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ON SEQUENCE CONVERGENCE IN (3, j)-METRIC SPACES, j < {1,2}

DONCO DIMOVSKI !, PAVEL DIMOVSKI 2, AND TOMI DIMOVSKI 3

Abstract. In this article, we show that a convergent sequence in (3, 2)-metric
spaces has a unique limit. We give several examples in (3, 1, p)-metric spaces and
(3, 1)-metric spaces in which a convergent sequence has more than one limit. We
obtain sufficient conditions for a sequence in (3, 1)-metric space to have a unique
limit.

1. INTRODUCTION

Many different approaches in generalizing the metric structure and the notions
of metric and metric space have appeared in the last few decades. Amongst the
generalized metric spaces considered by several authors we mention: Menger
[16], Aleksandrov, Nemytskii [1], Mamuzi¢ [15], Gahler [13], Nedev, Choban
[20, 22, 21], Kopperman [14], Dhage, Mustafa, Sims [5, 18].

The notion of an (n, m, p)-metric, n > m, as a generalization of the usual notion
of a pseudometric (the case n = 2,m = 1), and the notion of an (n + 1)-metric (as
in [16] and [13]), was introduced in [6]. Connections between some of the topolo-
gies induced by a (3, 1, p)-metric and topologies induced by a pseudo-o-metric, o-
metric, and symmetric (as in [22]), is given in [7]. Vast types of characterizations
of (3, j, p)-metrizable topological spaces, j € {1,2}, are given in [3, 4, 9, 10]. The
existence and the uniqueness of a fixed point for self-mappings satisfying contrac-
tive conditions in (3, 2)-W-symmetrizable spaces are proven in [12].

In [3] we define four types of convergence in (3, j, p)-N-metrizable spaces, j €
{1, 2}, and give examples that show that in general these four types of convergence
are not equivalent in (3, 1, p)-N-metrizable spaces. On the other hand, in (3, 2)-N-
metrizable spaces these four types of convergence are equivalent.

In this article, we consider only (3, j, p)-metric spaces and (3, j)-metric spaces,
J € {1,2}, in terms of convergence of sequences and examine some properties
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about them. We give several examples in (3, 1, p)-metric spaces and (3, 1)-metric
spaces which show that a convergent sequence in these spaces may have more
than one limit. We show that a convergent sequence in (3, 2)-metric spaces has a
unique limit. We give sufficient conditions so the sequence in (3, 1)-metric space
has a unique limit.

2. PRELIMINARIES

We begin this article by establishing notation, basic definitions, and related lit-
erature on the subject.
We start with the definitions for (3, j, p)-metric spaces, (3, j)-metric spaces, j €
{1,2},asin [3].
Let M # @ and M®) = M?3/a, where « is the equivalence relation on M?
defined by:
(z,y, 2)a(u, v,w) & 7(u,v,w) = (x,y, 2),

and 7 stands for permutation. For simplicity, we use the same notation (z,y, z)
for the equivalent class of (z, y, z).
We denote the set of non-negative real numbers with R
For amap d : M®) — R, we consider the following conditions:
(M0) d(z,z,x) =0, forallx € M;
(M1) d(x,y,2) < d(x,y,a) + d(z,a,2) + d(a,y, z), forall z,y,z,a € M;
(MQ) (l’ Y,z ) < (l‘, a, b) + d(y7 a, b) + d(Z, a, b)/ for all LY, %, 0, be M/
(Ms) d(z,z,y) =d(z,y,y), forall z,y € M.
For a subset p of M (%), we consider the following conditions:
(E0) (z,z,x) € p,forallx € M;
(E1) (,y,0),(2,a,2),(a,y,2) € p = (,y,2) € p, forany z,y,2,a € M;
(E2) (z,a,b),(y,a,b),(z,a,b) € p = (x,y,2) € p,forany z,y,z,a,b € M.

Definition 2.1. Let p be a subset of M)
(i) If p satisfies (EO) and (Ej), j € {1, 2}, we say that p is a (3, j)-equivalence.
(it) If p satisfies (E0),(E1) and (E2), we say thatp is a 3-equivalence.
Example 2.1. It is not difficult to show the following.
(i) The set A = {(x,z,x)|x € M}, is a 3-equivalence on M;
(ii) The set p = pg = {(2,y,2)|(x,y,2) € M®) d(z,y,z) = 0} such that d
satisfies (M0) and (M3y), j € {1,2}, is a (3, j)-equivalence on M.

Definition 2.2. Let d: M®) — R and p = pg = {(v,y,2) € M®|d(z,y,2) = 0}.
(i) If d satisfies (MO) and (M3), j € {1,2}, we say that d is a (3, j, p)-metric on
M, and the pair (M, d) is a (3, j, p)-metric space.
(#9) If d satisfies (MO),(Mj) and (Ms), j € {1,2}, we say that d is a (3, j, p)-
symmetric on M, and the pair (M, d) is a (3, j, p)-symmetric space.
(#44) If d satisfies (MO0),(M1) and (M2), we say that d is a (3, p)-metric on M, and
the pair (M, d) is a (3, p)-metric space.
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(iv) If d satisfies (MO0),(M1),(M2) and (Ms), we say that d is a (3, p)-symmetric
on M, and the pair (M, d) is a (3, p)-symmetric space.
Ifp=A={(z,z,x)|x € M}, wewrite (3, j) instead of (3,7, A).

Example 2.2. Let M be a nonempty set. The map d : M) — R defined by:

] 0 ,z=y=2z
d(%yaz)—{ 1 , otherwise

is a 3-metric on M (the discrete 3-metric).

Proposition 2.1. If dis a (3,2, p)-metric on M, then:
(¢) d(z,z,y) < 2d(x,a,b) + d(y,a,b);
(ii) d(z, z,y) < 2d(z,y,y);
(131) d(z,z,y) < 2d(z,z,2) +d(y, z, 2),
forany z,y,z,a,b e M.

In the rest of the section, we state notations and results from [11].

Definition 2.3. We say that a sequence (xz,,) ina (3, j, p)-metric space (M, d), j € {1,2}:
(i) 1-convergestox € M if d(z,x,x,) — 0asn — oo;
(13) 2-converges to x € M if d(x,xy, ) — 0as n — oo;
(133) 3-converges to x € M if d(x, Ty, ) — 04s n,m — oo.
We say that the point x is a limit of the sequence (x,,) (with respect to the correspondent
convergence).

Theorem 1. For any sequence (x,,) in a (3,2, p)-metric space (M, d), the following con-
ditions are equivalent:
(7) (xn) 1-converges to x € M;
(#4) (xy) 2-converges to x € M;
(94) () 3-converges to x € M.

Definition 2.4. We say that a sequence (z,,) in a (3, 2, p)-metric space (M, d) is (3, 2)-
convergent if it satisfies any of the conditions in the previous theorem.

3. MAIN RESULTS

The main motivation for this article is the convergence-type results, the behav-
ior of sequences, and the relations of different types of convergence, such as The-
orem 1, but in the setting of (3, 1)-metric spaces. We prove that the limit point
of a convergent (in the sense of Theorem 1) sequence is unique in (3, 2)-metric
spaces and the same statement fails in (3, 1)-metric spaces. Moreover, sequences
can have infinitely many limits according to the three types of convergence exam-
ined in [11].

First, we give an example of a space containing a sequence that 1-converges and
2-converges to any point of that space.

Example 3.1. Let M = {0} U{1/n|n € N}and d: M® — R} be a map defined
by:
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a) d(xz,z,z) =0, forall x € M;
b) d(z,z,y) = min{z,y}, forallz,y € M,z # y;
¢) d(x,y,z) =1, otherwise.

Then dis a (3, 1, p)-symmetric, but not a (3, 2, p)-symmetric.

Proof. We prove the statement in a few steps. First observe that d(z,y, z) < 1, for
allz,y,z € M.

1% Let p = {(z,9, 2) € M®|d(z,y, z) = 0}.

20, The case d(z,y, z) # 0.
2'. The subcase d(z,y, z) < 1. Without loss of generality, we may take z = z # y.
If a = z, then

d(x,y,z) = d(a,y,z) < d(z,y,a) + d(z,a,z) + d(a,y, 2)

if a = y, then
d(x7 y’ Z) = d(x7 a’ Z) S d($7 y7 a) + d(x7 a’ Z) + d(a" y7 Z)'

If a ¢ {x,y}, then
d(z,y,2) < 1=d(z,y,a) < d(z,y,a) +d(z,a,z) + d(a,y, z)

2". The subcase d(z, y, z) = 1. By the definition of d, z # = # y # z.
Ifa ¢ {z,y, 2}, then

d(xaywz) =1<3= d(xay7a) + d(xaavz) + d(avyaz)'

If a € {z,y, z}. Without loss of generality, choose a = z. Then
d(z,y,2) = d(a,y, z) < d(z,y,a) + d(z,a,2) + d(a,y, 2).

3. It is obvious that for all z,y € M,

d(z, 2, y) = min{z, y} = d(z,y,y)
From 19, 2% and 3° it follows that d satisfy the conditions (M0), (M1) and (Ms),
ie. disa (3,1, p)-symmetric.
Next, we will prove that d is not a (3, 2, p)-metric.
Letz#z #y#zand 1/3 =z <y < z < 1. Then by choosing « = b = 1/3 one
obtains

d(z,y,2)=1>0+1/3+1/3
= 0+ min{z, y} + min{z, z}
=d(z,a,b) + d(y,a,b) + d(z,a,b).
Thus, d does not satisfy the condition (M2), i.e. d is not a (3, 2, p)-metric.

In the following, we prove that there is a sequence in M, 1-converging to an
arbitrary point « € M.
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Letx, =1/n€ M, forn € N.
1) Letx = 1/m, m € N, be a fixed point of M.
For a sulfficiently large n € N we have

d(xp,z,x) =d(1/n,1/m,1/m) = min{l/n,1/m} =1/n.

Thus, d(x,,z,z) — 0,as n — oo.
2) Let z = 0. Then

d(zy,z,z) =d(1/n,0,0) = min{l/n,0} = 0.

Thus, d(x,,z,z) — 0,as n — oo.

Together 1) and 2) imply that (z,,) 1-converges to an arbitrary € M. Since d is a
(3,1, p)-symmetric, we obtain that (z,,) 1-converges and 2-converges to any point
of that space. O

Next, we give an example of a space containing a sequence which 2-converges
and 3-converges to any point in that space.

Example 3.2. Let M = {1/2"|n € N} and d : M® — R be a map defined by:

d(z,y,2) = 0 T =yY=2z
Y2 = min{max{x, y}, max{y, z}, max{z,2}} ,otherwise

Then d is a (3, 1)-metric, but not a (3, 2)-metric.

Proof. 1°. 1t is obvious that p = A.
20. Letz,y,z € M and not all of them are equal. Without loss of generality, assume
thatz > y > 2. Then

d(z,y,z) = min{max{x, y}, max{y, z}, max{z, z}} = min{z, y, 2} = y.

Let a € M. We examine the cases:
2. If a > y, then

d(z,y,2) =y =d(a,y,2) < d(x,y,a) + d(z,a,z) +d(a,y, 2).

2" If a < y, then
d(x,y,2z) =y =d(z,y,a) < d(v,y,a) +d(z,a,2) +d(a,y, 2).

From 1° and 2° it follows that d is a (3, 1)-metric.
We will prove that d is not a (3, 2)-metric.
Fore =y=1/2,z=1/4,a =b=1/8, we obtain

d(z,y,z) =1/2 > 3/8 =d(x,a,b) + d(y,a,b) + d(z,a,b).

Thus, d does not satisfy the condition (M2), i.e. d is not a (3, 2)-metric.
Our next concern is the convergence. Let 2 € M. Then

d(xz,1/2™,1/2") =min{max{z, 1/2"}, max{1/2",1/2"}, max{1/2", x}}
min{max{z,1/2"},1/2"} <1/2" — 0,
as n — oo, and
d(xz,1/2",1/2™) =min{max{xz, 1/2"}, max{1/2", 1/2™} max{1/2™ x}}
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< max{1/2",1/2™} — 0,

as n, m — 0.
Since d is a (3, 1)-metric and « is an arbitrary point of M, we obtained that the
sequence (z,,) 2-converges and 3-converges to any point of that space. O

Example 3.3. Let M be a nonempty set, D : M? — R/ be an ordinary metric on
M and k > 0. Then the map d : M®) — R defined by:

d(z,y,2) = k:(D(x, y) + D(y, z) + D(=x, z)),

isa 3-symmetricand (M, d) is a 3-symmetric space in which every (3, 2)-convergent
sequence has a unique limit (for all three types of convergence given in Theorem

1).

Proof. In [3] itis proven that d is a 3-symmetric. Let (z,,) be a sequence in M and
x,y € M are such that d(x,,z,z) — 0 and d(z,,y,y) — 0, as n — oco. Then
D(zy,,z) — 0 and D(z,,y) — 0, as n — oo. Since D is an ordinary metric, it
follows that x = y. O

Theorem 2. Led d : M® — R{ be a (3,2)-metric. Then every (3,2)-convergent
sequence has a unique limit (for all three types of convergence given in Theorem 1).

Proof. Let (z,) be a (3,2)-convergent sequence in M. Let us suppose that there
are z,y € M such that (z,) converges to both z and y, i.e. d(z,z,,z,) — 0 and
d(y, xn,x,) — 0,as n — co. Then

d(z,z,y) < 2d(x,zn, ) + d(y, Tn, x,) — 0,

as n — oo. From d(x, z,y) = 0 and the fact that d is a (3, 2)-metric, it follows that
T =1. O

Definition 3.1. Let d : M®) — R{ bea (3,1, p)-metric on M and the sequence (z,,)
i-converges to x € M,i € {1,2,3}. Then we say that d is i-sequentially continuous in
one variable if for any a,b € M the sequence ((d(zn,a, b)) converges to d(z, a,b).

Theorem 3. Let (M, d) be a (3, 1)-metric space and let d be i-sequentially continuous
in one variable, i € {1,2,3}. Then every i-convergent sequence has a unique limit in M
(with respect to the corresponding convergence).

Proof. Let (z,,) be an i-convergent sequence in M, i € {1,2,3}. Let us suppose
that there are z,y € M such that (z,) i-converges to both = and y. Since d is
i-sequentially continuous in one variable, the sequence ((d(z,,,x)) converges
to d(z,z,z) = 0 and to d(y,x, ), as well. From the fact that every convergent
sequence of reals has a unique limit, it follows that 0 = d(z, z, x) = d(y, z, x). So,
T =y. U

Corollary 3.1. From the previous examples we can conclude that a (3, 1)-metric needs
not to be i-sequentially continuous in a single variable.
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The last corollary and Examples 3.1 and 3.2 naturally evoke the question of
imposing certain conditions on the mapping d to get the uniqueness of the limit
of converging sequences. We devote the rest of the article to that question.

Theorem 4. Let d: M®) — R bea (3,1, p)-metric on M satisfying the condition:
d(u7 U? U) S d(“? w’ w) + d(w7 v? v)’

forall w,v,w € M and let (x,,) be a sequence which 3-converges to x € M.
The sequence (x,,) 1-converges to x € M iff the sequence of real numbers (d(x, a,a))
converges to d(x,a, a), forall a € M.

Proof. Let (x,,) be a sequence such that d(z,,a,a) — d(z,a,a), as n — oo, for all
a € M. If we take a = x, we obtain that d(x,,, z,x) — d(z,z,z) = 0,as n — oo, i.e.
() 1-converges to x.

Let (z,,) be a sequence which 1-converges to z € M. It is obvious that if a
sequence (z,) 3-converges to x, then also 2-converges to z. Then

d(xn7 a’ a) S d(In’ '1:, "L‘) + d(x7 a’ a)7
i.e.
d(xnv a, a) - d(l’, a, a) < d(x7 €z, ':CTL)
Similarly one obtains
—d(z,Zp, Ty) < d(xp,a,a) —d(z,a,a).
Thus,
—d(z,Zpn, xp) < d(xp,a,a) — d(z,a,a) < d(z,z,x,).

By letting n — oo in the last inequality one infers that (d(z,,a,a)) converges to
d(z,a,a), foralla € M. O

Corollary 4.1. Let d : M® — R} be a (3,1)-metric on M such that:
d(u,v,v) < d(u,w,w) + d(w, v, v),

forall w,v,w € M and let (x,,) be a sequence which 3-converges to = € M.
The sequence () has a unique limit x € M (i.e. (x,,) i-converges to z, forall 1 <4 < 3)
iff the sequence of reals (d(x,, a, a)) converges to d(x,a,a), forall a € M.

Proof. Suppose y € M \ {z} be such that the sequence (x,) 3-converges and 1-
converges to y. Theorem 4 impliy that d(z,,y,y) — d(y,y,y) and d(z,,y,y) —
d(z,y,y) asn — oo. So, 0 = d(y,y,y) = d(z,y,y), implying z = y. Thisis a
contradiction. Thus, the limit point is unique. The other direction follows directly
from Theorem 4. g
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