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CHAIN CONNECTEDNESS - HOMOTOPY AND SHAPE INVARIANT

NIKITA SHEKUTKOVSKI !, ZORAN MISAJLESKI 2, AND EMIN DURMISHI 3

Abstract. The characterization of connectedness by coverings i.e. chain connect-
edness led to some new concepts. For example chain components coincide with
quasicomponents. We present some important results on chain connectedness
and on chain components.

1. INTRODUCTION

In the second half of the 19th century Cantor defined connectedness in the
Euclidean spaces. In the beginning of 20th century F. Riesz gave the today well-
known definition of connectedness: X is connected if it cannot be represented as
a union of two nonempty disjoint open sets. F. Hausdorff, after he introduced the
definition of topological spaces, gave the same definition for topological spaces.
The disadvantage of this definition is that it is given by a negative sentence. In
[4] is given a definition for connectedness of topological spaces using chains and
coverings.

Throughout, we will take X to be a topological space and ¢/ an open cover of
X.

Let F be a family of subsets in X and let x, y € X. A finite sequence Fy, b,...,F,
in F is a chain in F from x to y (or a chain joining x and y) if F; N F,; # O,
i=1,2,..,n —1. We say that x and y are chainable in F if there exists a chain in
Fsuchthatx € Fj,y € F,.

For two points x,y € X we say that x and y are chainable in X (or chain con-
nected in X) if for any open cover U of X, x and y are chainable in I/. We say that
x and y are chaninable for x and y are chainable in X, if the space X is known.

Now we are able to define connectedness of the space using coverings, as given
in [4].

Definition 1. The topological space X is chain connected if any two points in X are
chainable .
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The next theorem shows that the notions of connectedness and chain connect-
edness are equivalent.

Theorem 1. [4] The topological space X is connected if and only if it is chain connected.

2. PROPERTIES OF CHAIN CONNECTEDNESS

We repeat the standard definition of connectedness: Two sets A,B C X are
separated in X if ANB =@and ANB =@. AsetC C X is connected in X if it
cannot be expressed as a union of two nonempty separated subsets.

The definition of connectedness of C does not depend on the space where C
is embedded, i.e. if C C Y C X, then C is connected in Y if and only if C is
connected in X.

We present the definition of chain connectedness of a set in a topological space.

Definition 2. We say that the set C C X is chain connected in X if for every x,y € C,
x and y are chainable in X. The space X is chain connected if it is chain connected
in X.

Let x € C C X. Chain component of x of C in X is the largest chain connected
subset of C in X that contains x. The definition of chain conectedness of a set
in a topological space differes from the definition of conectedness of a set in a
topological space, [3, 8]. For example, the chain components of the set in the
space are union of quasicomponents of the set.

Theorem 2. [3, 8] Let X be a topological space and C C'Y C X. If C is chain connected
inY, then it is chain connected in X.

The converse does not hold in general.
Next, we list some theorems about chain connectedness. Most of them are
proved in [3] and [8]:

Theorem 3. [8] Let C be a chain connected set in X and C C D C C. Then D is chain
connected in X.

Theorem 4. Let C;, i € I be chain connected sets in X. If forall i,i’ € I, C; N EZ ZQ
orCIN C; #@, then \J C; is chain connected in X.

iel
Corollary 4.1. Let C;, i € I be chain connected sets in X. If foralli,i' € I, G;NC] # D,
then J C; is chain connected in X.

iel
Corollary 4.2. Let C;, i € I be chain connected sets in X such that x € ( C;, for a
iel
point x € X. Then |J C; is chain connected in X.
iel
Proof. From Corollary 4.1 we conclude that |J C; is chain connected in X. (|

iel
Theorem 5. [3], [8] Let C be a chain connected set in X and f : X — Y is a continuous
function. Then f(C) is a chain connected set in Y.
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Theorem 6. A product T[] X, of chain connected spaces X, a € A, is chain connected.
acA
Proof. Let X,;,a € A, be chain connected spaces and (xz|a € A) and (y,|a € A)

be points of the product J] X, and W be an arbitrary covering of the product.
acA
There is a member W of the covering containing the point ¥ and there is a base

neighborhood B of y, such that B C W. Since B is a base neighborhood, by

definition of the product topology, B = [] U, where U, is an open set in X, for a
acA
finite number of indices a € {ay, ..., a,} and U, = X, for all other indices.

Consider the point x! = (x}| a € A) where x} = x, for all a # a; and x,%l = Ya, -
Then points x = (x;|a € A) and x! belong to the subspace {x'} x X,,, where
x" = (x4] a € A\ {a1}), which is connected and so they are chainable in W. If
the point x? = (x,%|a € A) has a coordinate xgz = Y4, and all other coordinates are
the same with the point x!, then x! and x? belong to a subspace homeomorphic
to X;, and so they are chainable in WW. Proceeding in this way we obtain that
x"~! and x" are chainable in )V . Thus x and x" are chainable in . Since x" has
coordinates Xz, = Ya,, X3, = Yay, - Xg, = Ya, it follows that x" € BC W. Wisa
neighbourhood of ¥ and we obtained that two points x and y are chainable in an
arbitrary covering WW. O

3. CHAIN COMPONENTS

Note that x and y may be chainable although they are not in the same con-
nected components. The relation two points in X to be chainable, defines an
equivalence relation in X, as defined in [3]. We denote by x ~ vy, if x and y are
chainable. This relation splits the space into equivalence classes Ch(x), x € X.

Definition 3. Let x € X. We call the set Ch(x) the chain component of x in X.

In other words, the chain component of x is the largest chain connected set in
X that contains x. Hence, every chain connected subset is contained only in one
of the chain components.
From the properties of equivalence relations, we can conclude that for x,y € X
either Ch(x) = Ch(y) or Ch(x) N Ch(y) =@ and |J Ch(x) = X.
xeX

For a given x € X the intersection of all clopen (closed and open) sets which
contain x is a quasicomponent of x. We denote it by Q(x) There are not many
books dealing with quasicomponents ([1], [2]).

The next theorem is proved in [4]:

Theorem 7. The chain components in X coincide with quasicomponents in X.

From this fact we conclude that all properties of quasicomponents can be de-
scribed by chain connectedness. We list some of them.

Theorem 8. [3, 8] The chain components are closed sets.

Theorem 9. If X C Y and Vy is a chain component in Y, then there exists a chain
component Vx in X such that Vy C V.
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Proof. Since Vy is chain connected in Y, Vy is chain connected in X also, hence
there exists a chain component Vx in X such that Vy C Vx. O

Definition 4. We say that x and y are functionally separated if there exists a map
f + X — {0,1} such that f(x) = 0 and f(y) = 1, where {0,1} has a discrete

topology.

Theorem 10. [3] Let x,y € X. Elements x and y cannot be functionally separated if
and only if x and y are chain connected in X.

Corollary 10.1. If Vi(x) = {y € X| x and y are chain connected in X} and Vp(x)=
{y € X| x and y cannot be functionally separated}, then Vi(x) = V,(x), for all x € X.

Theorem 11. Let V; and V, be two different chain components in X. Then there exist
two clopen sets E1, Ey C X such that Vi C E1, Vo C Eyand E{NEy =@.

Proof. Let x € Vi and y € V,. Then V; = Ch(x), V, = Ch(y) and x and y are not
chain connected in X, i.e. there exists a cover U of X for which there is no chain
from x to y.

Let E; = {z € X] there is a chain in U/ from x to z} and E; = {z € X| there is a
chain in i/ from y to z}. So, E; and E; are clopen sets (see theorem 2.2 in [3]) such
that EfENEy, =@, V3 C Eq, V, C Es. O

For x € X, the maximal connected set in X containing x is called a component
of x. We denote it by C(x). In [3] and [8] it is proven that, since components
are also chain connected sets, each component is contained in one of the chain
components.

The next two theorems tell us when components and chain components coin-
cide.

Theorem 12. If X is a compact Hausdorff space, then C(x) = Ch(x),x € X

Proof. Letx € X. Since C(x) C Ch(x) it is enough to prove that Ch(x) is connected.
Suppose Ch(x) = AU B where A and B are disjointed closed sets in Ch(x) and let
x € A. Since Ch(x) is closed in X, A and B are also closed in X. X is a normal
space, as a compact Hausdorff space, hence there exist open sets U and V in X,
suchthat ACU,BC VandUNV =0Q@.

’ A ’ N
/I F ‘\ // G ‘\
! vy \
1 [ \
i A i B i
\ I !

Consider the set Ax(x, ) constructed by all the points y € X for which there
is a chain in the cover U/ of X, from x to y. Ax(x,U) is a clopen nonempty set (see
Theorem 2.2 [3]) and Ch(x) = () Ax(x, U).

u
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X\ (UUYV)isacompact as a closed subset of a compact space X and since
UX\ Ax(x, ) = X\ () Ax(x,U) = X\ Ch(x) 2 X\ (UUV)
u u

the family of sets {X \ Ax(x,U)| U is a covering of X} is a cover for X \ (U U V),
hence there exists a subfamily X \ Ax(x,U;), i =1,2,...,n, which covers X \ (U U
n
V). Then Ch(x) C N Ax(x,U;) CUUV.
i=1

1=
n
Consider Z = () Ax(x,U;). Z is clopen, as a finite intersection of clopen sets.
i=1
The sets F = ZNU and G = Z NV are open as intersections of two open sets,
and closed since F = ZNU C ZNU = ZNnUuUV)NU = ZNU = F and
G=ZNVCZNV=ZNUUV)NV =ZNV =G. Then B = @, since Ch(x)
is chain component. Otherwise, if there exists an y € B, then there would not be
achainin U = {F, X\ F} joining x and y. So, Ch(x) cannot be expressed as a
union of two separated sets. Hence Ch(x) is connected. Since C(x) is the maximal
connected set containing x, we conclude that Ch(x) C C(x). O

Theorem 13. If X is a locally connected space, then Ch(x) = C(x), for all x € X.

To prove this theorem, we need the next lemma.
Lemma 1. If the chain component is open in X, then it is connected.

Proof. Let Ch(x) be open. Since Ch(x) is also closed, it is a clopen set. If Ch(x)
was not connected, then there would exist a covering U of Ch(x) and two points
x and y of Ch(x) that are not chainable in /. Since Ch(x) is open in X it follows
that elements of Ch(x) are also open in X. Then x and y are not chainable in
the covering U U {X \ Ch(x)} of X, that contradicts the chain connectedness of
Ch(x). O

Proof. (of Theorem 13) From the previous lemma, it is enough to prove that Ch(x) is
openin X. Let y € Ch(x). Then for any neighborhood U of y there is a connected
neighborhood V of y such that V C U. This implies that for any z € V, y and z
are chainable in X. Since x and y are also chainable in X, it follows that x and z
are chainable in X . This implies V C Ch(x). O

4. CHAIN CONNECTEDNESS IS A HOMOTOPY AND SHAPE INVARIANT

Theorem 14. If f : X — Y is a continuous function, then f(Ch(x)) C Ch(f(x)), for all
xeX.

Proof. Since Ch(x) is chain connected in X and f is continuous, from Theorem 13
in [8], f(Ch(x)) is chain connected in Y. Then there is a chain component V in Y
such that f(Ch(x)) C V. From x € Ch(x) it follows f(x) € f(Ch(x)) C V, hence
Ch(f(x)) = V so f(Ch(x)) € Ch(f(x)). O

So, if we denote by QX set of quasicomponents of X then a continuous function
f: X — Y induces a unique function f3 : QX — QY.
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Theorem 15. If f : X — Y and g : X — Y are homotopic, then Ch(f(x)) = Ch(g(x)),
forallx € X.

Proof. Let x € X. Itis enough to prove that f(x) and g(x) are chainable in Y. Since
f and g are homotopic there is a mapping H : X x I — Y such that H(x,0) =
f(x) and H(x,1) = g(x). The set {x} x I is chain connected (it is connected as a
product of connected sets, hence chain connected). From the continuity of H, the
set H({x} x I) must be chain connected in Y, hence H(x,0) = f(x) and H(x,1) =
g(x) are chainable in Y. [l

Corollary 15.1. If f : X — Y and g : X — Y are homotopic and A is a chain connected
set in X, then f(A) and g(A) are contained in the same chain component of Y.

Proof. Let x € A. Then A C Ch(x), therefore f(A) C f(Ch(x)) C Ch(f(x)). Sim-
ilarly g(A) € Ch(g(x)). From the previous theorem we have that Ch(f(x)) =
Ch(g(x)) thus f(A) and g(A) must be contained in the same chain component
of Y. |

Corollary 15.2. If f : X — Y and g : X — Y are homotopic then fy : QX — QY
coincide with gy : QX — QY. So, if we denote by [f] the homotopy class , then [f]
induces a unique function [fls : QX — QY.

Homotopy theory is not an appropriate tool for study of spaces with bad local
behavior, for example not locally connected. Usually for such spaces shape theory
is more applicable. We present a short description of shape by intrinsic approach
i.e. intrinsic shape.

Definition 5. A function f : X — Yis V - continuous at pont x € X, if there exists
a neighborhood Uy of x, and V € V, such that f(Uy) C V.

A function f : X — Y is V-continuous, if it is V — continuous at every point
x € X . In this case, the family of all Uy, form a covering of X. By this, f: X = Y
is V - continuous if there exists a covering U of X, such that for any x € X, there
exists a neighborhood U of x, and V € V such that f(U) C V. We denote shortly
fU) < V.

If f: X — Yis V-continuous, then f : X — Y is W-continuous, for any W
such that V < W.

If V is a covering of Y and V € V, the star of V, is the open set st(V) =
{UW | W eV, WNV #@}. We form a new covering of Y, st(V) = {st(V)|v € V}.
We say that W is from st(V) if W € V and W C st(V).

Definition 6. The functions f, g : X — Y are V-homotopic, if there exists a function
F: X x I — Y such that:

1) F: X x I — Y is st(V)-continuous;

2) F: X x I :— Y is V-continuous at all points of X x dI;

3) F(x,0) = f(x), F(x,1) = g(x).
The relation of V-homotopy is denoted by f 58 This is an equivalence rela-
tion.
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A proximate net f) : X — Y is a net of V-continuous functions indexed by all
coverings of Y, such that, if )V is finer than V, then f) and fy are V-homotopic.
Two proximate nets (fy) and (fy') are homotopic if fyy and fy,’ are V-homotopic
for all coverings of Y. The category with objects paracompact spaces and mor-
phisms homotopy classes of proximate nets is well defined and isomorphic ob-
jects in this category have the same shape ([5], [7]).

A continuous map f : X — Y can be considered as a proximate net (fy) : X —
Y putting fy=f.If f: X = Y and g : X — Y are homotopic then the associated
proximate nets (fy) : X — Y and (gy) : X — Y are also homotopic and they
define the same shape morphism.

Lemma 2. The points x,y € Y are st(V) -chainable if and only if they are V-chainable.

Proof. Let x,y € Y are st(V)-chainable. Then there exists a chain st(V}), st(V2),
..., st(Vy) in st(V) that connects x and y. Since for V € V we have that st(V) =
{UW|W € V,IWNV # @}, then for any two consecutive members V;, Vi1, i =
1,2,...,n—1, there exist U;;1 from st(V;,1) and W; from st(V;) such that W; N
U;;1 # @ and there exist Uj from st(V7) such that x € U; and W, from st(V};) such
thaty € W,,. Then U, Vi, Wy, Up, Vo, Wy, ..., Uy, Vi, Wy, represents a chain in V
that connects x and y.

Conversely, if x,y € Y are V-chainable, since V < st(V), then they are st(V)-
chainable. O

Lemma 3. If F : X x I — Y is V-continuous function, then for every x € X there
exists a minimal covering Iy, I, . . ., I, of open intervals in I = [0, 1] (which depends on
x) such that

0Oceh, [ NIy #Dforeveryk=1,2,...,n—1,and 1 € I;
and Vi € V, k=1,2,...,nsuch that F ({x} x Iy) C V} foreveryk=1,2, ..., n.

Proof. Let x € X. Since F is V-continuous it follows that for every point (x,y) €
X x I,y € I there exists a canonical neighborhood U, x I,, where U, is an neigh-
borhood of x and I, = (a,,by) N1 is an interval and neighborhood of y, and
V, € V such that F (Uy x I,) C V,. The collection {I,|y € I} forms a cov-
ering of I and since I is compact it follows that there exists a finite subcover-
ing Iy, Iy,, ..., Iy, which can be chosen to be minimal. Indices can be renamed
L =1y, (Vi =Vy), k=1,2,..,nj; € {1,2,...,n} such that:

L=[0,b),0L=(ay,b2),...,Iy—1 = (ay_1,by—1) and I,, = (a,,_1,1] and
a1 <b,i=1,2,...,n—1.
Clearly F ({x} x I) C V, where Vy € V foreveryk=1,2,...,n. O
Theorem 16. If f,¢ : X — Y are V-homotopic mappings, then f(x) 5 g(x), for all
xeX

Proof. Let x € X. Since f and g are V -homotopic, there exists st(V)-continuous
function F : X x I — Y such that F(x,0) = f(x), F(x,1) = g(x).
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Since [0,1] is connected and compact, for every covering V of Y, there exists
a covering {Ji|k = 1,2,...,n} of [0,1] such that 0 € J;,1 € Ju, Jx N Jxp1 # @ and
F({x} x Ji) C Vi for some V; € st(V),k=1,2,...,n.

From f(x) € F({x} x J1), §(x) € F({x} % J) and F({x} X J) N F({x} X Jj1) #
@, k=12,..,n—1,since [y NJiy1 # D, k =1,2,..,n—1 implies F{x} X Ji,
k=1,2,..,n—1 are contained in elements of the st())-chain that connects f(x)
and g(x). From Lemma 2, f(x) and g(x) are V-chainable. O

Corollary 16.1. If (fy),(gy) : X — Y are two homotopic proximate nets, then for any
covering V of Y and for any point x € X holds fy(x) 5 gy(x).

Theorem 17. If fy, : X — Y is a V-continuous function and x and y belong to the same
chain component of X, then fy,(x) 5 gy (x).

Proof. Let U be a covering of X such that fy({f) < V ie. for every x € X there
existx € U € U and V € V such that f,(U) C V. Since x and y belong to the
same chain component, there is a chain Uy, Uy, ..., U, in U that connects x and y.

Then fy(x) € fy(Uy), fy(y) € fy(U,) and there exist V4, V5, ..., V;, from V such
that fy(Ux) C Vi, k=1,2,..,n,ie Vi, V,..., V,, is a chain in V that connects
fr(x)and fy(y). O

A direct consequence of this theorem are the following results:

Corollary 17.1. If (fy) : X — Y is a proximate net and x and y belong to the same
chain component of X, then for any covering V of Y, fy(x) 5 fy(y) holds.

Corollary 17.2. If (fy), (gy) : X — Y are homotopic proximate nets, and x and y belong
to the same chain component of X, then for any covering V of Y, fy(x) oy gv(y) holds.

Theorem 18. Let (fy) : X — Y be a proximate net and VW be a covering of Y consisting
of disjoint open sets. Then, for each chain component Q of X, there exists Wy € W such
that for every V < W, f,(Q) € Wq (and specially f,(Q) € Wq).

Proof. By theorem 2.3 from [6] it follows that there exists a Wy € W such that
Q) € Wo. If V < W, then there exists a st()V)-continuous function, Fyyy :
X x I = Y connecting fyy and fy, . Since stOV) = W, Fyy : X x I — Y is also
a W-continuous function. Since Fyyy(Q x {0}) = fyw(Q) € Wy it follows that

Py (Q x I) € Wp, and that f1,(Q) = Fyy(Q x {1}) C Wq. O

Now, let X having be locally compact metric spaces, X and Y have a compact
space of quasicomponents QX and QY. In [6], using Theorem 18, the following
result is proved : Any proximate net (fy) : X — Y induces a continuous function
(fv)s: QX — QY.

Under condition QX and QY to be compact, replacing quasicomponents with
chain components we obtain:

Theorem 19. Any proximate net (fy) : X — Y induces a continuous function (fy))s :
QX — QY between spaces of chain components. If (fy),(gy) : X — Y are homotopic
proximate nets, (fy) ~ (gy), i.e. defining the same shape morphism, then: (fy)y = (gy)#
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The second part of the statement is proved in the same way as in [6].

Thus, if (fy) and (gy) : X — Y are homotopic proximate nets, i.e. fy and gy
are V-homotopic for all coverings V of Y, and consequently defining the same
intrinsic shape morphism F. By this morphism to a chain component C of X, we
can associated an unique chain component D of Y i.e by putting F4(C) = D is
defined a map Fy : QX — QY.
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