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DESINGULARIZATION FORMULAS FOR THE STOCKWELL AND
DIRECTIONAL STOCKWELL TRANSFORMS

ASTRIT FERIZI ' AND KATERINA HADZI-VELKOVA SANEVA 2

Abstract. We establish a connection between the Stockwell transform, the Radon
transform, and the directional Stockwell transform. We also provide desingular-
ization formulas for the Stockwell transform and the directional Stockwell trans-
form.

1. INTRODUCTION

The Stockwell transform (ST), introduced by Stockwell in [17], is a combina-
tion of the best features of the short-time Fourier transform and the wavelet trans-
form. It can also be considered as a phase correction of the wavelet transform
[16]. The authors of [3] generalized the ST and established continuous and dis-
crete reconsutruction formulas for a signal from its ST. The multi-dimensional ST
was introduced by Riba et al. in [13], which also includes the multi-dimensional
Gabor transforms as a special case, while the authors of [14] developed the dis-
tributional framework for the ST.

The ridgelet transform, introduced by Candés, is a powerful tool for analyzing
higher-dimensional phenomena, particularly those involving singularities along
curves and hyperplanes. It is a composition of the Radon transform with the one-
dimensional wavelet transform [1, 2]. The idea of this transform is to use the
Radon transform to project the hyperplane singularity to a point singularity and
then apply the one-dimensional wavelet transform. The authors of [11] extended
ridgelet theory to the space of Lizorkin distributions. Following Candes’s idea, the
directional sensitive variants of the short-time Fourier transform were defined by
Grafakos et al. in [6], and later by Giv in [5].
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The directional sensitive variant of the ST, called the directional Stockwell trans-
form (DST), and its synthesis operator have been introduced and analysed in [4].
The authors proved the Parseval’s identity and the reconstruction formula, and
then extended the DST theory to the space of Lizorkin distributions. Since the
kernel of this transform may not be in the Lizorkin space of test function Sy(R"),
the direct approach does not work for the Lizorkin distributions. The largest
distribution space where the direct approach works is D’ ;(R™) (see (2.15) be-
low). The DST may also be considered as a composition of the Radon transform
with the one-dimensional ST [4]. It should be noted that Lone et al. in [12] pro-
vide a slightly different definition of the directional sensitive variant of the multi-
dimensional Stockwell transform in L?(R"™).

In the present paper, we aim to provide an intrinsic connection between the
Radon transform, the ST, and the DST, as well as desingularization formulas for
the ST and the DST.

The paper is organized as follows. In Section 2 we introduce important nota-
tions, describe the spaces of test functions and distributions in which we work,
and provide definitions and known results for the Radon transform, the ST, and
the DST of Lizorkin distributions. In Section 3, in a very natural way, we intro-
duce the ST on §(S"~! x R), and following the duality approach, on &'(S"~! x R)
(Here S™~! stands for the unit sphere in R"). On the other hand, using the theory
of tensor products of topological vector spaces, we alternatively define the ST of a
distribution G € S)(S"~! x R) with respect to a window ¢ as a smooth function
from R x R* to D’ (S" 1) of slow growth in the variables (b, a) € R x R*, given by

SyG(u,b,a) = (G(u,p), Yp.a(p) )p, uwesS" L
Additionally, a desingularization formula for the ST and a characterization of the
bounded subsets in S} (S"~! x R) by the ST are provided. In Section 4, a relation
between the Radon transform, the ST and the DST is presented and a desingular-
ization formula for the DST is obtained.

2. PRELIMINARIES

2.1. Notations and spaces. We use the standard notations of n -dimensional cal-
culus. The Fourier transform F f of a function f € L!(R") is defined as Ff(¢) =
fle) = Jpn f(x)e™™8dx, & € R and it is extended to L?(R") as usual [10]. The
notation (f, ¢) stands for the dual paring between the distribution f and the test
function ¢, whereas (f, ¢), . for the L? inner product of f and ¢. All dual spaces
in this article are equipped with the strong dual topology [18].
The space S(R™), known as the Schwartz space of rapidly decreasing smooth
functions, consists of all functions ¢ € C*°(R"™) such that
pu(p) = sup (14 [x])"]0p(x)[< oo, (21)
xER, |a|<v
for all v € Ny [10, 15]. It is topologized by means of seminorms (2.1). Its dual
S'(R™) is the space of tempered distributions. The Lizorkin space of test functions
So(R™) consists of all Schwartz test functions ¢ € S(R") such that [, x™p(x)dx =
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0, for all m € N. It is provided with the topology inherited from S(R"™). Its dual
space S} (R™), known as the space of Lizorkin distributions, is canonically isomor-
phic to the quotient of S’(R™) by the space of polynomials [9]. In our work, we
also use the space S1(R) = {p € S(R) : ®¢(z) € So(R)}. The Fourier transform
in an isomorphism of S(R™) onto itself [10]. The Fourier transform of a tempered
distribution f € §'(R"), denoted as F f, is defined by duality (Ff, p) = (f, Fo),
p e SR™).

The space Dr»(R™), 1 < p < oo, consists of all smooth functions ¢ such that
all derivatives belong to LP(R™). It is equipped with the following topology: the
sequence (), converges to 0 in Dr»(R"), if 9™p; — 0as j — oo in LP(R™), for
allm € N (see [15], page 199). The space D}, (R™) consists of all distributions f
which can be represented as f = ijzl 0% f;, f; € LP(R™), for some N € N and
a; € Ny ([15], Thm. XXV, page 201).

The space D(S"~ 1) consists of all smooth function on the unit sphere S*~! of
R™. If Ais alocally convex space of smooth functions on R, then we write A(S" ! x
R) for the space of functions o(u,p) being smooth in u € S"~! and having the
properties of A in the variable p € R.

Let Y"1 = S"~1 x R x RX, where R* =R\ {0} and n > 2. The space S(Y"*!)
consists of all smooth functions ® € C*°(Y"*!) such that

pUrt(@) = sup (14 b2)72(lal*+a] )00 AL (u, b, a)| < oo, (2.2)
(u,b,a) €Y7+

forall s,r,{,m, k € Ny, where A, stands for the Laplace-Beltrami operator on the
unit sphere S"~!. It is topologized by family of seminorms (2.2). Its dual space
is denoted by S’'(Y"*1). We take |a|"~?dbdadu as a standard measure on Y"1,
where du stands for the surface measure on the sphere S"~'. If F is a locally
integrable function of slow growth on Y"*!, i.e. if there exist C > 0 and s € Ny
such that

[F(u,b,a)|< C (|al*+|a]~*) (1 + B)°, (u,b,a) € Y+,

then F will be identified with an element of S’(Y"*!) via the action

(F, ®) ;:/ / /F(u7b,a)@(u,b,a)|a|”’2dbdadu, d € S(Y"Hh).
Sn=1 JRX JR

We recall the space S(R x R*) of highly localized test function over R x R*
consists of all smooth function ¥ on R x R* for which

sup  (1+[b1*)"/2(la|*+]a| ~*)|0,05" ¥ (b, a)| < o0,
(b,a) ERXRX

for all s,7,1,m € Ny [14]. It is topologized in the usual way. We take |a| ' dbda as
a standard measure on R x R*. Furthermore, any locally integrable function F
on R x R* that satisfies

[E(b,a)|< C (|a*+lal =) (1 + o))", (b,a) € R x R*
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for some C' > 0 and s € Ny, is identified with an element of S'(R x R*) via the
action

(F,0) = /R /RF(b,a)\Il(b, o)la| dbda, W€ SR xR¥).  (23)

The nuclearity of the Schwartz spaces (the Schwartz kernel theorem) yields
the following equalities, S(Y"*!) = S(R x R*)®D(S""!) and Sp(S"~! x R) =
So(R)®D(S"~1), where X®Y is the topological tensor product space obtained as
the completion of X ® Y in the n-topology or, equivalently in these cases, the
e-topology [8, 18]. It also leads to the following isomorphisms

S(Y"H) =2 SR x R*,D/(S" 1)) 2 D'(S" 1, S'(R x R¥)),
the very last two spaces are spaces of vector-valued distributions, see, for instance
[18]. These three spaces can be identified via the standard identification

(Flo@ W) = ((F,¥),0) = ((F,¢),¥), ¢eDE" "), TeSRxR). (24)
In a similar manner, we may obtain
SH(S™ ! x R) 2 SH(R,D'(S*71)) = D'(S" 1, SH(R)),
which is also being realized via the standard identification

<F750®\II> = <<F7\Ij>790> = <<F790>7\I’>7 QOGD(Snil)v \IIGSO(R) (25)

2.2. The Radon transform. The Radon transform plays a crucial role in our anal-
ysis. Therefore, in this subsection, we mention some of the basic results of it
[7,8,11].

For an integrable function f € L!(R"), the Radon transform is defined as

Rislp) = RfGwp) = [ fdx= [ s —x-wax

X-u=p

where u € S"!, p € R and ¢ is the Dirac-delta function [8]. Using the Fubini’s
theorem, one can show that Rf € L'(S"~! x R) for f € L!(R"). The dual Radon
transform R* of a function ¢ € L>(S"~! x R) is given by

R*o(x) = /Sn_l o(u,x - u)du, (2.6)

where x € R”, [8].

The Radon transform R : Sp(R") — Sp(S"~* x R) and its dual R* : Sp(S"~! x
R) — Sp(R™) are continuous linear maps ([11], Cor. 6.1). The Radon transform
is extended and studied in the space of Lizorkin distributions [11]. It is proven
that the Radon transform R : S;(R") — S{(S"~! x R), defined as

(Rf,0)=(f.R"0), f€SHR"), 0€So(S"~" xR), (27)

is continuous on §j(R™) ([11], Cor. 6.3).
The Fourier slice theorem provides a relation between the Fourier transform
and the Radon transform, which states that for f € L!(R"), the following holds

Rfu(p) = f(pu),
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whereu € S""!and p € R, [8].

2.3. One-dimensional Stockwell transform (ST). The ST of f € L?(R) with re-
spect to a window ¢ € L'(R) N L?(R) is defined as

Sy (b,a) Jf/f a(p — b))e~"Pdp, (28)

forb € Rand a € R* [3,16, 17]. Since we work with the ST of distributions, for
f e S (R)and ¢ € S(R), one can replace (2.8) by

&Jmaﬁ:£EU@»w@m@—wk4W»beR@eR&

For more details about the distributional ST we refer to [14].

2.4. The directional Stockwell transform (DST). In this subsection, we give the
definition and several properties of the DST from [4].
Let ¢ € S(R) \ {0}. A function n € S(R) is called a reconstruction window for
¥ if
1 NN —n
o= [ ole=vate — e 29)

is nonzero and finite. One can show that every non-trivial window ¢ € S(R) has
a reconstruction window 1 which may be chosen from the space S (R).
Let 1 € S(R). The DST of f € L'(R") is defined as

DSy f(u,b,a) = (f(x), Yup,a(x )) 2 (27[3”/2 f(x)@(a(x -u— b))e_ia(x'u)dx,
(2.10)

and the directional Stockwell synthesis transform of ® € S(Y"!) with respect to
1) is defined as

DS;®( / / / w,b, @)ty p.a(x)|a]" " 2dbdadu, x € R",
S‘n 1 RX
where
Yuba(X) = ﬂi{)(a(x -u— b))ei“(x‘“), (u,b,a) € Y™t x e R™.
(27’()"/2

An immediate result is the following relation between the Radon, directional
Stockwell and one-dimensional Stockwell transforms,

DSu00) = o SuRR) ), (wha) €Y@
v 2

(see relation (3.2) in [4]). It is proven in ([4], Thm 4.1 and Thm. 4.2) that the
DST DSy : So(R™) — S(Y™*!) and the directional Stockwell synthesis operator
DS S(YH!) — Sp(R™) are continuous linear maps, provided ¢ € S1(R). These
results allow defining the DST of a distribution f € S{(R™) with respect to ¢ €
S1(R) as the element DS, f € S'(Y" 1) whose action on test functions is given by
duality,

(DSy f,®) := (f, DS} (®)), ®€S(Y"), (2.12)
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([4], Def. 5.1). Moreover, the directional Stockwell synthesis transform of F' €
S’(Y™+1) with respect to ¢ € S;(R) is defined by

<DS:LF3 ()0> = <F7DS¢(¢) >7 S SO(Rn)» (213)

([4], Def. 5.2). The mappings DSy, : Sj(R") — S'(Y"*!') and DS}, : S'(Y*H) —
S (R™) are continuous linear operators for every ¢ € S;(R) ([4], Prop. 5.3).
One can show that if n € S;(R) is a reconstruction window for a non-trivial
window ¢ € S1(R), then
1
Cy.n

([4], Prop. 5.4). It is also proven ([4], Prop. 6.1) that the DST of f € D’ .,(R")
with respect to ¢ € §1(R) is given by the function (2.10), i.e.

DS} 0 DSy = Ids;@n), (2.14)

(DS, f, <1>>:/ / /Dswf(u,b,ayb(u,b,a)|a|”*2dbdadu, d € S(Y™H).
S§n—1 JRX R
(2.15)

3. THE STOCKWELL TRANSFORM ON S(S"71 x R) anp S (S" ! x R)
To achieve the main research objectives of the paper, we first introduce and
analyze the ST on S(S"~! x R) and S}(S"~! x R).

3.1. The Stockwell transform on S(S"~! x R). In this section, we use the follow-
ing definition of reconstruction window.

Definition 3.1. Let ¢ € S(R) \ {0}. A function n € S(R) is called a reconstruction
window for 1 if
1 T i~ —
Doy =5 | D€~ 1) - DI¢[de
T JR
is nonzero and finite.

One can show that every non-trivial window ¢ € S(R) has a reconstruction
window 1 which may be chosen from the space S; (R).

Let ¢ € S(R). The ST of a function p € S(S"~! x R) with respect to ¢ is defined
as

&Mmmm:Awaa@@:@mmw@@m (3.1)
where
Upa(p) = \}% (a(p — b))ei‘”’, (u,b,a) € Y’”l, p€R.

One can show, similarly as for the ST on Sy (R) ([14], Prop. 3.2), that for a non-
trivial window ¢ € S(R) with reconstruction window n € S(R), the following
Parseval’s formula holds,

/Q(u,p)ﬁ(u,p)dp: ! / /Swg({u,b,a)Snﬁ(u7b,a)|a\_1dbda,
R Dy Jrx Jr
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for 0,9 € S(S"! x R). Furthermore, if p € S(S"~! x R), then the following
reconstruction formula holds pointwisely,

1
/ / Syo(, b, a)ip.a(p)|aldbda, (u,p) €S xR, (32)
Dw’n rRx JR

where 7 € S(R) is a reconstruction window for ¢y € S(R) \ {0}.

The reconstruction formula (3.2) suggests us to define the Stockwell synthesis
operator that maps the function on Y"*! to a function on S"~! x R. Given ¢ €
S(R), we define the Stockwell synthesis operator as

S5(u,p) = / / B(u,b, a) .0 (p)lal"'dbda, (u,p) €S xR,  (3.3)
RX JR

where ® € S(Y"T1).

It can be proved, similar to ([4], Prop. 3.6), that the Stockwell synthesis opera-
tor (3.3) is in fact the transpose of the ST (3.1) in the following sense: Let ¢ € S(R).
If o € S(S"! x R) and ® € S(Y"H1!), then

/Rg(u,p)S:Z(E)(u,p)dp:/Rx/RSwg(u,b,a)q)(u,b,a)\arldbda.

Under the standard identification (2.3), we can write the last relation as

o(u,p) =

(o(u,p), 5{2(@(“»?)% = (Syo(u,b,a), ®(u,b,a))s,q,
which will serve as our model for defining the distributional ST on S(S"~! x R)
asin [4].

One can readily note, similar as in ([4], Thm. 4.1 and Thm. 4.2), that the bi-
linear maps S : Sp(S"™! x R) x & (R) — S(Y"*1) defined as (p,v) — Sy and
S* 1 S(Y"H) x S1(R) — So(S"~" x R) defined as (®,¢) — S, are continuous.

Similarly to the case of the DST ([4], Prop. 4.3), if n € $1(R) is a reconstruction
window for ¢ € S1(R) \ {0}, then it holds

%Sz o Sw = [dSO(Sn—l xR)- (34)
3.2. The Stockwell transform on S/ (S"~! x R). The above-mentioned continuity
results for the ST and the Stockwell synthesis operator allow us to define the ST
of G € §)(S"! x R) with respect to 1y € S;(R) as the element S;,G € S'(Y" 1)
whose action on test functions is given by

(SyG, @) == (G, S;,()), ® €SV, (3.5)

as well as the appropriate Stockwell synthesis operator Sy, : S'(Y"!) — S;(S" " x
R) by

(SyF,0) = (F,5y(@), FeS (Y1), 0€ (S xR).  (36)

By taking the transposes in Sy, : So(S" ' x R) — S(Y"*!) and S}, : S(Y"*!) —

So(S"! x R), for ¢ € S1(R), and using the Corollary of Prop. 19.5 of [18], we
obtain the following result:
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Proposition 3.1. Let 1) € S1(R). The mappings Sy : Sy(S"™! x R) — S'(Y"*1) and
Sy S(YH) = Sp(S™ 1 x R) are continuous linear maps.
One can show a generalization of the reconstruction formula (3.4) for the space
of Lizorkin distributions, namely,
1
Dy
where 1 € §1(R) is a reconstruction window for ¢ € S;(R) \ {0}.
Since S)(S"! x R) = S} (R, D'(S" 1)) and S'(Y"H1) = S/(R x R*, D'(S"71)),
for ¢ € S1(R), we may alternatively define the ST
Sy : SHS"T X R) 2 SHR, D/(S"71)) = S/(Y"+1) = §'(R x RX, D'(S"1),
as a smooth function from R x R* — D’/(S"~1) of slow growth in the variables
(b,a) € R x R*, given by
SyG(u,b,a) == (G(,p), Yy.a(p))p, GESHS" ™ xR). (3.8)

Proposition 3.2. Let G € S)(S"~'xR)and ¢ € S1(R). Then, the function S,,G(u, b, a)
defined by

Sy 08y = Idsysn-1xw), (3.7)

S¢G(u7 ba a/) = <G(u7p)a 1/1b,a(p) >P7
is a smooth function from R x R* — D'(S"~1) of slow growth in the variables (b, a) €
R x R*. Furthermore, for ® € S(Y"*1), we obtain

(SyG, ®) :/RX /R(SwG(u,b,a),fﬁ(u, b,a))ula| " dbda. (3.9)

Proof. Since G € S{(S"~! x R), for every ¢ € D(S"!) one can easily show that
(SpG(u,b,a), p(u))u = (G(u,p), p(0)th,0(p))u,p is @ smooth function in the vari-
able (b,a) € R x R* and of slow growth, i.e.
(S G(u,b,a), p(u))u| < C (lal*+|a]~*) (1 +[B])°,

for some C'= C, > 0and s = s, € Ny.

Now we aim to prove relation (3.9). Since S(Y"!) = S(R x R*)@D(S" 1), it
is enough to prove relation (3.9) for ®(u,b,a) = p(u)¥ (b, a), where p € D(S"!)
and ¥ € S(RxR*). Since G € S)(S" 1 xR) = D'(S"~1, S} (R)), then (G(u, p), p(u))u €
SH(R). So,

(G(w,p), o (W)a = O°h(p) +r(p), (3.10)

where r = r,, is a polynomial on R and h = h,, is a continuous function of at most
polynomial growth on R ([15], Thm. VI, page 239). Then, under the standard
identification (2.5), relation (3.10), and the Fubini’s theorem, we have

(SyG, @) = (G(u,p), Sj (D) (0, p))up

~ (G(u,p), / / W (b, @) o (p)|a|~dbda),
= (Gl pphu [ [ W00 el ),
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=@ 1)+ 1), [ [ ¥l ),
P [ [ w0005 Gl ol dbaa),
D [ [ 0007l dvia),
—1)“/h(p)dp/ /\If(b,a)ag(M) la|~'dbda
/ p)dp/ / (b, @)y (p)|a| " dbda

/ P); Ub.a(p)), ¥ (b, a)la| " dbda
Rx

)
RX

/RX +7(p), Yo.a(p) )), (b, a)|a| " dbda

fen
oo
fen
/RX /R ), 9(W)as Yo,a(p) ), ¥ (b, a)la| " dbda
|1
f s

) Ub.a(p) ), (b, a)|a|~ dbda

(4, 2), Ub.a(P))p, p(0) ), ¥ (b, a)|a| " dbda

-
-/,
// SyG(u,b,a), &(u,b, a))y|a| " dbda,

Eel
X

G(u,b,a), (1)) (b,a)|a] " dbda

O

3.3. Stockwell desingularization in S;(S"~! xR). The next proposition provides
a desingularization formula for the ST. It generalizes the extended Parseval’s re-

lation (7) obtained in [14].

Proposition 3.3. (Stockwell desingularization) Let G € S{(S"™! x R) and ¢ €

S1(R) be a non-trivial window. If n € S1(R) is a reconstruction window for 1, then

/ /(S,/,G(u, b, a),Snﬁ(u,b,a)>u|a|*1dbda, 0€ Sy(S"! x R).
RX
(3.11)

<G’ Q> =
Dwm

Proof. By (3.7), (3.6) and Prop. 3.2, we have

L (85(50G),0) = —

(SyG,S,0)
Dl/w P,n !

(G,0) =

S //<SwG(U7b7a),m>u|a\_ldbda.
Dwm RX JR



DESINGULARIZATION FORMULAS FOR THE ST AND DST 35

3.4. Stockwell characterization of bounded subsets of S)(S"~! x R). The next
proposition gives a characterization of the bounded subsets of S} (S"~! x R) via
the ST.

Proposition 3.4. Let ¢ € S1(R)\{0}. A subset B C S, (S"~! x R) is weakly (strongly)
bounded in S)(S™~! x R) if and only if there exists m = mp € Noand | = Iz € Ng such
that for every ¢ € D(S" ') one can find C = C, g > 0 with

(SyG(u,b,a), p(u)), (lal+lal™)"(1 + [o)™, (3.12)

forall G € Band (b,a) € R x R*.

Proof. For seminorms in Sp(S"~! x R), we make the choice

q
prare)= s (4 )| Ak )|, Nog.ke N,
(u,p)eSn—1 xR 14

(see Rel. 7in [7]). Note that weak boundedness is equivalent to strong bounded-
ness, due to the Banach-Steinhaus theorem [18].

Suppose that B is weakly bounded subset of S;(S" ! x R) then, by the Banach-
Steinhaus theorem, it is equicontinuous ([18], Thm. 33.2), i.e., there exist C' > 0
and N;, ¢;, ki € Ny (1 = 1,2, ..., 7, for some r € N), that depend on B, such that,

(G, )< C> " pngim (), (3.13)

i—1

forall G € Band o € Sp(S" ! x R).
Using relations (3.8) and (3.13), for ¢ € D(S"~!), we obtain

(SyG(u,b,a) Wh,a(P) )u

<C’me a0k (W4 ().

Now the proof comes true by Lemma 6.1 of [14].
The converse, using relations (3.9) and (3.12), for ¢ € D(S""!) and ¥ € S(R x
R*), we get

‘<S¢G,<px11>’ - ’/RX/R<S¢G(u,b7a),w(u))u\Il(b,a)|a|_1dbda

<C [ [al+lal '@ + )" ¥(b.0) o] dbda,
R* JR

for all G € B. Now since Ly(S(R x R*), D'(S" 1)) =: S'(R x RX,D/(S"~ 1)) =
S'(Y™+1), where Ly(X;Y) stands for the space L(X;Y) of all continuous linear
maps of X into Y equipped with the topology of bounded convergence ([18], page
337), by double application of the Banach-Steinhaus theorem, we may conclude
that {SyG : G € B} isaweakly bounded in §’'(Y"*!) and by the inversion formula
(3.7), it follows that B is weakly bounded in S} (S"~* x R). O
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4. DESINGULARIZATION FORMULA FOR THE DST

Let f € So(R™) and ¢ € S1(R). By relations (2.11), (2.8) and (3.1), we obtain

DS, f(u,b,a) = (%)1 Su(Bfa) (b, a)
- %1”21 oL [ RAGEa - D)
- %) e [ Rt et - ey
= (27r)1"21 Sy (Rf)(u,b,a). (4.1)

Now, using (2.15), (4.1) and the Fubini’s theorem, for ® € S(Y"*!) we have
(DSy f, @) ! / /|a|” zdbda/ Sy(Rf)(u,b,a)®(u,b,a)du
271') 7 RX

= 1 / / (Sy(Rf)(u,b,a),®(u,b,a))y|a|" *dbda.
]RX

The last relatlon motwates us to the next proposition, which states a relation
between the Radon transform, the ST and the DST.

Proposition 4.1. Let f € S)(R™) and ¢ € S1(R). Then

(DSy f,®)

sw Rf)(u,b,a), ®(u,b,a))u|a|"2dbda,  (4.2)

RX

® e S(Y"HL. Furthermore, DSy f € C®(R x R*,D'(S"™1)) and it is of slow growth
on R x R*.

Proof. By relations (3.9), (3.5), (2.7), (2.6), and (3.3) we have

W RX /]R<S¢ (R'f) (u’ b’ a)’ (I)(u7 b7 a)>u|a|"72dbda

= = (), R (s;ua\"*l@(u,b, a))) (x)

= e (0 [ SR a) ()

- / du/ /|a|" 1 (u, b, a) (0 - X) |a] L dbda)
27'r) 3 gn—1 RX

%), / du / / |2 (w, b, a) P g.a(X)dbda)
gn—1 rx JR
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So relation (4.2) is true.
Letp € D(S"!)and ¥ € S(RxR*)be fixed. Under the standard identification
(2.4) and relation (4.2), we obtain

<<D5wf u, b, a), p(a))u, ¥(b,a))p.a = (DSy f, p¥)

5 / Su(RF)(Wb,a), p(w)a U (b, a)|a|"~2dbda. T
On the other hand, from (3.8), we obtain
(Sy(Rf)(w,b,0), p(u))u = ((Bf(W,p), 5. (P))p, p(W)u (4.4)

= <Rf(uap)7 c)O(H)wb,a(p)>u,p
Now, since Rf € S,(S"~! x R),% € S1(R) and ¢ € D(S"~1), the relation (4.4)
implies that

(b,a) = (Sy(Rf)(u,b,a), o(u))u
is a smooth function on R x R* of slow growth in the variables (b,a) € R x R*,
ie.,
(S (Rf)(u,b,a), p(u))u| < Cy (la]”+]al™") (1+[B])",

for some v = v, € Ng and C, > 0.
Now, by identification (2.3), we obtain

((Sp(Rf)(u,b,a), o(0))u, U(b,a))b.a
/RX/ Sy(Rf)(u,b,a), (1)) u¥(b,a)|a|~*dbda.

Finally, relations (4.3) and (4.5) yield
(DS, 0) (W) = (ol (Su(RA)(..). )

Then, DSy f € C®(R x R*,D'(S"™')) and it is of slow growth on R x R*. O

We end this article with a desingularization formula for the DST.

Proposition 4.2. (Directional Stockwell desingularization) Let f € S{(R") and
1 € 81(R) be a non-trivial window. If n € S1(R) is a reconstruction window for v, then

(f.0) = CM P // Sy(RI)(w,b,a), DS, (@)(u, b, a))ula|"~2dbda,
(4.6)

(TS 80(]&”)

Proof. By (2.14), definition (2.13) for the directional Stockwell synthesis operator
and Prop. 4.1, we have

1 \ —_—
(f,¢) = @@SADSM)AD) = %wswf, DS, ()
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n—2
Cwn27r /Rx/sl"Rf (,b,a), DS, (@) (u,b,a) yula["*dbda.
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