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COMMON FIXED POINT THEOREMS FOR PAIRS OF SELF-MAPPINGS
ON (3,2)-W-SYMMETRIZABLE SPACES

TOMI DIMOVSKI ! AND DONCO DIMOVSKI 2

Abstract. In this paper, we prove the existence and the uniqueness of a fixed point
for pairs of self-mappings on (3, 2)-W-symmetrizable spaces using self-mappings
similar to T contractions in ordinary metric spaces, and we obtain two corollar-
ies.

1. INTRODUCTION

Fixed points theory plays a basic role in applications of many branches of math-
ematics. The Banach fixed point theorem [2] is a very simple and powerful the-
orem with a wide range of applications. This theorem has been generalized and
extended by many authors in various ways and directions.

The geometric properties, their axiomatic classification and generalizations of met-
ric spaces have been considered in a lot of papers: Menger [15], Aleksandrov, Ne-
mytskii [1], Mamuzié [14], Gahler [12], Nedev, Choban [19, 21, 20], Kopperman
[13], Dhage, Mustafa, Sims [5, 17].

The notion of an (n, m, p)-metric, n > m, generalizing the usual notion of a pseu-
dometric (the case n = 2,m = 1), and the notion of an (n + 1)-metric (as in
[15] and [12] was introduced in [6]. Connections between some of the topolo-
gies induced by a (3, 1, p)-metric and topologies induced by a pseudo-o-metric,
o-metric and symmetric (as in [21]), are given in [7]. Some other characteriza-
tions of (3, j, p)-metrizable topological spaces, j € {1,2}, are given in [3, 4, 8, 9].
The existence and uniqueness of a fixed point for self-mappings satisfying con-
tractive conditions in (3, 2)-W-symmetrizable spaces are proven in [11].

There are many fixed point theorems of various contraction type mappings. Moradi
and Beiranvand in [16] gave some results concerning T contractive mappings on
complete metric spaces.

Here we consider (3, 2)-symmetric spaces and (3, 2)-W-symmetrizable spaces. The
purpose of this paper is to prove the existence and the uniqueness of a fixed point
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for pairs of self-mappings on (3, 2)-W-symmetrizable spaces by using mappings
similar to T contractions in ordinary metric spaces.

2. PRELIMINARIES

We give the basic definitions for (3, 2, p)-metric spaces and (3, 2)-metric spaces,
asin [3].
Let M # @ and M®) = M?3/a, where « is the equivalence relation on M3
defined by:
(z,y,2)a(u,v,w) & 7(u,v,w) = (z,y, 2),

where 7 stands for permutation. We will use the same notation (z, y, z) for the
elements in M (%) keeping in mind that (z,vy, 2) = (u,v,w) in M®) iff (x,y, z) is a
permutation of (u, v, w).

Letd : M®) — R, We state three conditions for such map:
(MO0) d(z,xz,z) =0, forall z € M;
(Ml) d(x7 Y, Z) S d(l’7 a, b) + d(a7 Y, b) + d(a7 ba Z)/ for all Z,Y, 2, a, be M/
(Ms) d(z,z,y) =d(z,y,y), forall z,y € M.
Let p be a subset of M ). We consider the following two conditions for such a
set:
(E0) (x,x,x) € p,forall z € M;
(E1) (z,a,b),(a,y,b),(a,b,z) € p = (x,y,2) € p,forany z,y,z,a,b € M.
Definition 2.1. If p satisfies (E0) and (E1) we say that p is a (3, 2)-equivalence.

Example 2.1. The set pg = {(z,y, 2)|(x,y,2) € M®) d(x,y,z) = 0} where d satis-
fies (M0) and (M1) is a (3, 2)-equivalence on M.

Definition 2.2. i) If d satisfies (MO0) and (M 1) we say that d is a (3, 2, p)-metric on M,
and the pair (M, d) is a (3, 2, p)-metric space.

ii) If d satisfies (MO0),(M1) and (M s) we say that d is a (3, 2, p)-symmetric on M, and
the pair (M, d) is a (3, 2, p)-symmetric space.

Ifp=A={(z,z,x)|x € M}, wewrite (3, 2) instead of (3,2, A).

Example 2.2. Let M be a nonempty set. The map d : M) — R{ defined by:
_J 0 jz=y==2
d(@,y,2) = { 1 ,otherwise ’
is a (3,2)-metric on M (the discrete 3-metric).
Proposition 2.1. If dis a (3,2, p)-metric on M, then
(1) d(x,z,y) < 2d(x,a,b) + d(y, a,b);

(i1) d(z,2,y) < 2d(z,y,y);
(#ii) d(x,z,y) < 2d(z,z,2) +d(y, 2, 2),

forany x,y, z,a,b € M.
Proof. Follows directly from Definition 2.2. O
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Definition 2.3. Let d be a (3,2, p)-metric on M, x,y € M and ¢ > 0. We define an
e-ball with center at x and radius € by:
B(z,¢) = {z|z € M, thereis a v € M such that d(z, z,v) < €}.

Definition 2.4. Let d be a (3,2, p)-metric on M and U C M. We define the topology
T(W,d) by: U € 7(W, d) iff for any « € U, there is an € > 0 such that B(z,e) C U.

Definition 2.5. We say that a topological space (M, T) is (3, 2)-W-metrizable if there is
a (3, 2)-metric d such that T = 7(W, d).

Definition 2.6. We say that a topological space (M, T) is (3, 2)-W-symmetrizable if there
is a (3, 2)-symmetric d such that T = 7(W, d).
Proposition 2.2. For any (3,2, p)-metric d on M and any sequence (x,,) in M, the
following conditions are equivalent:

(C1) d(xn,Tm,xp) = 0,45 n,m,p — oo; and

(C2) d(zn, Tm,Tm) — 0,as n,m — co.
Proof. Let d satisfy the condition (C1). For any n,m € N we choose p,¢ > max
{m,n}. By the previous proposition we obtain

d(l‘n, Ty l‘m) S d(]}n, pr, xq) + Qd('xmv xpv xq)-
Thus, d(2y, Tm, Tm) — 0,as n,m — oco.
Let d satisfy the condition (C2). For any n,m,p € N we choose ¢ > max {m,n,p}
and we obtain
ATy T, Tp) < d(Tn, Tg, Tq) + AT, g, Tq) + d(Tp, Tg, T4)-

Thus, d(zp, Zm, zp) — 0asn,m,p — co. O

Definition 2.7. A sequence (z,,) ina (3,2, p)-metric space (M, d) is called (3, 2)-Cauchy
if it satisfies (C'1) or (C2).

In the following we use notations and results from [10].

Definition 2.8. We say that a sequence (x,,) in a (3,2, p)-metric space (M, d):
(¢) 1-convergestox € M if d(z,x,x,) — 0asn — oo;
(#4) 2-convergesto x € M if d(z,xy,xy) — 0asn — 00,
(#91) 3-converges to x € M if d(x, Xy, Tm) — 04s n,m — oo.

Theorem 1. [10] For any sequence (x,,) in a (3,2, p)-metric space (M, d) the following
conditions are equivalent:
(1) (xy) 1-converges to x € M;
(#9) (xy,) 2-converges to x € M;
(491) () 3-converges to x € M.

Definition 2.9. We say that a sequence (x,,) in a (3,2, p)-metric space (M, d) is (3,2)-
convergent if it satisfies any of the conditions in the previous theorem.

Let (M, d) be a (3,2, p)-symmetric space, z,y € M and (z,,), (y,) be sequences
in M.
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Lemma 1. If d(zp,x,2) = 0,d(yn, y,y) = 0asn — oo, then d(xn,y,y) — d(z,y,y)
and d(x, Yn, yn) — d(z,y,y) as n — oo.

PT’OOf. From d(xn,?J,y) = d(xn7xn;y> S Qd(xn>$7x) + d(ywxa'r) = 2d($n,.’1}7$) +
d(x,y,y) we obtain
d(xnvyvy) - d((E,y,y) < 2d(l'n,$,l') (21)

Fromd(z,y,y) = d(z,z,y) < 2d(x, pn, Tn)+d(Y, Tn, Tn) = 2d(zy, 2, 2)+d(2n, Yy, y)
we obtain

d(xnayvy) - d(l‘,y,y) Z —2d(xn,x,x). (22)
From (2.1) and (2.2) it follows that
‘d(l‘n, Y, y) - d(IC, Y, y)| S Qd(xﬂa z, .’ﬂ),

from where d(x,,y,y) = d(x,y,y) as n — oo.
d(yn? yn? :E) S Qd(In, Zz, I) + Qd(mi y7 y) + d(I7 y7 y) we Obtain

d(xna Yn, yn) - d((ﬁ, Y, y) < 2(d(mnv T, x) + d(ynv Y, y)) (2.3)
Similarly we obtain
d(:Cn, Yn, yn) - d(.’ﬂ, Y, y) > *Q(d(gjna z, x) + d(yn, Y, y)) (24)

From (2.3) and (2.4) it follows that
|d(l’n, Y, y) - d(xa Y, y)‘ S 2(d(In, €, I) + d(ynv Y, y))?
from where d(z,, Yn, yn) — d(z,y,y) as n — oo. O

Definition 2.10. Let (M, d) be a (3,2)-metric space. We say that (M,d) is (3,2)-
complete if any (3, 2)-Cauchy sequence in M is (3, 2)-convergent (with respect to d).

3. MAIN RESULTS

Let © be the set of all continuous non-decreasing functions f : [0, 00) — [0, c0)
such that:

i) f71(0) = {0}, and

ii) f(a+0b) < f(a) + f(b) forall a,b € [0, 0).

Let (M, d) be a complete (3, 2)-symmetric space. In this paper for simplicity, for
any mapping g : M — M, we will write gz for g(x).

Theorem 2. Let Sy, 5,17 : M — M, f € © and T be bijective. If thereare o > 0,8 > 0
such that 2o+ 5 € (0,1) and

fd(TS12,TS12,TSoy)) < a(f(dTx, Tz, TS12) + f(d(Ty, Ty, TS2y)))
+ Bf(d(Tz, Tz, Ty)),

forall z,y € M, then Sy and Sy have a unique fixed point.
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Proof. Let xg € M be an arbitrary point. We define a sequence (z) by zar11 =
Slwgk, Tok+2 = SQ(EQkJrl, fork = O, 1, 2, ... If thereis k € NO such that T = Tk+1 —
Zit2, then u = 1z, is the common fixed point of S; and S;. So, we may assume
that all three consecutive terms of the sequence are different. For simplicity, we
take y,, = Tx,. Then

fld(y2rs1, Yor+1, Y2k)) = f(A(TS120k, T'S129k, T'S272% 1))
< a(f(d(y2r: Yok, Y2k+1)) + f(d(Y2r—1, Y2-1, Y21)))
+ Bf(d(yar, Yor, Y2r—1)),
from where and from the fact that d is a (3, 2)-symmetric we obtain
(1 — ) f(d(Yar+1, Y2k+1, Y2r)) < (o + B) f(d(Y2k, Yok, Y2k—1))s

ie.

f(d(y2k+1, Y2k+1, ka:)) < (d(y2k7 Y2k, y2k71)).

(0%

1—
Thus, f(d(Yak+1, Yakt1:Y2k)) < A (d(Y2k, Yok, yar—1)), where X = $2 € (0,1).
Similarly it can be shown that f(d(ygk, Y2k ygkfl)) S )\f(d(ygkfl, Y2k—1, ygkfg)),
where \ = % € (0,1).

So, f(d(yn-Ha Yn+1, yn)) < /\f(d(yna Yns yn—l))/ for any n € N.
Let m,n € Nym > n. Then

F@dWns Yo ym)) < F(dYns Ynt1, Yni1)) + 2£(dYm, Yns1s Ynr1)
< f(d(Yns Ynt1, Ynt1)) + 4 (d(Yn+1, Ynt2, Ynt2))
+ 2f(d(Yms Yn+2: Yn+2))
< fdWn, Yn+1, Ynt1)) + 4F(d(Yn+1, Ynt2, Ynt2))
+4f(d(Yn+2: Yn+3, Yn+3)) + 2f (d(Ym: Yn+3, Ynt3))
< f(d(Yns Ynt1, Ynt1)) + 4 (d(Yn+1, Ynt2, Ynt2))
+ 4f (d(Yn+2: Ynt3; Yn+3)) + -+ 4 (A(Ym—1, Yms Ym))
S AN+ N4 N F(d (o, y1 1))
<4

=% _n)\f(d(yo,yhyﬁ)-

Thus, f(d(Yn,Ym,Ym)) — 0as n,m — oco. But then, since f € © we obtain that
A(Yn, Ym, Ym) — 0as n,m — oo, i.e. (y,) is a (3,2)-Cauchy sequence. Since (M, d)
is (3,2)-complete, it follows that there is a v € M, such that d(y,,v,v) — 0 as
n — oo, ie. d(Txy,,v,v) = 0asn — oo.

We will prove that 7! (v) = u is a common fixed point of S; and S,. From

f(d(Tu, Tu, TSlu) f(d(Tu, TS1u, TS1u))

Jd(Tu, yan+2, yant2)) + 2f (d(TS1u, yan+2, Yan+2))
(d(Tu, Tu, yan+2)) + 2f (d(T'Sexon i1, T Sa2n+1, TS1u))
(d(

(d(

d(Tu, Tu, yan+2)) + 2f (d(TS1u, TS1u, TS2229541))

f
f
f d Tua Tu7 y2n+2))

IN
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+ 2a(f(d(Tu, Tu, TS1u) + f(d(y2nt1, Yont1, T'S2T2n41)))
+ 2Bf(d(T’LL, TU, y2n+1))7
it follows that

(1 =2a) f(d(Tu, Tu, TS1u) < f(d(Tu, Tu, yon+2)) + 20f (d(Y2n+1; Y2n+1: Y2n+2))
+ 26 f(d(y2n+1, Tu, Tw))

Since f is continuous and by lemma 1, if we let n — oo, we obtain
(1 —2a)f(d(Tu, Tu, TS1u) < f(d(Tu,Tu,v)) + 2af(0) + 28 f(d(v, Tu, Tu))),
ie.
(1 —20)f(d(Tu, Tu, TS1u) < (14+2(a+3))f(0) =0,
ie. f(d(Tu,Tu,TSu) = 0. It follows that d(Tu, Tu, T'S1u) = 0, which means that

Tu = T'S1u, from where u = Sju.
Since

f(d(Tu, Tu, TSou)) < 2f(d(Tu, TS1u, TS1w)) + f(d(T'Sou, T'S1u, T'S1u))
= f(d(T'S1u, TS1u, T'Sou))
< a(f(d(Tu,Tu,TS1u)) + f(d(Tu, Tu, TSsu))),
it follows that
(1—a)f(d(Tu,Tu, TSsu)) <O0.
Thus, f(d(Tw, Tu,TSou)) = 0, and d(Tw, Tu, T'Seu) = 0, which means that Tu =
T'Sou, from where u = Ssu.

Next we will show the uniqueness of the fixed point «. Let w be another common
fixed point for Sy and S2. Then

fd(Tu, Tu, Tw)) = f(d(TS1u, TS1u, T'Saw))
< a(f(d(Tu, Tu, TS1u)) + f(d(Tw, Tw, T Sw)))
+ Bf(d(Tu, Tu, Tw))
= Bf(d(Tu, Tu, Tw)).

It follows that

(1 = B)F(d(Tu, Tu, Tw)) <0,
ie. f(d(Tu,Tu,Tw)) = 0, which means d(T'u, Tu,Tw) = 0. So, Tv = Tw, from
where u = w. .

Corollary 2.1. Let 51,52, T : M — M,f € © and T be bijective. If there is an
o € (0, %) such that

(TS, TSz, TSay)) < af(d(Tx, Tw, TS 1x) + f(d(Ty, Ty, TS>y)))
forall x,y € M, then Sy and S, have a unique fixed point.

Proof. It follows directly from the previous theorem for 5 = 0.
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Corollary 2.2. Let S1,52,T : M — M, f € © and T be bijective. If there are oc >
0,8 >0,n,m € Nsuch that 2a+ 8 € (0,1) and

(TSt TSz, TS3'y)) < o f(d(T, T, TSyw) + f(d(Ty, Ty, T'S5'y)))
+8f(d(Te, Tz, Ty)),
forall x,y € M, then Sy and So have a unique fixed point.

Proof. Since ST, 55" are mappings which satisfy the conditions of the previous
theorem, it follows that they have a unique common fixed point . Thus,
Slu = 51(5?11,) = S{L(Slu), SQU = SQ(S;nU) = SST(SQU)7

i.e. Sju is a fixed point of ST and Syu is a fixed point of S3*. But then Sju =
u = Squ, i.e. the mappings 51, S2 have a common fixed point. Let w be another
common fixed point of S; and S,. Then w is a fixed common point of ST and S3".
But, ST and S3* have a unique fixed point u, so w = u. O

Theorem 3. For a complete (3, 2)-W-symmetrizable space (M, ) via (3, 2)-symmetric
d, 51,52, T : M — M, f € © such that T is bijective, if there are o« > 0,8 > 0 such that
200+ 5 € (0,1) and

Fd(TSyz, TSz, TShy)) < o f(d(Tx, Tw, TS 1x) + f(d(Ty, Ty, T S>y)))
+Bf(d(T, T, Ty)),
forall x,y € M, then Sy and Sy have a unique fixed point.

Proof. Follows from the fact that each (3, 2)-W-symmetrizable space is a (3,2)-
symmetric space. O

Corollary 3.1. Foracomplete (3, 2)-W-symmetrizable space (M, T) via (3, 2)-symmetric
d, 51,82, T : M — M, f € © such that T is bijective, if there is an « € (0, %) such that
fd(TS12,TS12,TS2y)) < a(f(d(Tx, Tz, TS12) + f(d(Ty, Ty, TS2y)))

forall z,y € M, then Sy and Sy have a unique fixed point.
Corollary 3.2. Foracomplete (3, 2)-W-symmetrizable space (M, T) via (3, 2)-symmetric

d, 51,52, T: M — M, f € Osuchthat T is bijective, if thereare « > 0,6 > 0,n,m € N
such that 2o + 5 € (0, 1) and

fA(TSe, TSw, TSy'y)) < a(f(d(Te, Tz, TSTx) + f(d(Ty, Ty, TS3"y)))
+Bf(d(Te, Tz, Ty)),
forall x,y € M, then Sy and So have a unique fixed point.
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