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COMPARISON OF NUMERICAL AND EXACT SOLUTIONS OF
FRACTIONAL DIFFERENTIAL EQUATIONS WITH CONSTANT DELAY

FERIDE QORROLLI LUBISHTANI !, GJORGJT MARKOSKI 2,
AND ALEKSANDAR GJURCHINOVSKI 2

Abstract. Since it is well known that the analytical solution of fractional differ-
ential equations with delays is challenging, if not impossible, we have compared
the exact solutions of two such equations using four numerical methods: Frac-
tional Euler Method (FEM), Backward Euler Method (BEM), Weighted Difference
Method (WDM), and Fractional Adams Method (FAM) in this study. The effi-
ciency of each numerical approach is evaluated based on the relative difference
between the exact and approximate solutions at predetermined time points, pre-
sented graphically and in tabular form. To provide a comprehensive comparison,
the execution time is calculated by taking the average of over 10 executions for
each method. From the results, we conclude that FAM has the lowest relative er-
rors, is more accurate, and has a lower computational cost. FAM is the best alter-
native for accurate solutions and short execution times over extended timescales,
FEM offers satisfactory accuracy and efficiency at intermediate timescales, WDM
shows progress over time but has higher computational costs, and BEM consis-
tently exhibits significant error rates and the variability of the execution time in
the two examples.

Keywords: Fractional differential equations with delay, Fractional Euler meth-
ods, Fractional Adams method.

1. INTRODUCTION

Fractional delay differential equations (FDDEs) are a class of dynamical sys-
tems that merge the concepts of fractional calculus (which includes derivatives
and integrals of non-integer orders) and delay differential equations (which in-
clude delays in the formulation of equations) [1], [2]. Thus, it includes fractional
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derivatives and time delays, making the equations suitable for accurately model-
ing real-world phenomena in various fields, such as physics, bioengineering, and
control systems [3].

Solving FDDEs can be difficult because they are more convoluted than ordi-
nary differential equations (ODEs). Therefore, we use two approaches towards
finding the solutions of FDDEs: numerical methods - which use computers to ap-
proximate answers, and analytical methods - which try to find exact solutions us-
ing formulas [2]. The paper [4] provides comprehensive results regarding the
existence, uniqueness, and stability of solutions to fractional differential equa-
tions with delay, supported by numerical experiments and theoretical analysis.
These discoveries enhance the comprehension and utilization of fractional cal-
culus in many domains. The exact solutions of FDDEs, particularly those in-
volving the Caputo derivative, provide a benchmark for evaluating the accuracy
of numerical methods. For instance, we derive the exact solution for a linear
FDDE with the Caputo derivative to illustrate the impact of initial functions on
the solution and the nature of the fractional derivative. However, finding ex-
plicit solutions for nonlinear FDDEs is generally not feasible, necessitating us-
ing numerical methods [5]. Various numerical methods have developed to solve
FDDEs, including the Adomian Decomposition Method (ADM), Runge-Kutta-
type methods (RKM), and the simplified reproducing kernel method (SRKM)
[6], [7]. For instance, the ADM expresses the nonlinear part of the FDDE using
Adomian polynomials, allowing for a recursive solution process that can com-
pared with exact solutions to evaluate accuracy [6]. Numerical examples demon-
strate that methods like Fractional Multistep Differential Transformation Method
(FMDTM), Fractional Adams-Bashforth Method (FAB), and Fractional Adams-
Bashforth-Moulton Method (FABM) agree with exact solutions, particularly for
specific fractional orders and time intervals [8]. The exact integration and approx-
imation curves for these methods reveal that while some may diverge over time,
others maintain a consistent behavior, highlighting the importance of choosing
the appropriate numerical method based on the specific FDDE under investiga-
tion [8]. Additionally, implementing equispaced grids and product-integration
rules for the Caputo derivative further aids in obtaining accurate numerical ap-
proximations, which can be directly compared with exact solutions to assess their
reliability [5].

The comparison of exact solutions with numerical methods reveals that meth-
ods like the L1 algorithm, used for evaluating fractional derivatives, and the CPM
method, which has shown reasonable convergence rates, provide accurate nu-
merical approximations that closely match the exact solutions [3], [7]. For ex-
ample, the CPM method’s solutions for specific FDDE problems have minimal
errors compared to the exact solutions, as demonstrated in various numerical ap-
plications [7]. Overall, while exact solutions serve as a critical reference, the de-
velopment and refinement of numerical methods continue to play a crucial role
in solving FDDEs with high accuracy and efficiency, as evidenced by the diverse
approaches and their comparative analyses in the literature [9], [5], [6], [3], [7].
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The comparison of exact and numerical solutions validates the numerical meth-
ods and provides insights into their computational effectiveness and applicability
to real-world problems modeled by FDDEs [7]. Therefore, the continuous devel-
opment and comparison of numerical methods against exact solutions remain
critical research area to ensure the accurate modeling and simulation of complex
dynamical systems described by FDDEs.

The choice of method and its implementation can significantly affect the ac-
curacy and computational efficiency of the solution, with some methods being
more suitable for specific types of FDDEs or problem domains [9]. Overall, FD-
DEs provide a robust framework for modeling complex systems with memory
and delay effects, and ongoing research continues to enhance the methods for
solving these equations efficiently and accurately. This paper will compare the
exact and approximate solutions of fractional differential equations with delays,
which is crucial for validating the accuracy and efficiency of numerical methods.
The numerical methods used in this paper are Fractional Euler method (Forward,
Backward and Weighted Difference) and Fractional Adams method, processed in
the Mathematica 14.0 software.

The stability analysis of FDDEs is crucial, as it helps in understanding the be-
havior of solutions over time. Researchers have developed various methods to
study the stability of both linear and nonlinear FDDEs, including using charac-
teristic equations, Laplace transforms, and numerical algorithms [10].

2. BASIC DEFINITION

The fractional derivatives in FDDEs can be defined in various ways, such as
the Grunwald-Letnikov, Caputo, or Riemann-Liouville sense, each requiring spe-
cific initial conditions to initialize the problem [5]. The fractional derivative in
FDDE:s is often defined in the Caputo sense, which is more convenient for prac-
tical applications [9]. For T > 0 [3], the general form of an FDDE can expressed
as:

D*y(t) = f(t,y(t),y(t—7)), t€[0,T], 0<a<l, (2.1

y(t) = ¢(t), te[-7,0] 2.2)
where D* denotes the fractional derivative of order «, y(t) is the unknown func-
tion, and T is the delay term, and f is a given function [9]. The initial conditions
for FDDEs are typically specified over an interval rather than at a single point,
reflecting past states’ influence on the system’s current behavior [9].

Definition 1.1. [11] The Euler Gamma function I'(z) is defined by the so-called
Euler integral of the second kind:

I(z) = / Fletdt (R(z) > 0), 2.3)
0
where t#~1 = ¢(z=1)108(t)  This integral is convergent for all complex z € C with

R(z) > 0.
From [2], [11], [12] we recall some definitions and notations.
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Definition 1.2. The (left) Griinwald-Letnikov definition is a generalization of
the traditional derivative. It is defined as:

L5 "
GLD“f(t):limhl—“ ) (—1)k(k>f(t—kh), (2.4)

where, « is the order of the derivative, /1 is the step size, and (}) is the binomial
coefficient.

Definition 1.3. The (left) Riemann-Liouville fractional derivative is defined
using an integral operator. For a function f(t), it is given by:

RLDef(t) = r(1—> ;T /;u )" f(n)dr 25)

where, n = [a] (n is the smallest integer greater than ), I'(-) is the gamma func-
tion, and a is the lower limit of integral.
Definition 1.4. The (left) Caputo fractional derivative, is defined as:

x _ 1 f _ e (n)T
DY) = Foray [, @ 6)

n—ao
where, n = [«] (n is the smallest integer greater than «), I'(-) is the gamma func-
tion, and a is the lower limit of integral.

3. NUMERICAL METHODS

We shall use numerical approaches to solve the initial value problem (2.2) for
the fractional derivative (2.1).

3.1. Fractional Euler Method. The Euler Method (in all versions) is commonly
used to solve ordinary differential equations. Whereas, in the book [12], this
method is used for fractional ordinary differential equations. This section will
apply numerical solutions to the fractional delay differential equation.

3.1.1. Fractional Forward Euler Method (FEM). FEM uses a forward difference ap-
proximation for D*y(t). The left fractional rectangular formula approximates the
fractional derivative and can be expressed by:

m—1 4/

t . n
Yni1= Y, ”jfl v+ MY byt f (5,9 (E — 7)) (3.1)
=0 j=0

where, bj 11 = ﬁ [(n—j+1)* = (n—7j)].
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3.1.2. Fractional Backward Euler Method (BEM). BEM uses a backward difference
approximation for D*y(t). The right fractional rectangular formula approximates
the fractional derivative and can be expressed by:

—14f

t
Yn1 = Z n]Hy( 1 a Z b1 f (i1, Vi1, y(ti — 7)) (3.2)
=

where,bj,nH:ﬁ[( n—j+1)% _(”_]) ].

3.1.3. Fractional Weighted Difference Method (WDM). WDM is a combination of
forward and backward differences. The weighted fractional rectangular formula
approximates the fractional derivative and can be expressed by:

- t
Ynr1 = Z(;) n]J,rl ]/(()])—i-
]:

FAY i [0F (v (= T) + (1= 0)f (b Y y(tin — 7)) (33)
=0
where, b1 = ity (1 = +1)% = (n = )"].

3.2. Fractional Adams Method (FAM). FAM employs a predictor-corrector method
with fractional derivatives. For solving FDDEs, FAM utilize the product trape-
zoidal quadrature formula [12], [13], [14]:

06-| 1 tk+1 he n+1
Ynl = Z Pr(t) = r(“+2) Z ajni1f1lty vyt — 1)) (3.4)
k= j=0
- (n—a)(n+1)%, ji=0
where, aj, 11 = (n—j+2)% 1+ (n—j)*T —2n—j+1)*"1, 1<j<n
1/ ] =n + 1

The implicit nature of the scheme (3.4) necessitates extensive computation,
prompting the employment of some approximation techniques, thereby yielding
the fractional Adams method:

[a]—1 tkH ” il
Y1 = Z PO+ Fr g L b filty (6 = )

j=0

k+1 h* n

Yn+1 = Z ¢r(0)-2 l"(a—l-Z) Zaf/”-i-lfl(tj/yj,y(t]- — 1))

j=0

hDL
+ mfl(tﬂﬂf}/nﬂ,y(tnﬂ — 1))

where, y,,+1 and y(t,41) represent the approximate and the exact solutions, re-
spectively.
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The deviation between the curves representing the approximation and the
curve representing the exact solution is so minimal that it is difficult to discern
any notable difference when observing the figure presented. So, from [15] we
describe the relative difference parameter R(t) by definition and the formula:

Definition 3.1 The relative difference parameter R(¢) is the ratio of the absolute
difference between the exact (Yexact) and the approximate (yzpprox) values of the
y(t) at the fixed time ¢ to the maximum of their absolute values, multiplied by
100.

_ ‘yexact (t) —Yapprox (t) ‘
Ry(t) = x 100.
y( ) maX(|]/exact(t)|,|]/approx(t)|)

4. NUMERICAL EXAMPLES

In this section, we employ the above discretization methods to conduct four
numerical analyses of fractional-order delay differential equations. All numerical
results are derived using Mathematica version 14.0.

Example 4.1. [3], [16], [17], [18], [19], [20], [21] Consider the fractional order
equation with delay in terms of the Caputo:

2 1
D*y(t) = P P 4ot — 17— 72 t—1)—y(t), a€ (0,1
4.1)
and y(t) = 0,t < 0. The exact solution is y(t) = t> —tfora = 1.
Ee.\’au’\(,e Error R_y(f) for FEM, BEM, WDM, and FAM with y_exact(f)
- 150 — FEM
— wom BEM
- ;:zllso\uuon 100 — WDM
— FAM
(A) Approximation of y(t) using ex- e e e e
act solution (black line) and numerical (B) Relative difference parameter R(t)
methods such as FEM (red line), BEM corresponding to FEM (red line), BEM
(green line), WDM (blue line), and FAM (green line), WDM (blue line), and FAM

(purple line). (purple line).

FIGURE 1. The fractional-order « = 0.9, the delay T = 0.1,
integration step-size i = 0.01, initial condition y(0) = 0 and
te[0,1].

FDDEs manifest an elevated degree of complexity and pose multifaceted chal-
lenges for approximation. As a result, it becomes increasingly difficult for any
numerical method to maintain accuracy over prolonged temporal intervals. For
time ¢ € [0,1], the errors that occur for every one of the numerical approaches
used in this paper are minimal and comparable in magnitude, approximately
ranging from 0.34 to 0.37. On the other hand, the errors dramatically rise during
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time ¢ € [0,10], reaching values in the 107 — 10'® range, suggesting a notable
increase in error over a more extended time. Since with increasing time f, the
error intensifies and the divergence of the curves becomes evident, in this paper,
we concentrated solely on the temporal interval t constrained within the limits
of [0,1], fractional order &« = 0.9, the delay T = 0.1 and step-size h = 0.01. Fig-
ure 1 displays the performance of numerical approaches in approximating y(t)
and the related relative difference R(#) dynamics as time increases. Figure 1A
plots various numerical approximations of the function y(t) and the exact solu-
tion throughout the interval t € [0, 1|. The numerical methods FEM, BEM, WDM,
and FAM used to approximate y(t) are represented by the colored red, green,
blue, and purple curves. In contrast, the black curve represents the exact solu-
tion. The curves diverge from the exact solution with increasing time, suggesting
that the approaches’ accuracy varies. The relative error R, (t) is a parameter used
to determine the precision of numerical approximation methods by comparing
them with the exact solution at the accurate time ¢. This calculation quantifies the
departure of an approximation from the exact value, allowing us to compare the
performance of methods. Figure 1B plots the relative error R,(t) as a function
of time, demonstrating the performance of numerical approaches (FEM, BEM,
WDM, and FAM) over time. The plot shows that the error evolves dynamically,
with every method initially increasing, peaking at a specific point, and decreasing
as time passes. Based on Figure 1 and Table 1, we conclude that FAM and FEM
are generally more accurate, with fewer relative errors across more time points.
FAM performs better where time increases (f > 1), whereas FEM is more accu-
rate where the time ¢ is close to 1. BEM is the least accurate, with significant initial
errors, making it less dependable, whereas WDM begins with higher errors but
improves over time.

Fora =09andt =0,0.1,...,1.3 we have:

t | Yexact YFEM YBEM YwDM YEAM Rrem | Reem | Rwpm | Ream

0 0 0 0 0 0 0 0 0 0

0.1 | -0.09 | -0.0847432 | -0.05920263 | -0.0847432 | -0.0847432 | 5.84089 | 34.2193 | 5.84089 | 5.84089
0.2 | -0.16 | -0.139597 | -0.0887741 -0.139597 -0.138446 | 12.7519 | 44.5156 | 19.7115 | 19.7115
0.3 | -0.21 | -0.162006 | -0.08850803 | -0.04441162 | -0.04441162 | 22.8543 | 57.8533 | 78.9804 | 78.9804
04| -0.24 | -0.151754 | -0.05827871 | -0.0169604 | -0.0169604 | 36.7692 | 75.7172 | 92.9332 | 92.9332
0.5 | -0.25 | -0.109379 0.0013277 0.0151134 0.0143793 | 56.2484 | 100.531 | 106.045 | 105.752
0.6 | -0.24 | -0.0357096 | 0.0896959 0.0511642 0.0506062 85.121 | 137.373 | 151.825 | 120.805
0.7 | -0.21 | 0.0683203 0.206158 0.0923061 0.0899351 | 132.533 | 198.17 | 143.955 | 142.82
0.8 | -0.16 | 0.201757 0.350035 0.136908 0.133976 179.303 | 145.71 | 185.568 | 183.73
0.9 | -0.09 | 0.363672 0.520664 0.1821789 0.1821789 | 124.748 | 117.286 | 148.566 | 149.402
1.0 0 0.553814 0.744178 0.234564 0.234564 100 100 100 100

1.1 ] 0.11 0.76947 0.939665 0.291164 0.291164 85.7044 | 88.2937 | 62.4796 | 62.2206
1.2 0.24 1.01177 1.18687 0.352507 0.35202 76.2792 | 79.7787 | 31.9162 | 31.8221
1.3 | 0.39 1.27938 1.45849 0.415382 0.417178 69.5165 | 73.26 | 6.11052 | 6.51473

TABLE 1. Table of numerical values between the exact solution,
numerical methods, and relative error at the accurate time t, for
«=09andt=0,01,..,1.3.
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To support the results obtained from Table 1 and Figure 1, we present the time
measurement for each method in Table 2 and Figure 2. As we can see, the ex-
ecution times (s) are multiplied by 10° to convert them into microseconds (us)
for better readability. The execution time of each method was taken as the av-
erage of over 10 runs rather than just one. The results indicate that FEM, BEM,
and FAM have the same computational cost, while WDM has a slightly higher
computational cost. Since FAM executes for a brief time and has high accuracy,
it remains an optimal choice for long-term simulations if a balance between ac-
curacy and execution time is required. On the other hand, knowing that FEM is
accurate for simulations with short time periods (close to 1) and that the execu-
tion time is low, this can make it a beneficial option for simulations, but it should
be used with caution because FEM does not maintain accuracy for large values.
Meanwhile, BEM, although it is among the methods with a quick execution time,
has a high cost in accuracy. This makes it a less reliable method for cases where
precision is required. And as a method with the highest execution time, WDM,
since over time there is continuous improvement in accuracy, can be considered
as a valid alternative for cases whose simulations have long time periods.

Computational Cost Comparison
Execution Time (us)

0.07 -
Method | Execution Time (s) 006}
FEM 0.00000004 (0.04 us) 005+
BEM 0.00000004 (0.04 us) 0.04f
WDM 0.00000007 (0.07 us) 003
FAM 0.00000004 (0.04 us) 002+
0.01
TABLE 2. Exe- 0.00 —— RS ey - ethod
cution time to
compute the so- FIGURE 2. Comparison
lution for each of computational cost
numerical method. (execution time) for the

four numerical methods:
FEM, BEM, WDM, and
FAM.

Example 4.2. [22] Consider the fractional delay differential equation of the
form:

DV2y(8) = y(t—1) — y()) + 2t — 14 2o £ 0 42)
yi) =y Yy NG :
and y(t) = t2,t € [0,1]. The exact solution is y(t) = #2.

In this example, the fractional order is & = 0.5, the step of size h = 0.05, the
initial condition y(0) = 0, the delay T = 1, and time as in previous example
t € [0,1] (except for the relative difference goes up to 1.3). Similar to the previous
example, the correct solution curve is shown in black, FEM in red (Offset Fem-
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08 — Offset FEM
056 — BEM
WDM

04
— FAM

02 .
— Exact Solution

2 '

(A) Approximation of y(t) using ex-
act solution (black line) and numerical
methods such as Offset FEM- Slightly
offset FEM +-0.01 for better visibility (red
line), BEM (green line), WDM (blue line)
and FAM (purple line).

Relative Error R_y(f) for FEM, BEM, WDM, and FAM with y_exact(f)
R_y(t) (%)
200

150 — FEM
BEM
100 — WDM
— FAM

50

t

(B) Relative difference parameter R(t)
corresponding to FEM (red line), BEM
(green line), WDM (blue line) and FAM
(purple line).

FIGURE 3. The fractional-order & = 0.5, the delay T = 1, integra-
tion step-size h = 0.05, initial condition y(0) = 0 and ¢ € [0, 1].

Slightly offset FEM +0.01 for better visibility), BEM in green, WDM in blue, and
FAM in purple. The most accurate methods for approximating y(t) at subsequent
periods are FAM and WDM, which exhibit minor relative errors, particularly after
t = 0.9. FAM is more accurate than the other approaches, with a minimum error
of 26.324% at t = 1.3 and an overall error of 2.0011, with the most significant
reduction in error at later periods. FEM is dependable for intermediate and later
periods since it exhibits a notable improvement after the error peaks at ¢t = 0.5.
On the other hand, the least accurate is BEM, which has more significant errors
that increase early on and stay high up to 171.372% at t = 0.5. On the other
hand, WDM starts with more considerable faults but gets much better with time,
eventually attaining a total error of 2.1688. BEM continues to be the least efficient
method for precisely estimating y(t), but FAM is generally the most appropriate
for precision over longer time intervals. For « = 0.5and t = 0,0.1, ..., 1.3 we have:

Much like in the first example, to support our findings on the accuracy of nu-
merical methods, we calculated the execution time, which is taken as the average
of over 10 calculations and not just one. For better readability, the execution time
results (s) have been multiplied by 10° to convert them into microseconds (s).
As can be seen in Table 4 and Figure 4, the method with the shortest execution
time is the FEM method, while the method with slightly higher computational
costs is the BEM method. Since the accuracy approaches over time, the WDM
method certainly requires more execution time than the FEM and FAM. While
the latter (FAM) remains the optimal method for long-term simulations, offering
consistent accuracy and low execution time. Therefore, to select the right method,
one must base both the accuracy and the execution time that these methods ex-
hibit.
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t | Yexact | YFEM YBEM YWDM YFAM Rrpem | Reem | Rwpm | Ream
0 0 0 0 0 0 0 0 0 0
0.1 ] 0.01 -0.1 -0.078495 | -0.089248 -0.1 110 112.74 | 111.205 110

0.2 | 0.04 | -0.178495 | -0.132477 | -0.155486 | -0.183495 | 122.41 | 130.194 | 125.726 | 121.799
0.3 | 0.09 |-0.232477 | -0.158937 | -0.195707 | -0.245402 | 138.714 | 156.626 | 145.987 | 136.675
0.4 | 0.16 | -0.258937 | -0.154865 | -0.206901 | -0.282463 | 161.791 | 196.791 | 177.332 | 156.645
0.5 ] 0.25 | -0.254865 | -0.117252 | -0.186059 | -0.290203 | 198.091 | 146.901 | 174.424 | 186.147
0.6 | 036 |-0.217252 | -0.04309 | -0.130171 | -0.26466 | 160.348 | 111.969 | 128.659 | 173.517
0.7 0.49 | -0.14309 | 0.070631 | -0.03623 | -0.201207 | 129.202 | 85.5855 | 39.394 | 141.063
0.8 | 0.64 | -0.029369 | 0.226919 | 0.098775 | -0.0954043 | 104.589 | 64.5439 | 84.5664 | 114.907
09 ] 0.81 | 0.126919 | 0.428784 | 0.277852 | 0.0576746 | 84.331 | 47.0637 | 65.6973 | 92.8797
1.0 | 1.00 | 0.328784 | 0.679235 | 0.504009 | 0.263946 | 67.1216 | 32.0765 | 49.5991 | 73.7086
11| 1.21 | 0.579235 | 0.98128 | 0.780257 | 0.525609 | 52.1293 | 18.9025 | 35.516 | 56.5612
12| 144 | 0.88128 | 1.337929 | 1.109604 | 0.851098 38.8 7.0883 | 22.9442 | 40.8964
1.3 | 1.69 | 1.237929 | 1.75219 1.49506 1.2451 26.7498 | 3.5493 | 11.535 | 26.3254

TABLE 3. Table of numerical values between the exact solution,
numerical methods, and relative error at the accurate time t, for
«=05andt=0,0.1,...,1.3.

Computational Cost Comparison
Execution Time (us)

0.08 -

Method | Execution Time (s)
FEM 0.00000004 (0.04 ps) 006
BEM 0.00000009 (0.09 us)
WDM 0.00000007 (0.07 ps) 0041
FAM 0.00000005 (0.05 us)

0.02 -

TABLE 4. Exe- 0.00
cution time to

compute the so- FIGURE 4. Comparison
lution for each of computational cost

numerical method. (execution time) for the
four numerical methods:

FEM, BEM, WDM, and
FAM.

FEM BEM ' WDM ' FAM

5. CONCLUSION

In this paper, we compared four numerical methods Forward Euler Method
(FEM), Backward Euler Method (BEM), Weighted Difference Method (WDM),
and Fractional Adams Method (FAM), to the exact solution of FDDEs. The effec-
tiveness of each numerical approach is evaluated based on the relative difference
between the exact solution and the approximate solution at designated temporal
points. Among these approaches, FAM emerges as the most precise, particularly
over extended temporal intervals, yielding the lowest relative errors and conclud-
ing with an error magnitude of 2.0011. FEM exhibits satisfactory precision within
intermediate periods, demonstrating significant enhancement after initial peaks
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in error. Despite commencing with elevated errors, WDM shows considerable
progress over time, establishing itself as a feasible alternative for later phases.
Conversely, BEM consistently displays elevated error rates throughout the entire
time spectrum, culminating in a peak error of 171.372%, categorizing it as the
least efficacious approach for approximating y(t). In general, FAM is the premier
option for attaining precise solutions in prolonged time intervals, whereas BEM
is unreliable.

These accuracy findings are supported by the analysis of the execution time
for each method and confirm that the most optimal method is FAM, balancing
high accuracy and low execution time for long-term simulations. Meanwhile, for
short-term simulations, the FEM method is efficient and accurate. With a longer
cost and improvement in accuracy over time for long-term simulations, the WDM
method can be considered. Due to the high error rate and the variability of the
execution time in the two examples, the BEM remains the least reliable method.
Thus, to choice of method should take into account accuracy and execution time
for optimal performance.

REFERENCES

[1] A.A.Kilbas, H. M. Srivastava and ].J. Trujillo, Theory and Applications of FDEs, Theory and Appli-
cations of Fractional Differential Equations, 204, Elsevier (2006) 1-6.

[2] A.Podlubny, Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional
Differential Equations, to Methods of Their Solution and Some of Their Applications,, Academic Press,
California, 1998.

[3] A. Jhinga and V.D. Gejji, A new numerical method for solving fractional delay differential equations,
Computational and Applied Mathematics, 38, Springer Science and Business Media, LLC, 12
(2019).

[4] M. L. Morgado, N. J. Ford, and P.j, M. Lima, nalysis and numerical methods for fractional differential
equations with delay, Journal of Computational and Applied Mathematics, 252 Elsevier (2013) 159-
168.

[5] R. Garrappa and E. Kaslik, On initial conditions for fractional delay differential equations, Communi-
cations in Nonlinear Science and Numerical Simulation, 90 Elsevier B.V. (2020).

[6] A.A. Gatea, Adomian decomposition method for solving nonlinear fractional delay differential equations,
in: BIO Web of Conferences,97 EDP Sciences,4 2024.

[7] S. Masood, M. Naeem, R. Ullah, S. Mustafa, and A. Bariq, Analysis of the fractional-order delay
differential equations by the numerical method, Complexity, 2022 Hindawi Limited (2022).

[8] Y. Salihi and K. Rasimi, Comparison of approximate and exact solution of some fractional differential
equations, Applied Mathematical Sciences, 18 Hikari, Ltd. (2024) 145-155.

[9] T. Allahviranloo and H. Sahihi, Reproducing kernel method to solve fractional delay differential equa-
tions, Applied Mathematics and Computation, 400 Elsevier Inc. 7 (2021).

[10] S. B. Bhalekar, Stability analysis of a class of fractional delay differential equations, Pramana - Journal
of Physics, 81 Indian Academy of Sciences 8 (2013) 215-224.

[11] D. Baleanu, K. Diethelm, E. Scalas, and J. J. Trujillo, Fractional calculus models and numerical
methods, 12 2012.

[12] C. Liand F. Zeng, Numerical methods for fractional calculus, 2015.

[13] V. D. Gejji, Y. Sukale, and S. Bhalekar, Solving fractional delay differential equations: A new approach.
Fractional Calculus and Applied Analysis, 18 Walter de Gruyter GmbH (2015) 40—418.

[14] Zh. Wang, A numerical method for delayed fractional-order differential equations, Journal of Applied
Mathematics 2013 (2013).



64 F. QORROLLI LUBISHTANI, GJ. MARKOSKI, AND A. GJURCHINOVSKI

[15] Y. Salihi, Gj. Markoski, and A. Gjurchinovski, On numerical solutions of linear fractional differential
equations, Bullertin mathematique de la societe des mathematiciens de la Republique Macedonie,
45 Matematichki Bilten, Union of Mathematicians of Macedonia (2021) 35-47.

[16] Zh. Wang, X. Huang, and J. Zhou, A numerical method for delayed fractional-order differential equa-
tions: Based on g-1 definition, Applied Mathematics and Information Sciences, 7, 6 (2013) 525-529.

[17] U. Saeed and M. ur Rehman, Hermite wavelet method for fractional delay differential equations, Jour-
nal of Difference Equations, 2014 Hindawi Limited 7 (2014) 1-8.

[18] P. Rahimkhani, Y. Ordokhani, and E. Babolian, A new operational matrix based on bernoulli wavelets
for solving fractional delay differential equations, Numerical Algorithms, 74 Springer New York LLC
1(2017) 223-245.

[19] M. Kumar, An efficient numerical scheme for solving a fractional-order system of delay differential equa-
tions, International Journal of Applied and Computational Mathematics, 8 Springer 10 (2022).
[20] H. Singh. Numerical simulation for fractional delay differential equations, International Journal of
Dynamics and Control, 9 Springer Science and Business Media Deutschland GmbH 6 (2021) 463—

474.

[21] {. Avel, Numerical simulation of fractional delay differential equations using the operational matrix of
fractional integration for fractional-order taylor basis, Fractal and Fractional, 6 MDPI 1 (2022).

[22] Y. Zh. Lin and M. Q. Xu, Simplified reproducing kernel method for fractional differential equations with
delay, Applied Mathematics Letters 52 Elsevier 9 (2016) 156-161.

TFERIDE QORROLLI LUBISHTANI

UNIVERSITY OF APPLIED SCIENCE IN FERIZA],

FACULTY OF ARCHITECTURE, DESIGN AND WOOD TECHNOLOGY,
FERIZAJ, KOSOVO

Email address: feride.qorrolli@ushaf.net

2 GJORGJI MARKOSKI

Ss. CYRIL AND METHODIUS UNIVERSITY,

INSTITUTE OF MATHEMATICS

FACULTY OF NATURAL SCIENCES AND MATHEMATICS,
SKOPJE, NORTH MACEDONIA

Email address: gorgim@pmf . ukim.mk

3 ALEKSANDAR GJURCHINOVSKI

Ss. CYRIL AND METHODIUS UNIVERSITY,

INSTITUTE OF PHYSICS

FACULTY OF NATURAL SCIENCES AND MATHEMATICS,
SKOPJE, NORTH MACEDONIA

Email address: agjurcin@pmf .ukim.mk

Received 20.11.2024
Revised 27.01.2025
Accepted 13.02.2025



