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COMMON FIXED POINT THEOREMS FOR PAIRS OF SELF-MAPPINGS
ON (3, 2)-W-SYMMETRIZABLE SPACES

TOMI DIMOVSKI 1 AND DONČO DIMOVSKI 2

Abstract. In this paper, weprove the existence and the uniqueness of a fixedpoint
for pairs of self-mappings on (3, 2)-W-symmetrizable spaces using self-mappings
similar to TF contractions in ordinary metric spaces, and we obtain two corollar-
ies.

1. Introduction

Fixed points theory plays a basic role in applications ofmany branches ofmath-
ematics. The Banach fixed point theorem [2] is a very simple and powerful the-
orem with a wide range of applications. This theorem has been generalized and
extended by many authors in various ways and directions.
The geometric properties, their axiomatic classification andgeneralizations ofmet-
ric spaces have been considered in a lot of papers: Menger [15], Aleksandrov, Ne-
mytskii [1], Mamuzić [14], Gähler [12], Nedev, Choban [19, 21, 20], Kopperman
[13], Dhage, Mustafa, Sims [5, 17].
The notion of an (n,m, ρ)-metric, n > m, generalizing the usual notion of a pseu-
dometric (the case n = 2,m = 1), and the notion of an (n + 1)-metric (as in
[15] and [12] was introduced in [6]. Connections between some of the topolo-
gies induced by a (3, 1, ρ)-metric and topologies induced by a pseudo-o-metric,
o-metric and symmetric (as in [21]), are given in [7]. Some other characteriza-
tions of (3, j, ρ)-metrizable topological spaces, j ∈ {1, 2}, are given in [3, 4, 8, 9].
The existence and uniqueness of a fixed point for self-mappings satisfying con-
tractive conditions in (3, 2)-W-symmetrizable spaces are proven in [11].
There aremanyfixedpoint theorems of various contraction typemappings. Moradi
and Beiranvand in [16] gave some results concerning TF contractive mappings on
complete metric spaces.
Herewe consider (3, 2)-symmetric spaces and (3, 2)-W-symmetrizable spaces. The
purpose of this paper is to prove the existence and the uniqueness of a fixed point
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for pairs of self-mappings on (3, 2)-W-symmetrizable spaces by using mappings
similar to TF contractions in ordinary metric spaces.

2. Preliminaries

We give the basic definitions for (3, 2, ρ)-metric spaces and (3, 2)-metric spaces,
as in [3].

Let M ̸= ∅ and M (3) = M3/α, where α is the equivalence relation on M3

defined by:
(x, y, z)α(u, v, w) ⇔ π(u, v, w) = (x, y, z),

where π stands for permutation. We will use the same notation (x, y, z) for the
elements in M (3) keeping in mind that (x, y, z) = (u, v, w) in M (3) iff (x, y, z) is a
permutation of (u, v, w).

Let d : M (3) → R+
0 . We state three conditions for such map:

(M0) d(x, x, x) = 0, for all x ∈ M ;
(M1) d(x, y, z) ≤ d(x, a, b) + d(a, y, b) + d(a, b, z), for all x, y, z, a, b ∈ M ;
(Ms) d(x, x, y) = d(x, y, y), for all x, y ∈ M .
Let ρ be a subset of M (3). We consider the following two conditions for such a

set:
(E0) (x, x, x) ∈ ρ, for all x ∈ M ;
(E1) (x, a, b), (a, y, b), (a, b, z) ∈ ρ =⇒ (x, y, z) ∈ ρ, for any x, y, z, a, b ∈ M .

Definition 2.1. If ρ satisfies (E0) and (E1) we say that ρ is a (3, 2)-equivalence.

Example 2.1. The set ρd = {(x, y, z)|(x, y, z) ∈ M (3), d(x, y, z) = 0} where d satis-
fies (M0) and (M1) is a (3, 2)-equivalence on M .

Definition 2.2. i) If d satisfies (M0) and (M1) we say that d is a (3, 2, ρ)-metric onM ,
and the pair (M,d) is a (3, 2, ρ)-metric space.
ii) If d satisfies (M0),(M1) and (Ms) we say that d is a (3, 2, ρ)-symmetric on M , and
the pair (M,d) is a (3, 2, ρ)-symmetric space.
If ρ = ∆ = {(x, x, x)|x ∈ M}, we write (3, 2) instead of (3, 2,∆).

Example 2.2. LetM be a nonempty set. The map d : M (3) → R+
0 defined by:

d(x, y, z) =

{
0 , x = y = z
1 , otherwise ,

is a (3, 2)-metric on M (the discrete 3-metric).

Proposition 2.1. If d is a (3, 2, ρ)-metric on M , then
(i) d(x, x, y) ≤ 2d(x, a, b) + d(y, a, b);
(ii) d(x, x, y) ≤ 2d(x, y, y);
(iii) d(x, x, y) ≤ 2d(x, z, z) + d(y, z, z),

for any x, y, z, a, b ∈ M .

Proof. Follows directly from Definition 2.2. □
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Definition 2.3. Let d be a (3, 2, ρ)-metric on M , x, y ∈ M and ϵ > 0. We define an
ϵ-ball with center at x and radius ϵ by:
B(x, ϵ) = {z|z ∈ M , there is a v ∈ M such that d(x, z, v) < ϵ}.

Definition 2.4. Let d be a (3, 2, ρ)-metric on M and U ⊆ M . We define the topology
τ(W,d) by: U ∈ τ(W,d) iff for any x ∈ U , there is an ϵ > 0 such that B(x, ϵ) ⊆ U .

Definition 2.5. We say that a topological space (M, τ) is (3, 2)-W-metrizable if there is
a (3, 2)-metric d such that τ = τ(W,d).

Definition 2.6. We say that a topological space (M, τ) is (3, 2)-W-symmetrizable if there
is a (3, 2)-symmetric d such that τ = τ(W,d).

Proposition 2.2. For any (3, 2, ρ)-metric d on M and any sequence (xn) in M , the
following conditions are equivalent:

(C1) d(xn, xm, xp) → 0, as n,m, p → ∞; and
(C2) d(xn, xm, xm) → 0, as n,m → ∞.

Proof. Let d satisfy the condition (C1). For any n,m ∈ N we choose p, q > max
{m,n}. By the previous proposition we obtain

d(xn, xm, xm) ≤ d(xn, xp, xq) + 2d(xm, xp, xq).

Thus, d(xn, xm, xm) → 0, as n,m → ∞.
Let d satisfy the condition (C2). For any n,m, p ∈ N we choose q > max {m,n, p}
and we obtain

d(xn, xm, xp) ≤ d(xn, xq, xq) + d(xm, xq, xq) + d(xp, xq, xq).

Thus, d(xn, xm, xp) → 0 as n,m, p → ∞. □

Definition 2.7. A sequence (xn) in a (3, 2, ρ)-metric space (M,d) is called (3, 2)-Cauchy
if it satisfies (C1) or (C2).

In the following we use notations and results from [10].

Definition 2.8. We say that a sequence (xn) in a (3, 2, ρ)-metric space (M,d):
(i) 1-converges to x ∈ M if d(x, x, xn) → 0 as n → ∞;
(ii) 2-converges to x ∈ M if d(x, xn, xn) → 0 as n → ∞;
(iii) 3-converges to x ∈ M if d(x, xn, xm) → 0 as n,m → ∞.

Theorem 1. [10] For any sequence (xn) in a (3, 2, ρ)-metric space (M,d) the following
conditions are equivalent:

(i) (xn) 1-converges to x ∈ M ;
(ii) (xn) 2-converges to x ∈ M ;
(iii) (xn) 3-converges to x ∈ M .

Definition 2.9. We say that a sequence (xn) in a (3, 2, ρ)-metric space (M,d) is (3, 2)-
convergent if it satisfies any of the conditions in the previous theorem.

Let (M,d) be a (3, 2, ρ)-symmetric space, x, y ∈ M and (xn), (yn) be sequences
inM .
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Lemma 1. If d(xn, x, x) → 0, d(yn, y, y) → 0 as n → ∞, then d(xn, y, y) → d(x, y, y)
and d(xn, yn, yn) → d(x, y, y) as n → ∞.

Proof. From d(xn, y, y) = d(xn, xn, y) ≤ 2d(xn, x, x) + d(y, x, x) = 2d(xn, x, x) +
d(x, y, y)we obtain

d(xn, y, y)− d(x, y, y) ≤ 2d(xn, x, x). (2.1)

From d(x, y, y) = d(x, x, y) ≤ 2d(x, xn, xn)+d(y, xn, xn) = 2d(xn, x, x)+d(xn, y, y)
we obtain

d(xn, y, y)− d(x, y, y) ≥ −2d(xn, x, x). (2.2)
From (2.1) and (2.2) it follows that

|d(xn, y, y)− d(x, y, y)| ≤ 2d(xn, x, x),

from where d(xn, y, y) → d(x, y, y) as n → ∞.
From d(xn, yn, yn) = d(xn, xn, yn) ≤ 2d(xn, x, x) + d(yn, x, x) = 2d(xn, x, x) +
d(yn, yn, x) ≤ 2d(xn, x, x) + 2d(yn, y, y) + d(x, y, y)we obtain

d(xn, yn, yn)− d(x, y, y) ≤ 2(d(xn, x, x) + d(yn, y, y)). (2.3)

Similarly we obtain

d(xn, yn, yn)− d(x, y, y) ≥ −2(d(xn, x, x) + d(yn, y, y)). (2.4)

From (2.3) and (2.4) it follows that

|d(xn, y, y)− d(x, y, y)| ≤ 2(d(xn, x, x) + d(yn, y, y)),

from where d(xn, yn, yn) → d(x, y, y) as n → ∞. □

Definition 2.10. Let (M,d) be a (3, 2)-metric space. We say that (M,d) is (3, 2)-
complete if any (3, 2)-Cauchy sequence inM is (3, 2)-convergent (with respect to d).

3. Main results

Let Θ be the set of all continuous non-decreasing functions f : [0,∞) → [0,∞)
such that:
i) f−1(0) = {0}, and
ii) f(a+ b) ≤ f(a) + f(b) for all a, b ∈ [0,∞).
Let (M,d) be a complete (3, 2)-symmetric space. In this paper for simplicity, for
any mapping g : M → M , we will write gx for g(x).

Theorem 2. Let S1, S2, T : M → M,f ∈ Θ and T be bijective. If there are α > 0,β ≥ 0
such that 2α+ β ∈ (0, 1) and

f(d(TS1x, TS1x, TS2y)) ≤ α(f(d(Tx, Tx, TS1x) + f(d(Ty, Ty, TS2y)))

+ βf(d(Tx, Tx, Ty)),

for all x, y ∈ M , then S1 and S2 have a unique fixed point.
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Proof. Let x0 ∈ M be an arbitrary point. We define a sequence (xk) by x2k+1 =
S1x2k, x2k+2 = S2x2k+1, for k = 0, 1, 2, .... If there is k ∈ N0 such that xk = xk+1 =
xk+2, then u = xk is the common fixed point of S1 and S2. So, we may assume
that all three consecutive terms of the sequence are different. For simplicity, we
take yn = Txn. Then

f(d(y2k+1, y2k+1, y2k)) = f(d(TS1x2k, TS1x2k, TS2x2k−1))

≤ α(f(d(y2k, y2k, y2k+1)) + f(d(y2k−1, y2k−1, y2k)))

+ βf(d(y2k, y2k, y2k−1)),

from where and from the fact that d is a (3, 2)-symmetric we obtain
(1− α)f(d(y2k+1, y2k+1, y2k)) ≤ (α+ β)f(d(y2k, y2k, y2k−1)),

i.e.
f(d(y2k+1, y2k+1, y2k)) ≤

α+ β

1− α
f(d(y2k, y2k, y2k−1)).

Thus, f(d(y2k+1, y2k+1, y2k)) ≤ λf(d(y2k, y2k, y2k−1)), where λ = α+β
1−α ∈ (0, 1).

Similarly it can be shown that f(d(y2k, y2k, y2k−1)) ≤ λf(d(y2k−1, y2k−1, y2k−2)),
where λ = α+β

1−α ∈ (0, 1).
So, f(d(yn+1, yn+1, yn)) ≤ λf(d(yn, yn, yn−1)), for any n ∈ N.
Let m,n ∈ N,m > n. Then

f(d(yn, ym, ym)) ≤ f(d(yn, yn+1, yn+1)) + 2f(d(ym, yn+1, yn+1))

≤ f(d(yn, yn+1, yn+1)) + 4f(d(yn+1, yn+2, yn+2))

+ 2f(d(ym, yn+2, yn+2))

≤ f(d(yn, yn+1, yn+1)) + 4f(d(yn+1, yn+2, yn+2))

+ 4f(d(yn+2, yn+3, yn+3)) + 2f(d(ym, yn+3, yn+3))

≤ f(d(yn, yn+1, yn+1)) + 4f(d(yn+1, yn+2, yn+2))

+ 4f(d(yn+2, yn+3, yn+3)) + ...+ 4f(d(ym−1, ym, ym))

≤ 4(λn + λn+1 + · · ·+ λm−1)f(d(y0, y1, y1))

≤ 4
λn

1− λ
f(d(y0, y1, y1)).

Thus, f(d(yn, ym, ym)) → 0 as n,m → ∞. But then, since f ∈ Θ we obtain that
d(yn, ym, ym) → 0 as n,m → ∞, i.e. (yn) is a (3, 2)-Cauchy sequence. Since (M,d)
is (3, 2)-complete, it follows that there is a v ∈ M , such that d(yn, v, v) → 0 as
n → ∞, i.e. d(Txn, v, v) → 0 as n → ∞.
We will prove that T−1(v) = u is a common fixed point of S1 and S2. From
f(d(Tu, Tu, TS1u) = f(d(Tu, TS1u, TS1u))

≤ f(d(Tu, y2n+2, y2n+2)) + 2f(d(TS1u, y2n+2, y2n+2))

= f(d(Tu, Tu, y2n+2)) + 2f(d(TS2x2n+1, TS2x2n+1, TS1u))

= f(d(Tu, Tu, y2n+2)) + 2f(d(TS1u, TS1u, TS2x2n+1))

≤ f(d(Tu, Tu, y2n+2))
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+ 2α(f(d(Tu, Tu, TS1u) + f(d(y2n+1, y2n+1, TS2x2n+1)))

+ 2βf(d(Tu, Tu, y2n+1)),

it follows that
(1− 2α)f(d(Tu, Tu, TS1u) ≤ f(d(Tu, Tu, y2n+2)) + 2αf(d(y2n+1, y2n+1, y2n+2))

+ 2βf(d(y2n+1, Tu, Tu))

Since f is continuous and by lemma 1, if we let n → ∞, we obtain
(1− 2α)f(d(Tu, Tu, TS1u) ≤ f(d(Tu, Tu, v)) + 2αf(0) + 2βf(d(v, Tu, Tu))),

i.e.
(1− 2α)f(d(Tu, Tu, TS1u) ≤ (1 + 2(α+ β))f(0) = 0,

i.e. f(d(Tu, Tu, TS1u) = 0. It follows that d(Tu, Tu, TS1u) = 0, which means that
Tu = TS1u, from where u = S1u.
Since

f(d(Tu, Tu, TS2u)) ≤ 2f(d(Tu, TS1u, TS1u)) + f(d(TS2u, TS1u, TS1u))

= f(d(TS1u, TS1u, TS2u))

≤ α(f(d(Tu, Tu, TS1u)) + f(d(Tu, Tu, TS2u))),

it follows that
(1− α)f(d(Tu, Tu, TS2u)) ≤ 0.

Thus, f(d(Tu, Tu, TS2u)) = 0, and d(Tu, Tu, TS2u) = 0, which means that Tu =
TS2u, from where u = S2u.
Next we will show the uniqueness of the fixed point u. Let w be another common
fixed point for S1 and S2. Then

f(d(Tu, Tu, Tw)) = f(d(TS1u, TS1u, TS2w))

≤ α(f(d(Tu, Tu, TS1u)) + f(d(Tw, Tw, TS2w)))

+ βf(d(Tu, Tu, Tw))

= βf(d(Tu, Tu, Tw)).

It follows that
(1− β)f(d(Tu, Tu, Tw)) ≤ 0,

i.e. f(d(Tu, Tu, Tw)) = 0, which means d(Tu, Tu, Tw) = 0. So, Tu = Tw, from
where u = w. □

Corollary 2.1. Let S1, S2, T : M → M,f ∈ Θ and T be bijective. If there is an
α ∈ (0, 1

2 ) such that
f(d(TS1x, TS1x, TS2y)) ≤ α(f(d(Tx, Tx, TS1x) + f(d(Ty, Ty, TS2y)))

for all x, y ∈ M , then S1 and S2 have a unique fixed point.

Proof. It follows directly from the previous theorem for β = 0.
□
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Corollary 2.2. Let S1, S2, T : M → M,f ∈ Θ and T be bijective. If there are α >
0, β ≥ 0, n,m ∈ N such that 2α+ β ∈ (0, 1) and

f(d(TSn
1 x, TS

n
1 x, TS

m
2 y)) ≤ α(f(d(Tx, Tx, TSn

1 x) + f(d(Ty, Ty, TSm
2 y)))

+ βf(d(Tx, Tx, Ty)),

for all x, y ∈ M , then S1 and S2 have a unique fixed point.

Proof. Since Sn
1 , S

m
2 are mappings which satisfy the conditions of the previous

theorem, it follows that they have a unique common fixed point u. Thus,
S1u = S1(S

n
1 u) = Sn

1 (S1u), S2u = S2(S
m
2 u) = Sm

2 (S2u),

i.e. S1u is a fixed point of Sn
1 and S2u is a fixed point of Sm

2 . But then S1u =
u = S2u, i.e. the mappings S1, S2 have a common fixed point. Let w be another
common fixed point of S1 and S2. Then w is a fixed common point of Sn

1 and Sm
2 .

But, Sn
1 and Sm

2 have a unique fixed point u, so w = u. □

Theorem 3. For a complete (3, 2)-W-symmetrizable space (M, τ) via (3, 2)-symmetric
d, S1, S2, T : M → M,f ∈ Θ such that T is bijective, if there are α > 0,β ≥ 0 such that
2α+ β ∈ (0, 1) and

f(d(TS1x, TS1x, TS2y)) ≤ α(f(d(Tx, Tx, TS1x) + f(d(Ty, Ty, TS2y)))

+ βf(d(Tx, Tx, Ty)),

for all x, y ∈ M , then S1 and S2 have a unique fixed point.

Proof. Follows from the fact that each (3, 2)-W-symmetrizable space is a (3, 2)-
symmetric space. □

Corollary 3.1. For a complete (3, 2)-W-symmetrizable space (M, τ) via (3, 2)-symmetric
d, S1, S2, T : M → M,f ∈ Θ such that T is bijective, if there is an α ∈ (0, 1

2 ) such that
f(d(TS1x, TS1x, TS2y)) ≤ α(f(d(Tx, Tx, TS1x) + f(d(Ty, Ty, TS2y)))

for all x, y ∈ M , then S1 and S2 have a unique fixed point.

Corollary 3.2. For a complete (3, 2)-W-symmetrizable space (M, τ) via (3, 2)-symmetric
d, S1, S2, T : M → M,f ∈ Θ such that T is bijective, if there are α > 0,β ≥ 0, n,m ∈ N
such that 2α+ β ∈ (0, 1) and

f(d(TSn
1 x, TS

n
1 x, TS

m
2 y)) ≤ α(f(d(Tx, Tx, TSn

1 x) + f(d(Ty, Ty, TSm
2 y)))

+ βf(d(Tx, Tx, Ty)),

for all x, y ∈ M , then S1 and S2 have a unique fixed point.
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