0, 1), p = 0, 1, . . . , 4.

(2.1)
Furthermore, the solution u to problem (1.1)–(1.2) can be decomposed as u = r + l0 + l1.
For p = 0, 1, . . . , 4, the regular component r satisfies ∥r(p)∥∞⩽ C, while for the layer
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components l0 and l1, we have∣∣∣l(p)
0 (x)

∣∣∣ ⩽ Cε−pe−γx/ε,
∣∣∣l(p)

1 (x)
∣∣∣ ⩽ Cε−pe−γ(1−x)/ε, x ∈ [0, 1].

In constructing our numerical method, we utilize a layer-adapted mesh intro-
duced by Liseikin [7, p. 232]. Liseikin developed a mesh transformation function,
denoted by xL, which maps equidistant meshes onto layer-adapted meshes. This
function resolves the layer in the vicinity of the endpoint x = 0 and is defined as
follows:

xL(ξ, ε, a, k) =



c1εk
[
(1 − dξ)−1/a − 1

]
, 0 ⩽ ξ ⩽ ξ0

c1

[
εk(1−β/a) − εk +

(
εk

(1−dξ)1/a

)′
(ξ0)(ξ − ξ0)

+ 1
2

(
εk

(1−dξ)1/a

)′′
(ξ0)(ξ − ξ0)2 + . . . +

+ 1
l!

(
εk

(1−dξ)1/a

)(l)
(ξ0)(ξ − ξ0)l + c0(ξ − ξ0)l+1

]
, ξ0 < ξ ⩽ m1,

(2.2)
where l ≤ n, d = (1 − εkβ)/ξ0 ≥ 1 + m1 > 1, β = a/(1 + na), 1 − β/a = na/(1 + na),
and c0 ≥ 0. Here, a is an arbitrary positive constant such that a ≥ m2 > 0, and
c1 is chosen to satisfy the boundary condition xL(1, ε, a, k) = 1. The parameter k
represents the scale of the layer; for the problem considered here, we set k = 1.

To satisfy our criteria, it is sufficient to set l = 2, yielding the coordinate trans-
formation also provided in [7, p. 232]:

xL1(ξ, ε, a, k) =



c1εk
[
(1 − dξ)−1/a − 1

]
, 0 ⩽ ξ ⩽ ξ0,

c1[ε
kan/(1+na) − εk +

d
a

εka(n−1)/(1+na)(ξ − ξ0)

+
d2

2a

(
1
a

+ 1
)

εka(n−2)/(1+na)(ξ − ξ0)2

+c0(ξ − ξ0)3], ξ0 < ξ ⩽ m1.

(2.3)

As previously mentioned, the coordinate transformation (2.3) is specifically de-
signed to resolve the boundary layer near x = 0. However, the solution to (1.1)
exhibits two boundary layers, located at the endpoints x = 0 and x = 1. Con-
sequently, the transformation (2.3) must be modified to effectively capture both
layers. This can be achieved in the following way:

x(ξ, ε, a, k) =

{
xL1(ξ, ε, a, k), 0 ⩽ ξ ≤ 1/2,
1 − xL1(1 − ξ, ε, a, k), 1/2 < ξ ⩽ 1.

(2.4)

The constant c1 can be determined from the condition xL1(1/2, ε, a, 1) = 1/2,
which yields:
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c1 = 1/
[

2εan/(1+na) − 2ε +
d
a

εa(n−1)/(1+na) +
d2

4a

(
1
a

+ 1
)

εa(n−2)/(1+na) +
c0

4

]
.

The coordinate transformation (2.4) divides the interval [0, 1] into three subin-
tervals: [0, x(ξ0, ε, a, 1)], [x(ξ0, ε, a, 1), 1− x(ξ0, ε, a, 1)], and [1− x(ξ0, ε, a, 1), 1]. For
the subsequent analysis, it is sufficient to consider the interval [0, 1/2] – specifi-
cally, the subintervals [0, x(ξ0, ε, a, 1)] and [x(ξ0, ε, a, 1), 1/2]. On the interval
[0, 1/2], the layer component l1 from estimate (2.1) can be omitted since the term
ε−pe−γ(1−x)/ε is negligible. For x ∈ [ nε

γ ln(ε−1), 1/2], we have:∣∣∣u(p)(x)
∣∣∣ ⩽ C

[
1 + ε−pe−

γ
ε · nε

γ ln(ε−1)
]

= C(1 + εn−p), 1 ⩽ p ≤ n.

This inequality implies that the derivatives within the interval [ nε
γ ln(ε−1), 1/2]

are ε-uniformly bounded. By calculating x(ξ0, ε, a, 1), we obtain:

x(ξ0, ε, a, 1) = c1

(
ε

na
1+na − ε

)
.

Since x(ξ0, ε, a, 1) ⩾ nε
γ ln(ε−1), it follows that the derivatives u(p) for p ≤ n are ε-

uniformly bounded on the interval [x(ξ0, ε, a, 1), 1/2]. Consequently, the remain-
der of our analysis will focus primarily on the interval [0, x(ξ0, ε, a, 1)].

We employ the transformation (2.4) to construct the layer-adapted mesh. The
interval [0, 1] is partitioned by the mesh points xi = x(ξi , ε, a, 1), where ξi = i/N
for i = 0, 1, . . . , N. Note that the points ξi form an equidistant mesh on [0, 1].
Specifically, the layer-adapted mesh is defined as:

Xh
N : 0 = x0 < x1 < · · · < xN−1 < xN = 1. (2.5)

In the following steps, we denote the mesh step sizes by hi = xi − xi−1 for
i = 1, 2, . . . , N.

3. DIFFERENCE SCHEME

To obtain a discrete analogue of problem (1.1), we approximate the second
derivative u′′ at the mesh points xi for i = 1, . . . , N − 1 using the standard central
finite difference formula on a non-uniform mesh:

u′′(xi) ≈
2

hi + hi+1

(
u(xi+1) − u(xi)

hi+1
− u(xi) − u(xi−1)

hi

)
.

This leads to the following finite difference scheme:

− 2ε2

hi + hi+1

(
ui+1 − ui

hi+1
− ui − ui−1

hi

)
+ c(xi)ui + f (xi) = 0, i = 1, . . . , N − 1, (3.1)

with the boundary conditions u0 = A and uN = B, where uh = (u0, u1, . . . , uN) is
the numerical solution to be calculated. Based on the difference scheme (3.1), we
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define the discrete operator Lh
i as follows:

Lh
i [uh] ≡ − 2ε2

hi + hi+1

(
ui+1 − ui

hi+1
− ui − ui−1

hi

)
+ c(xi)ui + f (xi), i = 1, . . . , N − 1,

(3.2)

Gh[uh] ≡ (u0, uN) = (A, B). (3.3)

4. UNIFORM CONVERGENCE

Solving the discrete problem

Lh
i [uh] = 0, i = 1, . . . , N − 1, (4.1)

Gh[uh] = (u0, uN) = (A, B), (4.2)

yields the numerical solution uh = (u0, u1, . . . , uN). We now investigate the error
ri = ui − u(xi) for i = 0, 1, . . . , N. The main result regarding the error is provided
in the convergence theorem. Before stating and proving the theorem, we establish
a lemma regarding several terms that appear in the convergence analysis.

Lemma 1. Let hi, i = 1, . . . , N, be the step sizes of mesh (2.5), and let u′′′ and u(4) denote
the derivatives of the exact solution to problem (1.1)–(1.2). Then, the following estimates
hold:∣∣∣ε2(hi+1 − hi)u′′′(xi)

∣∣∣ ⩽ C
N2 and

∣∣∣∣ ε2

hi + hi+1

[
u(4)(µ+

i )h3
i+1 + u(4)(µ−

i )h3
i

]∣∣∣∣ ⩽ C
N2 ,

(4.3)
for i = 1, 2, . . . , N − 1, where µ−

i ∈ (xi−1, xi) and µ+
i ∈ (xi , xi+1).

Proof. We begin by deriving the following estimates. For x ∈ [0, x(ξ0, ε, a, 1)], we
have:

∣∣u′(x)x′(ξ)
∣∣ ⩽ C

∣∣∣(1 + ε−1e−
γ
ε ·c1ε[(1−dξ)−1/a−1]

)
· c1ε(1 − dξ)−1/a−1

∣∣∣
⩽ Cc1

(
ε(1 − dξ)−1/a−1 +

e−γc1[(1−dξ)−1/a−1]

(1 − dξ)1/a+1

)
⩽ C1. (4.4)

From Theorem 1 and the calculation of the first derivative of x(ξ) for ξ ∈ [0, ξ0],
neglecting the term ε−2e−γ(1−x)/ε, we obtain the following inequality:

∣∣∣u′′(x)
(

x′(ξ)
)2
∣∣∣ ⩽ C

(
1 + ε−2e−γx/ε

) [ c1εd
a

(1 − dξ)−1/a−1
]2

= C
(

1 + ε−2e−γc1[(1−dξ)−1/a−1]
) [ c1εd

a
(1 − dξ)−1/a−1

]2

=
Cc2

1d2

a2 · ε2

(1 − dξ)2/a+2
+

Cc2
1d2eγc1

a2 · e−γc1(1−dξ)−1/a

(1 − dξ)2/a+2
.
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The term ε2

(1−dξ)2/a+2 attains its maximum at ξ = ξ0. Substituting ξ = ξ0 and

d = 1−εa/(1+na)

ξ0
into this expression, we obtain:

ε2

(1 − dξ)2/a+2
=

ε2

ε
a

1+na · 2+2a
a

= ε
2a(n−1)

1+na < C,

since n = 4. To estimate the term e−γc1(1−dξ)−1/a

(1−dξ)2/a+2 , we consider the function x 7→
e−γc1x−1/a

x2/a+2 . By applying L’Hôpital’s rule five times to the limit limx→0+
x−

2
a −2

e
γc1
x1/a

, we

have:

lim
x→0+

x−
2
a −2

e
γc1
x1/a

=
8a(a + 1)(2a + 1)(2a − 1)(a − 1)

γ5c5
1

lim
x→0+

x
3
a −2

e
γc1
x1/a

= 0,

for a < 3
2 . Each subsequent application of L’Hôpital’s rule increases the range of

the parameter a by 1/2 for which the limit remains zero. Next, we examine the

first derivative of the function x 7→ e−γc1x−1/a

x2/a+2 :(
e−γc1x−1/a

x2/a+2

)′
=

e−γc1x−1/a
[

γc1
a −

( 2
a + 2

)
x1/a

]
x3/a+3

.

This derivative vanishes at x =
(

γc1
2(a+1)

)a
. Considering the sign of the derivative,

we conclude that the function has a local maximum at this point. The value of
the function at the maximum is e−2(a+1)(

γc1
2(a+1)

)2a+2 .Based on the preceding analysis, we

conclude that the following inequality holds:∣∣∣u′′(x)(x′(ξ))2
∣∣∣ ≤ C1. (4.5)

The mesh step sizes hi satisfy

hi =
∫ ξi

ξi−1

x′(t)dt and |hi+1 − hi|=
∣∣∣∣∫ ξi

ξi−1

∫ t+1/N

t
x′′(s)dsdt

∣∣∣∣ . (4.6)

Furthermore, we have

hi ≤ |x′(ζi)|
1
N

and |hi+1 − hi|≤ |x′′(νi)|
1

N2 , (4.7)

where ζi ∈ (ξi−1, ξi), νi ∈ (ξi−1, ξi+1), and 1/N = ξi − ξi−1 for i = 1, . . . , N. Conse-
quently, it holds that

∣∣∣∣ ε2(hi+1 − hi)
3

u′′′(xi)
∣∣∣∣

⩽ C
∣∣u′(xi)(hi+1 − hi)

∣∣ ⩽ C
∣∣∣∣u′(xi)x′′(νi)

1
N2

∣∣∣∣ ⩽ C
N2 . (4.8)
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According to Theorem 1, we have:

∣∣∣u(4)(x)
∣∣∣ ⩽ C1

[
1 + ε−4e−γx/ε + ε−4e−γ(1−x)/ε

]
,∣∣u′′(x)

∣∣ ⩽ C2

[
1 + ε−2e−γx/ε + ε−2e−γ(1−x)/ε

]
,

and these inequalities imply that

ε2
∣∣∣u(4)(x)

∣∣∣ ≤ C3
∣∣u′′(x)

∣∣ .

Now, using this relation and inequality (4.5), we obtain:

ε2

hi + hi+1

∣∣∣u(4)(µ+
i )h3

i+1 + u(4)(µ−
i )h3

i

∣∣∣
= ε2

∣∣∣u(4)(µ+
i )
∣∣∣ h2

i+1
hi+1

hi + hi+1
+ ε2

∣∣∣u(4)(µ−
i )
∣∣∣ h2

i
hi

hi + hi+1

⩽ C1

(∣∣u′′(µ+
i )
∣∣ h2

i+1 +
∣∣u′′(µ−

i )
∣∣ h2

i

)
⩽ C1

[∣∣u′′(µ+
i )
∣∣ (∫ ξi+1

ξi

x′(t) d t
)2

+
∣∣u′′(µ−

i )
∣∣ (∫ ξi

ξi−1

x′(t) d t
)2
]

⩽ C1

(∣∣u′′(µ+
i )
∣∣ (x′(ν+

i )
)2 1

N2 +
∣∣u′′(µ−

i )
∣∣ (x′(ν−i )

)2 1
N2

)
⩽

C
N2 , (4.9)

where µ+
i ∈ (xi , xi+1), µ−

i ∈ (xi−1, xi), ν+
i ∈ (ξi , ξi+1), and ν−i ∈ (ξi−1, ξi).

Taking into account that the derivatives are ε–uniformly bounded on the inter-
val [x(ξ0, ε, a, 1), 1/2], and the inequalities (4.8), (4.9), the lemma is proven.

□

We define a barrier function based on the quadratic x 7→ −x2 + x + D, where
the constant D is chosen such that the function satisfies two primary conditions:
first, x 7→ −x2 + x + D must be positive on [0, 1], and second, its second derivative
must be negative on (0, 1), as illustrated in Figure 1. A third condition will be
specified within the convergence theorem.

In order to estimate the error of the difference scheme (3.1), we introduce the
operator:

Lh
u = {Lh

iu}, i = 1, 2, . . . , N − 1,

Łh
iu[v] ≡ Lh

i [u + v] − Lh
i [u],

where v = (v0, v1, . . . , vN) and u = (u(x0), u(x1), . . . , u(xN)), with u(x) being the
solution to problem (1.1)–(1.2).
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x

y

x 7→ −x2 + x+D

10

FIGURE 1. The function x 7→ −x2 + x + D.

Let r = {ri} = {uh
i − u(xi)}, for i = 0, 1, . . . , N, denote the error vector, where

uh is the solution to the discrete problem (4.1)–(4.2). It then follows that:

Lh
iu[r] = Ri , i = 1, 2, . . . , N − 1, (4.10)

where Ri represents the truncation error of the approximation (4.1)–(4.2) at the
mesh point xi.
The main result is presented in the following convergence theorem.

Theorem 2. Let u be the exact solution to problem (1.1)–(1.2). Then, the following
estimate holds:

|u(xi) − ui| ⩽
C

N2 , i = 0, 1, . . . , N,

where ui is the value of the numerical solution uh at the mesh point xi, obtained by the
discrete problem (3.2) on the grid (2.5) generated by the transformation function (2.4).

Proof. To estimate the error vector r = (r0, r1, . . . , rN), where ri = u(xi) − ui for
i = 0, 1, . . . , N, we first evaluate Lh

iu[r]. It holds that:

Lh
iu[r] = − ε2(hi+1 − hi)

3
u′′′(xi) −

ε2

12(hi + hi+1)

[
u(4)(µ+

i )h3
i+1 + u(4)(µ−

i )h3
i

]
, (4.11)

for i = 1, . . . , N − 1, where µ−
i ∈ (xi−1, xi) and µ+

i ∈ (xi , xi+1). According to the
notation in (4.10) and Lemma 1, the following estimates are valid:

|Ri| ⩽
C

N2 , i = 1, 2, . . . , N − 1, (4.12)

which implies:

max
1⩽i≤N−1

|Ri| ⩽
C

N2 . (4.13)

We now define a discrete barrier function g = (g0, g1, . . . , gN) as:

gi = C1(−x2
i + xi + D) max

1⩽i⩽N−1
|Ri|.

The third condition for the constant D is to ensure that:

−g0 ⩽ r0 ⩽ g0 and − gN ⩽ rN ⩽ gN . (4.14)

This is readily satisfied since r0 = u(0) − u0 = 0 and rN = u(1) − uN = 0.
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Calculating Lh
iu[g], we obtain:

Lh
iu[g] = C1 max

1⩽i⩽N−1
|Ri|

[
2ε2 + c(xi)(−x2

i + xi + D)
]

. (4.15)

By choosing C1 sufficiently large and considering condition (1.2), we arrive at:

Lh
iu[−g] ⩽ Lh

iu[r] ≤ Lh
iu[g], i = 1, 2, . . . , N − 1. (4.16)

Combined with the boundary estimates (4.14), and taking into account the dis-
crete maximum principle, this yields:

|ri|⩽ gi , i = 0, 1, . . . , N.

Consequently, we conclude that:

|u(xi) − ui|⩽
C

N2 , i = 0, 1, . . . , N,

which completes the proof. □

5. NUMERICAL EXPERIMENTS

In this section, we conduct several numerical experiments to validate the pro-
posed method and confirm the theoretical results. These results are obtained
by solving the discrete problem (4.1)–(4.2) on the non-uniform mesh (2.5). Two
test problems are considered. For the first problem, the exact solution is known,
whereas for the second problem, it is unknown. All computations are performed
for various values of the perturbation parameter ε and the number of mesh points
N. Specifically, the parameter ε ranges from 2−1 to 2−40, and N varies from 25 to
212.

As is well known, Bakhvalov- and Shishkin-type meshes, as well as their mod-
ifications, are specifically constructed to solve problems exhibiting exponential
layers. Consequently, these two meshes are included in our numerical experi-
ments to provide a comparison with the results obtained using the Liseikin mesh.
We adopt the notation from [3], supplemented by the indices "B" and "Sh" to de-
note the respective mesh types. The generating function for the Bakhvalov mesh
is given by:

xB(ξ) =


φ(ξ) := aBε ln qB

qB−ξ , ξ ∈ [0, αB],

φ(αB) + φ′(αB)(ξ − αB), ξ ∈ [αB, 0.5],
1 − xB(1 − ξ), ξ ∈ [0.5, 1],

(5.1)

where aB and qB are constants independent of ε such that qB ∈ (0, 0.5) and αB ∈
(0, qB/ε), and additionally aBγ ⩾ 2.

The generating function for the Shishkin mesh is defined as:

xSh(ξ) =


4αShξ, ξ ∈ [0, αSh],
αSh + 2(1 − 2αSh)(ξ − 0.25), ξ ∈ [αSh, 0.5],
1 − xSh(1 − ξ), ξ ∈ [0.5, 1],

(5.2)
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with
αSh = min{1/4, 4γ−1

0 ε ln N}, γ0 = min{γ, 1}.

To demonstrate the robustness and efficiency of the proposed method using
grids generated by (2.5) and (5.1) (i.e., the Liseikin and Bakhvalov meshes), we
compute the maximum nodal error EN and the numerical rate of convergence
Ord. When the exact solution u(x) to problem (1.1)–(1.2) is known, the error is
calculated as:

EN = max
0⩽i⩽N

|u(xi) − uN,i|.

Here, u(xi) represents the value of the exact solution at the mesh point xi . In cases
where the exact solution is unknown, we use the formula:

EN = max
0⩽i⩽N

|u2N,2i − uN,i|,

where uN,i denotes the value of the numerical solution obtained on a mesh with N
intervals at the mesh points xi, and u2N,2i is the value of the numerical solution on
a mesh with 2N intervals evaluated at the same points. The rate of convergence
is then estimated by:

Ord =
ln(EN) − ln(E2N)

ln 2
.

When using the Shishkin mesh with a known exact solution to problem (1.1)–
(1.2), the error EN is calculated in the same manner as for the Liseikin and Bakh-
valov meshes. However, if the exact solution is unknown, the error EN and the
rate of convergence Ord are computed using the double-mesh method (see [2]):

EN = max
0⩽i⩽N

|ũ2N,2i − uN,i|,

where uN,i is the value of the numerical solution on a mesh with N subintervals
at the mesh point xi, and ũ2N,2i is the value of the numerical solution on a mesh
with 2N subintervals at the same mesh point, where the transition point has been
slightly altered to:

α̃Sh = min
{

1/4, 4γ−1
0 ε ln(N/2)

}
.

This adjustment ensures that the mesh points of the coarse grid coincide with
those of the fine grid. In both cases involving the Shishkin mesh (with or without
a known exact solution), the numerical rate of convergence is calculated as:

Ord =
ln EN − ln E2N

ln 2k
k+1

, k = 5, . . . , 12.

Example 1: [16]
Let us consider the following boundary value problem

−ε2u′′ + u + cos2(πx) + 2ε2π2 cos2(πx) = 0, x ∈ (0, 1),

u(0) = 0, u(1) = 0.
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The condition (1.2) is fulfilled, because holds c(x) = 1 > 0. We know the exact
solution to this problem, and that is:

u(x) =
e−x/ε + e−(1−x)/ε

1 + e−1/ε
− cos2(πx).

0.0 0.2 0.4 0.6 0.8 1.0
−1.0

−0.8

−0.6

−0.4

−0.2

0.0

num. sol. ε= 2−3

num. sol. ε= 2−5

num. sol. ε= 2−10

exact sol. ε= 2−3 
exact sol. ε= 2−5 
exact sol. ε= 2−10 

FIGURE 2. The numerical solutions for N = 32, the different val-
ues of ε on Liseikin mesh, and the exact solutions for the same
values of ε.

The obtained results are presented in Figures 2 and 3, and Tables 1, 2, and
3. Figure 2 illustrates the numerical solutions compared to their corresponding
exact solutions, computed using the Liseikin mesh for three different values of
the parameter ε. Figure 3 provides a detailed view of the numerical solutions
within the boundary layer near x = 0, where each solution is calculated using a
different mesh type. The maximum nodal errors EN and the numerical rates of
convergence Ord are summarized in Tables 1, 2, and 3 for the Liseikin, Bakhvalov,
and Shishkin meshes, respectively.
Example 2: Let us consider the following boundary value problem

−ε2u′′ + (5 + x + ex)u + x + x2 − 5 = 0, x ∈ (0, 1),

u(0) = 0, u(1) = 0.
The condition (1.2) is fulfilled, here we have that c(x) = 5 + x + ex ⩾ 6 > 0, ∀x ∈
[0, 1]. The exact solution to this problem is unknown.
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Liseikin mesh

N En Ord En Ord En Ord En Ord

25 2.2872 × 10−3 2.14 3.0847 × 10−3 2.03 2.3136 × 10−3 1.99 2.0345 × 10−3 1.98
26 5.1734 × 10−4 2.09 7.5064 × 10−4 2.01 5.8179 × 10−4 1.99 5.1265 × 10−4 2.00
27 1.2172 × 10−4 2.04 1.8508 × 10−4 2.01 1.4551 × 10−4 1.99 1.2810 × 10−4 1.99
28 2.9452 × 10−5 2.02 4.5915 × 10−5 2.00 3.6394 × 10−5 1.99 3.2046 × 10−5 2.00
29 7.2400 × 10−6 2.01 1.1432 × 10−5 2.00 9.0988 × 10−6 1.99 8.0113 × 10−6 2.00
210 1.7943 × 10−6 2.00 2.8522 × 10−6 2.00 2.2747 × 10−6 1.99 2.0028 × 10−6 1.99
211 4.4664 × 10−7 1.99 7.1235 × 10−7 2.00 5.6867 × 10−7 1.99 5.0071 × 10−7 1.99
212 1.1208 × 10−7 - 1.7798 × 10−7 - 1.4217 × 10−7 - 1.2518 × 10−7 -

ε = 2−1 ε = 2−2 ε = 2−4 ε = 2−6

En Ord En Ord En Ord En Ord

25 8.0580 × 10−4 1.91 2.8396 × 10−3 1.91 1.8411 × 10−2 1.87 2.5405 × 10−2 1.55
26 2.1384 × 10−4 2.00 7.5103 × 10−4 1.98 5.0284 × 10−3 1.87 8.6260 × 10−3 1.94
27 5.3389 × 10−5 2.00 1.8918 × 10−4 1.99 1.3690 × 10−3 1.99 2.2443 × 10−3 1.96
28 1.3343 × 10−5 2.00 4.7545 × 10−5 1.99 3.4442 × 10−4 1.99 5.7294 × 10−4 1.99
29 3.3354 × 10−6 2.00 1.1891 × 10−5 1.99 8.6242 × 10−5 1.99 1.4382 × 10−4 1.99
210 8.3385 × 10−7 1.99 2.9731 × 10−6 1.99 2.1569 × 10−5 1.99 3.6007 × 10−5 1.99
211 2.0847 × 10−7 1.99 7.4330 × 10−7 1.99 5.3941 × 10−6 1.99 9.0035 × 10−6 1.99
212 5.2119 × 10−8 - 1.8582 × 10−7 - 1.3485 × 10−6 - 2.2511 × 10−6 -

ε = 2−8 ε = 2−10 ε = 2−15 ε = 2−20

En Ord En Ord En Ord En Ord

25 2.7179 × 10−2 1.38 3.1161 × 10−2 1.05 3.2248 × 10−2 0.90 3.256 × 10−2 0.83
26 1.0409 × 10−2 1.93 1.4997 × 10−2 1.90 1.7256 × 10−2 1.89 1.8217 × 10−2 1.88
27 2.7271 × 10−3 1.98 3.9998 × 10−3 1.97 4.6439 × 10−3 1.94 4.9220 × 10−3 1.93
28 6.9017 × 10−4 1.99 1.0173 × 10−3 1.98 1.2033 × 10−3 1.98 1.2901 × 10−3 1.99
29 1.7311 × 10−4 1.99 2.5733 × 10−4 1.99 3.0342 × 10−4 1.99 3.2443 × 10−4 1.99
210 4.3391 × 10−5 1.99 6.4406 × 10−5 1.99 7.6080 × 10−5 1.99 8.1369 × 10−5 1.99
211 1.0850 × 10−5 1.99 1.6106 × 10−5 1.99 1.9026 × 10−5 1.99 2.0349 × 10−5 1.99
212 2.7126 × 10−6 - 4.0275 × 10−6 - 4.7576 × 10−6 - 5.0882 × 10−6 -

ε = 2−25 ε = 2−30 ε = 2−35 ε = 2−40

TABLE 1. The values of En, and Ord for the different values of N
and ε for Liseikin mesh.

The notation remains consistent with that used in Example 1. Figure 4 il-
lustrates the numerical solutions alongside their corresponding exact solutions,
computed on the Liseikin mesh for three different values of the parameter ε. A
detailed view of the numerical solutions within the boundary layer near x = 0 is
provided in Figure 5, where each solution is obtained using a different mesh type.
The maximum nodal errors EN and the numerical rates of convergence Ord are
presented in Tables 4, 5, and 6 for the Liseikin, Bakhvalov, and Shishkin meshes,
respectively.
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Bakhvalov mesh

N En Ord En Ord En Ord En Ord

25 2.5490 × 10−3 1.99 3.0112 × 10−3 1.96 2.5191 × 10−2 1.91 5.7739 × 10−2 1.20
26 6.3767 × 10−4 1.99 7.7194 × 10−4 1.99 6.6834 × 10−3 1.81 2.506 48 × 10−2 1.93
27 1.5944 × 10−4 1.99 1.9304 × 10−4 1.99 1.9042 × 10−3 1.95 6.5569 × 10−3 1.55
28 3.9864 × 10−5 1.99 4.8262 × 10−5 1.99 4.8991 × 10−4 1.99 2.2281 × 10−3 1.90
29 9.9662 × 10−6 1.99 1.2065 × 10−5 1.99 1.2328 × 10−4 1.99 5.9498 × 10−4 1.95
210 2.4915 × 10−6 1.99 3.0164 × 10−6 1.99 3.0896 × 10−5 1.99 1.5353 × 10−4 1.99
211 6.2289 × 10−7 1.99 7.5411 × 10−7 1.99 7.7266 × 10−6 1.99 3.8610 × 10−5 1.99
212 1.5572 × 10−7 - 1.8852 × 10−7 - 1.9319 × 10−6 - 9.6756 × 10−6 -

ε = 2−1 ε = 2−2 ε = 2−4 ε = 2−6

En Ord En Ord En Ord En Ord

25 1.0756 × 10−1 0.97 1.4009 × 10−1 0.94 6.2242 × 10−2 1.41 3.8858 × 10−3 2.81
26 5.4720 × 10−2 1.86 7.2751 × 10−2 1.74 2.3338 × 10−2 2.53 5.5359 × 10−4 1.91
27 1.5008 × 10−2 0.67 2.1679 × 10−2 0.23 4.0185 × 10−3 0.05 1.4663 × 10−4 2.13
28 9.4212 × 10−3 1.36 1.8407 × 10−2 0.89 3.8598 × 10−3 0.06 3.3293 × 10−5 1.22
29 3.6570 × 10−3 1.98 9.8904 × 10−3 1.18 3.6782 × 10−3 1.41 1.4200 × 10−5 2.73
210 9.2228 × 10−4 1.78 4.3487 × 10−3 1.97 1.3755 × 10−3 2.47 2.1373 × 10−6 1.90
211 2.6817 × 10−4 1.96 1.1095 × 10−3 1.49 2.4747 × 10−4 0.26 5.7202 × 10−7 2.15
212 6.8892 × 10−5 - 3.9300 × 10−4 - 2.0637 × 10−4 - 1.2825 × 10−7 -

ε = 2−8 ε = 2−10 ε = 2−15 ε = 2−20

En Ord En Ord En Ord En Ord

25 3.9062 × 10−3 2.81 3.9062 × 10−3 2.81 3.9062 × 10−3 2.81 3.9062 × 10−3 2.81
26 5.5423 × 10−4 1.91 5.5424 × 10−4 1.91 5.5424 × 10−4 1.91 5.5426 × 10−4 1.91
27 1.4664 × 10−4 2.13 1.4664 × 10−4 2.13 1.4664 × 10−4 2.13 1.4664 × 10−4 2.13
28 3.3337 × 10−5 1.12 3.3337 × 10−5 1.12 3.3337 × 10−5 1.12 3.3337 × 10−5 1.12
29 1.5257 × 10−5 2.81 1.5258 × 10−5 2.81 1.5258 × 10−5 2.81 1.5259 × 10−5 2.81
210 2.1716 × 10−6 1.92 2.1716 × 10−6 1.92 2.1716 × 10−6 1.92 2.1717 × 10−6 1.92
211 5.7304 × 10−7 2.13 5.7304 × 10−7 2.13 5.7304 × 10−7 2.13 5.7304 × 10−7 2.13
212 1.3024 × 10−7 - 1.3024 × 10−7 - 1.3024 × 10−7 - 1.3024 × 10−7 -

ε = 2−25 ε = 2−30 ε = 2−35 ε = 2−40

TABLE 2. The values of En, and Ord for the different values of N
and ε for Bakhvalov mesh.

The discussion of the numerical results. The theoretical results established in
this paper were validated through two numerical examples. In Example 1, the
exact solution is known, whereas in Example 2, the exact solution is unknown,
necessitating the use of the double-mesh principle. To evaluate the performance
of the proposed method, three types of layer-adapted meshes were employed:
Liseikin, Bakhvalov, and Shishkin. The latter two were included for compari-
son, as they are classical meshes specifically designed for resolving exponential
layers. The maximum nodal errors EN and the numerical rates of convergence
Ord were computed using standard methodologies appropriate for each mesh
type and the availability of an exact solution. These results, summarized in the
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Shishkin mesh

N En Ord En Ord En Ord En Ord

25 / / 7.6166 × 10−3 3.07 6.0292 × 10−3 3.58 6.2134 × 10−2 2.32
26 / / 1.5870 × 10−3 2.21 9.6814 × 10−4 3.61 1.8962 × 10−2 2.80
27 / / 4.7977 × 10−4 -0.9 1.3813 × 10−4 3.12 4.1701 × 10−3 3.01
28 / / 8.2834 × 10−4 0.43 2.4027 × 10−5 1.82 7.7288 × 10−4 3.03
29 / / 6.4399 × 10−4 0.91 8.3868 × 10−6 1.93 1.3510 × 10−4 2.99
210 / / 3.7673 × 10−4 1.25 2.6815 × 10−6 1.97 2.3202 × 10−5 2.95
211 / / 1.7806 × 10−4 1.55 8.2123 × 10−7 1.99 3.9593 × 10−6 2.92
212 / / 6.9220 × 10−5 - 2.4527 × 10−7 - 6.7347 × 10−7 -

ε = 2−1 ε = 2−2 ε = 2−4 ε = 2−6

En Ord En Ord En Ord En Ord

25 1.3592 × 10−1 1.16 1.6560 × 10−1 0.80 1.0658 × 10−2 1.89 1.0658 × 10−2 1.89
26 7.4963 × 10−2 1.52 1.1000 × 10−1 0.87 4.0411 × 10−3 1.97 4.0411 × 10−3 1.97
27 3.2964 × 10−2 2.07 6.8656 × 10−2 1.06 1.3915 × 10−3 1.98 1.3915 × 10−3 1.98
28 1.0342 × 10−2 2.57 3.7931 × 10−2 1.41 4.5867 × 10−4 1.99 4.5867 × 10−4 1.99
29 2.3471 × 10−3 2.81 1.6764 × 10−2 1.95 1.4546 × 10−4 1.99 1.4546 × 10−4 1.99
210 4.4742 × 10−4 2.87 5.3049 × 10−3 2.46 4.4922 × 10−5 1.99 4.4922 × 10−5 1.99
211 8.0353 × 10−5 2.86 1.2142 × 10−3 2.72 1.3595 × 10−5 1.99 1.3595 × 10−5 1.99
212 1.4194 × 10−5 - 2.3296 × 10−4 - 4.0452 × 10−6 - 4.0452 × 10−6 -

ε = 2−8 ε = 2−10 ε = 2−15 ε = 2−20

En Ord En Ord En Ord En Ord

25 1.0658 × 10−2 1.89 1.0658 × 10−2 1.89 1.0658 × 10−2 1.89 1.0659 × 10−2 1.89
26 4.0411 × 10−3 1.97 4.0411 × 10−3 1.97 4.0411 × 10−3 1.97 4.0411 × 10−3 1.97
27 1.3915 × 10−3 1.98 1.3915 × 10−3 1.98 1.3915 × 10−3 1.98 1.3918 × 10−3 1.98
28 4.5867 × 10−4 1.99 4.5867 × 10−4 1.99 4.5868 × 10−4 1.99 4.5867 × 10−4 1.99
29 1.4546 × 10−4 1.99 1.4546 × 10−4 1.99 1.4546 × 10−4 1.99 1.4546 × 10−4 1.99
210 4.4922 × 10−5 1.99 4.4922 × 10−5 1.99 4.4923 × 10−5 1.99 4.4933 × 10−5 1.99
211 1.3595 × 10−5 1.99 1.3595 × 10−5 1.99 1.3595 × 10−5 1.99 1.3601 × 10−5 2.00
212 4.0452 × 10−6 - 4.0452 × 10−6 - 4.0452 × 10−6 - 4.0452 × 10−6 -

ε = 2−25 ε = 2−30 ε = 2−35 ε = 2−40

TABLE 3. The values of En, and Ord for the different values of N
and ε for Shishkin mesh.

provided tables, confirm the ε-uniform second-order convergence of the method.
Complementing the numerical data, Figures 2 and 4 illustrate the behavior of the
numerical solutions. These plots clearly depict the formation of boundary lay-
ers near the endpoints x = 0 and x = 1. As expected, smaller values of ε result
in steeper gradients, while larger values lead to smoother transitions. A key ob-
servation from these figures is that the numerical solution points are effectively
distributed across the entire domain, adequately capturing both the layer and
the outer regions. Furthermore, the detailed views of the layers (Figures 3 and
5) demonstrate the ability of different meshes to resolve the solution under the
same perturbation parameter ε. All computations were performed on a desktop
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FIGURE 3. The layer near the endpoint x = 0.

computer equipped with an Intel® Core™ i7-12700 (20 cores) processor and 32
GiB of RAM. The algorithms were implemented in the Julia programming lan-
guage, utilizing built-in linear solvers. In general, doubling the number of mesh
points N increased the computation time by approximately a factor of four. How-
ever, in Example 2, a sharp increase in computational cost was observed for the
Bakhvalov mesh at N = 210 and the Shishkin mesh at N = 212. This increased
complexity is the reason for the fewer rows in the corresponding tables. While
the values of EN and Ord fell within expected theoretical bounds for most cases,
some deviations were noted for the Bakhvalov mesh in Example 2. Most im-
portantly, the parameters for the Liseikin mesh remained constant throughout all
experiments, demonstrating its robustness. In contrast, the parameters for the
Bakhvalov and Shishkin meshes required several manual adjustments to main-
tain stability across different values of N and ε.

This was one of the primary objectives when selecting the mesh. These points
represent the values that were actually computed. The fact that the points are
distributed evenly is important, as it demonstrates that the mesh is well-suited
for the problem discussed in this paper. Furthermore, Figure 2 which presents
the exact solutions alongside the numerical solutions shows that the error values
are notably small, thereby confirming the proven order of convergence.

The detailed views provided in Figures 3 and 5 are particularly revealing.
These figures focus on the numerical solutions within the boundary layer near
the endpoint x = 0, computed for a fixed value of ε across different mesh types.
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Liseikin grid

N En Ord En Ord En Ord En Ord

25 3.6019 × 10−4 1.97 8.5303 × 10−4 1.99 3.9531 × 10−3 1.99 2.1794 × 10−3 1.92
26 9.1408 × 10−5 1.98 2.1458 × 10−4 1.99 9.9192 × 10−4 1.99 2.1794 × 10−3 1.98
27 2.3017 × 10−5 1.95 5.3657 × 10−5 1.99 2.4827 × 10−4 1.99 1.4440 × 10−4 1.99
28 5.7740 × 10−6 2.00 1.3414 × 10−5 2.00 6.2136 × 10−5 1.99 3.6284 × 10−5 1.99
29 1.4393 × 10−6 2.11 3.3525 × 10−6 2.00 1.5534 × 10−5 2.00 9.0747 × 10−6 2.00
210 3.3339 × 10−7 2.00 8.3269 × 10−7 2.09 3.8832 × 10−6 2.00 2.2678 × 10−6 2.01
211 8.3348 × 10−8 2.00 1.9537 × 10−7 2.00 9.6898 × 10−7 1.87 5.6292 × 10−7 1.96
212 2.0837 × 10−8 - 4.8843 × 10−8 - 2.6463 × 10−7 - 1.4458 × 10−7 -

ε = 2−1 ε = 2−2 ε = 2−4 ε = 2−6

En Ord En Ord En Ord En Ord

25 1.5123 × 10−2 1.62 1.5123 × 10−2 1.62 2.0703 × 10−2 0.36 2.0493 × 10−2 0,46
26 1.5123 × 10−2 1.92 4.8869 × 10−3 1.92 1.2203 × 10−2 1.68 1.4877 × 10−2 1.74
27 1.2870 × 10−3 1.95 1.2870 × 10−3 1.95 3.3924 × 10−3 1.90 4.4450 × 10−3 1.88
28 3.3184 × 10−4 1.99 3.3184 × 10−4 1.99 9.0631 × 10−4 1.96 1.2022 × 10−3 1.97
29 8.3202 × 10−5 1.99 8.3202 × 10−5 1.99 2.2838 × 10−4 1.99 3.0482 × 10−4 1.99
210 2.0815 × 10−5 1.99 2.0815 × 10−5 1.99 5.7210 × 10−5 1.99 7.6598 × 10−5 1.99
211 5.2040 × 10−6 2.00 5.2040 × 10−6 2.00 1.4316 × 10−5 1.99 1.9162 × 10−5 1.99
212 1.2977 × 10−6 - 1.2977 × 10−6 - 3.5780 × 10−6 - 4.7915 × 10−6 -

ε = 2−8 ε = 2−10 ε = 2−15 ε = 2−20

En Ord En Ord En Ord En Ord

25 2.0220 × 10−2 0.36 2.0099 × 10−2 0.33 2.0047 × 10−2 0.32 2.0025 × 10−2 0.31
26 1.5659 × 10−2 1.68 1.5915 × 10−2 1.66 1.6011 × 10−2 1.65 1.6050 × 10−2 1.65
27 4.8726 × 10−3 1.90 5.0221 × 10−3 1.91 5.0795 × 10−3 1.91 5.1031 × 10−3 1.91
28 1.3005 × 10−3 1.96 1.3343 × 10−3 1.96 1.3472 × 10−3 1.95 1.3525 × 10−3 1.95
29 3.3281 × 10−4 1.99 3.4256 × 10−4 1.99 3.4628 × 10−4 1.99 3.4782 × 10−4 1.99
210 8.3446 × 10−5 1.99 8.5896 × 10−5 1.99 8.6833 × 10−5 1.99 8.7220 × 10−5 1.99
211 2.0883 × 10−5 1.99 2.1489 × 10−5 1.99 2.1724 × 10−5 1.99 2.1821 × 10−5 1.80
212 5.2215 × 10−6 - 5.3730 × 10−6 - 5.4312 × 10−6 - 6.2351 × 10−6 -

ε = 2−25 ε = 2−30 ε = 2−35 ε = 2−40

TABLE 4. The values of En, and Ord for the different values of N
and ε for Liseikin mesh.

In the plots corresponding to the Bakhvalov and Shishkin meshes, an abrupt tran-
sition between the fine and coarse regions of the grid is clearly visible, where the
distance between adjacent mesh points changes rapidly. In contrast, the Liseikin
mesh provides a remarkably smooth transition. Consequently, the points on the
numerical solution graphics curves for the Liseikin mesh are more consistently
spaced relative to one another than in the cases of the Bakhvalov or Shishkin
meshes. The significance of these facts is that the points on the numerical solu-
tion graphics obtained using the Liseikin mesh are much closer to one another
than those obtained with Bakhvalov or Shishkin meshes. This observation sug-
gests why the results presented in the tables are achieved.
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Bakhvalov mesh

N En Ord En Ord En Ord En Ord

25 4.5049 × 10−5 1.98 4.2025 × 10−4 1.91 2.2214 × 10−3 1.89 5.4659 × 10−3 2.15
26 1.1292 × 10−5 1.99 1.0687 × 10−4 1.97 5.9547 × 10−4 1.87 1.2287 × 10−3 1.48
27 2.8358 × 10−6 1.99 2.6843 × 10−5 1.99 1.6220 × 10−4 1.93 4.4047 × 10−4 1.72
28 7.0910 × 10−7 1.99 6.7159 × 10−6 1.99 4.2481 × 10−5 1.97 1.3353 × 10−4 1.86
29 1.7735 × 10−7 - 1.6797 × 10−6 - 1.0790 × 10−5 - 3.6622 × 10−5 -

ε = 2−1 ε = 2−2 ε = 2−4 ε = 2−6

En Ord En Ord En Ord En Ord

25 7.9064 × 10−4 2.73 9.2803 × 10−4 2.91 9.9405 × 10−4 2.98 9.9647 × 10−4 2.99
26 1.1892 × 10−4 1.87 1.2316 × 10−4 1.91 1.2533 × 10−4 1.93 1.2541 × 10−4 1.93
27 3.2472 × 10−5 2.17 3.2719 × 10−5 2.18 3.2796 × 10−5 2.18 3.2798 × 10−5 2.18
28 7.1916 × 10−6 2.00 7.2077 × 10−6 1.88 7.2124 × 10−6 1.10 7.2125 × 10−6 1.05
29 1.7928 × 10−6 - 1.9478 × 10−6 - 3.3451 × 10−6 - 3.4660 × 10−6 -

ε = 2−8 ε = 2−10 ε = 2−15 ε = 2−20

En Ord En Ord En Ord En Ord

25 9.9654 × 10−4 2.99 9.9654 × 10−4 2.99 9.9654 × 10−4 2.99 9.9654 × 10−4 2.99
26 1.2541 × 10−4 1.93 1.2541 × 10−4 1.93 1.2541 × 10−4 1.93 1.2541 × 10−4 1.93
27 3.2798 × 10−5 2.18 3.2798 × 10−5 2.18 3.2798 × 10−5 2.18 3.2798 × 10−5 2.18
28 7.2125 × 10−6 1.05 7.2125 × 10−6 1.05 7.2125 × 10−6 1.05 7.2125 × 10−6 1.05
29 3.4702 × 10−6 - 3.4703 × 10−6 - 3.4703 × 10−6 - 3.4703 × 10−6 -

ε = 2−25 ε = 2−30 ε = 2−35 ε = 2−40

TABLE 5. The values of En, and Ord for the different values of N
and ε for Bakhvalov mesh.

6. CONCLUSION

In this paper, we analyzed the numerical solution of a linear reaction-diffusion
singularly perturbed problem. It is well known that the exact solution exhibits
two boundary layers of exponential type near the endpoints x = 0 and x = 1.

While Bakhvalov- and Shishkin-type meshes are purpose-built to resolve such
exponential layers, this study focused on the application of the Liseikin mesh.
Although the Liseikin mesh is originally designed to address a wider class of
layers, its application here demonstrates its effectiveness in resolving exponential
layers as well. We have theoretically proven and numerically verified that the
method is ε-uniformly convergent of order 2.

Furthermore, it is easy to notice that the analysis of this method is simpler than
in the cases of using Bakhvalov or Shishkin meshes, precisely because the Liseikin
mesh is constructed to resolve wider layers compared to standard exponential
layers.

Finally, the theoretical findings were confirmed through two numerical exam-
ples.
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Shishkin mesh

N En Ord En Ord En Ord En Ord

25 1.0340 × 10−3 2.34 1.1476 × 10−3 1.99 2.5374 × 10−3 1.93 2.492 52 × 10−3 1.67
26 2.1566 × 10−3 -1.4 4.1344 × 10−4 2.00 9.4649 × 10−4 1.98 1.059 26 × 10−3 2.18
27 4.7473 × 10−3 -1.4 1.4052 × 10−4 2.00 3.2457 × 10−4 1.99 3.2569 × 10−4 1.98
28 8.7196 × 10−3 -1.0 4.5841 × 10−5 2.00 1.0646 × 10−4 1.99 1.0722 × 10−4 1.99
29 1.5008 × 10−2 -0.9 1.4495 × 10−5 2.00 3.3748 × 10−5 1.99 3.4019 × 10−5 1.99
210 / / 4.4673 × 10−6 - 1.0420 × 10−5 1.99 1.0505 × 10−5 1.99
211 / / / / 3.1523 × 10−6 - 3.1782 × 10−6 -

ε = 2−1 ε = 2−2 ε = 2−4 ε = 2−6

En Ord En Ord En Ord En Ord

25 4.2790 × 10−3 1.84 9.5806 × 10−3 1.91 9.5820 × 10−3 1.91 9.5820 × 10−3 1.91
26 1.6672 × 10−3 1.95 3.6065 × 10−3 1.90 3.6070 × 10−3 1.90 3.6070 × 10−3 1.90
27 5.8277 × 10−4 1.99 1.2934 × 10−3 1.97 1.2936 × 10−3 1.97 1.2936 × 10−3 1.97
28 1.9120 × 10−4 1.99 4.2849 × 10−4 1.99 4.2856 × 10−4 1.99 4.2856 × 10−4 1.99
29 6.0562 × 10−5 1.99 1.3614 × 10−4 1.99 1.3616 × 10−4 1.99 1.3616 × 10−4 1.99
210 1.8709 × 10−5 1.99 4.2111 × 10−5 1.99 4.2118 × 10−5 1.99 4.2118 × 10−5 1.99
211 5.6613 × 10−6 - 1.2741 × 10−5 - 1.2743 × 10−5 - 1.2743 × 10−5 -

ε = 2−8 ε = 2−10 ε = 2−15 ε = 2−20

En Ord En Ord En Ord En Ord

25 9.5820 × 10−3 1.91 9.5820 × 10−3 1.91 9.5820 × 10−3 1.91 9.5820 × 10−3 1.91
26 3.6070 × 10−3 1.90 3.6070 × 10−3 1.90 3.6070 × 10−3 1.90 3.6070 × 10−3 1.90
27 1.2936 × 10−3 1.97 1.2936 × 10−3 1.97 1.2936 × 10−3 1.97 1.2936 × 10−3 1.97
28 4.2856 × 10−4 1.99 4.2856 × 10−4 1.99 4.2856 × 10−4 1.99 4.2856 × 10−4 1.99
29 1.3616 × 10−4 1.99 1.3616 × 10−4 1.99 1.3616 × 10−4 1.99 1.3616 × 10−4 1.99
210 4.2118 × 10−5 1.99 4.2118 × 10−5 1.99 4.2118 × 10−5 1.99 4.2118 × 10−5 1.99
211 1.2743 × 10−5 - 1.2743 × 10−5 - 1.2743 × 10−5 - 1.2743 × 10−5 -

ε = 2−25 ε = 2−30 ε = 2−35 ε = 2−40

TABLE 6. The values of En, and Ord for the different values of N
and ε for Shishkin mesh.
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