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CHAIN RELATION IN A FAMILY OF SETS. CHAIN FUNCTION

ZORAN MISAJLESKI AND EMIN DURMISHI

Abstract. In this paper we define connectedness of a family of sets, by defining
the terms finite chain in the family and chain relation between two sets. Further-
more, we define a chain function between two families of sets. Some properties
of connected families and chain functions are obtained.

1. INTRODUCTION

In [6] a characterization of connectedness of a topological space is given by
using the notion of a finite chain in a covering, while in [5] it is generalized into
the notion of a chain connected set in a topological space. In [5] the notion of
a chain connected set in a space consisting of a set and a family of coverings is
introduced.

The topological space X is connected if for every open covering F and every
two points x,y € X, there exists a finite sequence Fj, F,, ..., F, of elements of
F such that x belongs to the first element of the sequence, y belongs to the last
element and the intersection of every two consecutive elements is nonempty (see
[6]). If this is satisfied, we say that for every open covering F and every two
points x,y € X there exists a chain in F that connects x and y. The advantage of
this criterion of connectedness is that it is suitable for generalizations.

In papers [5, 7, 10, 8, 1, 2, 4, 9] this notion is generalized to a chain connected
set in a topological space. The set C is chain connected in a topological space X
if for every x,y € C and for every open covering F of X, there exists a chain in
F that connects x and y. It follows that the topological space is connected if and
only if it is chain connected in X. If this statement is true for a particular covering
F, we say that C is F-chain connected in X.

In the paper [5], topological spaces are generalized by considering arbitrary
families of sets instead of open coverings, and the concept of chain connectedness
is further extended to a space more general than a topological space.
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In this article an arbitrary family F of sets is considered and the notions of F-
chain relation between two members of that family and F-chain relation between

two elements of |J F are introduced.
FeF

2. F-CHAIN CONNECTED SETS IN A FAMILY OF SETS
Let F be a family of sets and let A, B € F.
Definition 2.1. A chain F1, F,, ..., F, in F is a finite sequence Fy, F,, . .., F, such that
FeF, i=12,....m;and FNF 1 #Q,i=12,...,.n—1
Definition 2.2. A chain in F from A to B is a chain
F,B,...,F,

in F such that ANFy # @and BN E, # @. In that case we say that A is in a F-chain
relation with B and we use notation A = B.

Proposition 2.1. F-chain relation is an equivalence relation.

Proof. Clearly F-chain relation is reflexive. Let A = B. Then there exists a se-

quence Fy, B, ..., Fyin Fsuchthat ENF #Q,i=12,...,n—=1, ANF #©
and BNF, # @, ie, F;,F,_1,...,F is a sequence in F such that F; N Fi11 #
©,i=12,...,n—1, BNE, # @and ANF, # O, ie, B;A. LetA;_/B and
B ; C. Firstly it follows that there exists a sequence Fy, F, ..., F, in F such that
ENF1 #0,i=12,...,.n—1, ANF # @and BNF, # @; and a sequence
G1,Gy, ..., Gy in FsuchthatGNGiy1 #90,i=1,2,...,m—1, BNG; # @and
CNGy # @ and secondly a sequence Fi, F,...,Fy, B,G1,Gy,..., Gy such that

every two consecutive elements have nonempty intersection, AN F # @ and
CﬂGm;&@.HenceAf}v_C. O

Because of the Proposition 2.1, instead of a chain in F from A to B, we can say:
a chain in F that connects A and B and instead A is in F-chain relation with B
we say: A and B are in F-chain relation.

Since F-chain relation is an equivalence relation, it follows that the set F can

be divided into classes of equivalence [A] = { B € F| A > B } VA e F.

Let F be a family of sets, let A,B € Fandletx,y € | F.
FeF

Definition 2.3. The element x is in F-chain relation with y, denoted by x Y if there
exists a chain F1, Fp, ..., F, in F such that x € Fyandy € F,.

The relation is an equivalence relationin |J F.Ifx Yy wesay that there exists
FeF
achain Fy, B, ..., F, in F that connects x and y.

Proposition 2.2. The sets A and B are in JF- chain relation if and only if there exists a
pair (x,y) € A x B such that x>y
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Proof. If A and B are in F-chain relation, then there exists a chain Fi, F, ..., F,
in Fsuchthat FNF. #©,i=12,...,.n—1, ANF # Q@and BNF, # Q.
It follows that there exist x € ANF and y € BNF,. Thus (x,y) € AxB
and Fi, B, ..., F,; is a chain in F that connects x and y. The converse direction is
analogous. g

Let F and G be two families of sets. We say that F is refinement of G, denoted
by F < G, if for every A € F there exists B € G such that A C B.

Theorem 1. If for the sets A and B holds A > B and there exist C,D € F such that
ACCand B C D,thenC;D.

Proof. Let A f}v_ B, i.e., there exists a sequence F, F,,...,F, in F such that F; N

Fi1#0,i=12,....n—1,ANF #Qand BNF, # @.Sincc A C Cand BC D
it follows that CNF; # @and DNF, # @, ie., F,F,,...,F, is a chain in F that
connects C and D. O

Theorem 2. If for the sets A and B holds A ,; Band F < G, then there exist C,D € G
such that ACC, BC DandCED.

Proof. Let A;B, ie., there exists a sequence Fi,F,...,F, in F such that

ENF1#0,i=12,....n—1, ANF # Qand BNF, # @. Let A C C and
B C D. Since F < G it follows firstly that there exists G; € G such that F; C G;,
i =1,2,...,n and secondly that the sequence Gy, Gy, ..., Gy is a chain in G that
connects C and D. Thus C E D. O

Let F be a family of sets.

Definition 2.4. If any two elements of the family F are in a F-chain relation, then F is
called a chain family.

As a direct consequence of the theorems 1 and 2 we have the following result.
Corollary 2.1. If F is a chain family and F < G, then G is a chain family.
Let X be a topological space and A C X.

Theorem 3. The set A is chain connected in X if and only if for every open covering U
of X, every two members of U which have nonempty intersection with A, are in U-chain
relation.

Proof. Let A be chain connected in X, let I/ be an arbitrary open covering of X,
andlet U,V € Ubesuchthat UNA # Q@and VNA # @. Letx € UN A and
y € VN A. Then there exists a chain Uy, Uy, ..., U, in U that connects x and y.
That same chain connects U and V.

Conversely, suppose that for any open covering U of X, every two members of
U which have nonempty intersection with A, are in I/-chain relation. Let I/ be an
open covering of X and U,V € U such that UN A # @and VN A # @. It follows
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that U and V are in U-chain relation. Let x,y € A. Then there exist U,V € U
such that x € U and y € V. It follows firstly that x € UNAandy € VN A4,
and secondly that there exists a chain in i/ that connects x and y. Since this can
be done for any open covering U/ of X and for arbitrary x,y € A, then A is chain
connected in X. O

If a chain family F is a covering of the set X, then F is called a chain covering.
A direct consequence of the previous theorem and criterion for connectedness
by chain is the following corollary.

Corollary 3.1. The topological space is connected if and only if every open covering of X
is chain covering.

Let X be a topological space. Let F be a family of subsets in X. Previously,
when we considered a chain in F between two sets A and B, we assumed that
A, B € F. We can generalize the notion of F-chain relatedness between arbitrary
sets A and B. The sets A and B are F-chain related if there exists a chain in F that
connects A and B. Now, we consider two families of sets: the family F and the
family that consists of F and the sets A and B. In this case, most of the properties
are analogues, but there are some exceptions. If A,B € P (X) where P (X) is
the power set of an arbitrary set X, then the F-chain relation does not have to be
reflexive and transitive. However, we can obtain new properties. For example:
Consider X to be a topological space. By A we mean the closure of A. If A and
B are in F-chain relation, then A and B are also in F-chain relation. The next
theorem shows under which conditions the converse statement is true.

Theorem 4. Let F be a family of open sets in a topological space X. If A > B then
A~B.
]:

Proof. Let A f; B, i.e., there exists a chain Fy, F,, ..., F, in F that connects A and

B such that x € ANF; and y € BN F, for some elements x and y. Since F; and
F, are open sets that contain x and y, respectively, it follows that AN F; # @ and
BNF, #®,ie., F,F,..., F, isachain in F that connects A and B. O

3. CHAIN FUNCTION

Let F and G be two families of sets.

Definition 3.1. The function F : F — G is a chain function if for every A,B € F
such that AN B # @, it follows that F (A) N F (B) # @.

Proposition 3.1. If F : F — G is a chain function, then for every chain Fy, F,, ..., F,
inF,F(F),F(F),...,F(F,)isachaininG.

Proof. Let F : F — G be a chain function and let Fi, F, ..., F; be a chain in F,
ie, F e F,i=12,...,m;;and FNF1 #©,i=1,2,...,n—1. Since Fis a
chain function, it follows that F (F;) € G,i=1,2,...,nand F (F;) N F (Fi41) # @,
i=1,2,...,n—1. Hence

F(F),F(R),...,F(F)
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isachainin G. O

Proposition 3.2. IfF : F — G is a chain function, then for every A, B € F with A > B
it follows that F (A) 3 F (B).

Proof. Let A ; B, i.e., there exists a chain F;, F, ..., F, in F suchthat ANF, # @

and BN F, # @. Since F is a chain function, the sequence F (F;),F (F),...,F (F,)
is a chain in G such that F(A) N F(F;) # 0 and F(B)NF(F,) # 0. Thus
F(A) 3 F(B). O

The next example shows that the converse claim of the previous proposition
does not hold in general.
Example 1. Let

F=A{[-10,[0,1},{2}}, 6 ={(-1,0),(=1,1),(0, 1)}
and F : F — G be defined by
F([-1,0]) = (—1,0), F([0,1]) = (0,1) and F ({2}) = (—1,1).
Then the only pair A,B € F for which A > B, is [—1,0],[0,1] € F and for that pair
holds F ([-1,0]) 5 F ([0,1)), but F is not a chain function since
[—1,0]N[0,1] # @and F ([-1,0]) N F ([0,1]) = @.

Proposition 3.3. Every chain function F : F — G induces a function between the
equivalence classes Fy : [F] — [G].

Proof. Let [A] € [F], [A] = {B € ]—"|A;B}. Define Fy : [F] — [G] by

Fe ([A]) = [F(A)]
Using Proposition 3.2 it follows that the function Fy is well defined. g

The following example shows that Fy does not have to be a bijection, even
when F is a bijection.

Example 2. Let F = {{-1},{1}}, G ={(-1,0],[0,1)} and F : F — G be defined
by
F({-1}) = (=1,0] and F ({1}) = [0,1).

Then [{~1}] # [{1}] but
Ee ({-1})) = B ({1})) = {(~1,0],0,1)}.

The following example shows that if F is a bijective chain function, then F~!
does not have to be a chain function.
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Example 3. Let F = {(—1,1),(0,2),(2,3)}, G = {(-1,1),(0,2),(1,3)} and F :
F — G be defined by

F((-1,1) = (-1,1), F((0,2)) = (0,2), F((2,3)) = (1,3).

Then F (F) = G and F is a bijective chain function. A nonempty intersection have only
the sets (—1,1) and (0,2), for which F ((—=1,1)) N F((0,2)) # @, but F~' is not a
chain function. Namely

(0,2)N(1,3) # @ but F71((0,2)) NF~1((1,3)) = @.

Theorem 5. Let X and Y be two sets and let U be an arbitrary covering of X. Then every
function f : X — Y induces a chain function F : U — f(U), f (U) ={f (U) |U e U}
defined by

F(U)=f(U),vUelU.
Moreover, if f is a bijection, then F is a bijection and F~1 is a chain function.
Proof. Let f : X — Y be a given function. Define F : U/ — f (U) by
F(U) = f(U), where f (U) = {f (x)|x € U}.
Let Uy, Uy € U such that Uy N Uy # @. Then, for x € Uj N U the following holds:
fx) e f(U)nf(Ua),ie, F(U)NF(Up) #O.

Thus, F is a chain function.
Let f be a bijection, and let U, Up € U, Uy # U,. Then there exists

x € (U\Uz) U (U\Uh), ie, f (x) € (f (Un) \f (U2)) U (f (U2) \f (L))

Thus F (Uy) # F (Uy) .
Let V € f (U). Then there exists U € U such that V = f (U),i.e, F(U) = V.
It remains to prove that F ~1 s a chain function. Let Uy, U, € U be such that
f(Up) N f(Uy) # @. Then, since f is an injection,

UyNUy # @, e, FL(f(U)))NFL(f(Uy)) # @.
0

Let F be a family of sets. If X is the union of the elements of the sets of this
family, then F is a covering of X in X and X = (X, F) is a one covering space, i.e.,
a special case of a family coverings space that consists of one covering [3, 4]. Two
sets of the family are in a F-chain relation if and only if all elements of the sets are
F-chain related. So, other properties of F-chain connectedness in the family F of
sets may arise from the properties of chain connectedness in a family coverings
space.

The authors acknowledge professor Nikita Shekutkovski for introducing to
them the idea of the chain relation in a family of sets and chain function.
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