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AN ALGORITHM FOR A CLASS OF (n,j,k) - GOOD MATRICES
RELATED TO NUMERICAL SEMIGROUPS
WITH EMBEDDING DIMENSION 4

MERITA BAJRAMI !, DONCO DIMOVSKI 2, AND VIOLETA ANGJELKOSKA 3

Abstract. In this paper, first we recall the definitions of (n,j)-good 2x2
and (n, 7, k)-good 3x3 integer matrices, connected to numerical semigroups of
embedding dimension 3 and 4, respectively. Then, for given natural numbers
n,jand k where 1 < j, k < nand k # j, we present an algorithm for obtaining

a —u —p
all the (n,j, k)-good matrices M = |-=b v q:| corresponding to a
—c —w T

ag

—uo} such that a < ap and
—bo V0

given (n,j)-good 2x2 matrix Ko = {

v < vg.

1. INTRODUCTION AND PRELIMINARIES

This paper has been motivated by [7], where we have presented a class of integer
3x3 matrices related to numerical semigroups with embedding dimension 4, gene-
rated by four integers n, x,y and z such that x =1 (mod n),y = j (mod n),z =k
(mod n) and n < z < y < z. In fact, this work is a continuation of the works [1],
[2], [3], [4], [6] and [9] where we have reformulated the examinations of the Apéry
set of a numerical semigroup of embedding dimension 4 with respect to a generator
n to the examinations of a presentation of the cyclic group of order n, by three
generators and three relations - written as an integer 3x3 matrix. Using a system
for computational discrete algebra GAP(Groups, Algorithms, Programming), we
examined such matrices. For notions about codes used on GAP Package we refer
to [8] and [5].

We recall some notions from [10] and [11]. We say that a submonoid S of
the additive monoid (Np,+) is an additive semigroup. A numerical semigroup
G is an additive semigroup with finite complement in Ny. Any numerical semi-
group G is finitely generated, i.e. there is a nonempty set of generators A =
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{a1,a9,...,a;} C @G, such that the elements of G are exactly the linear combi-
nations of aj,as,...,a; with nonnegative integer coefficients. We denote it by
G = (4) or G = (ay,as,...,a:). A set A is the minimal set of generators for G
if A generates G and no proper subset of A has this propery. The cardinality of
the minimal set of generators of G is called embedding dimension of G and it is
denoted by ed(G). The Apéry set of an additive semigroup G with respect to a
nonzero element a € G is defined by Ap(G,a) ={g € Glg —a ¢ G}.

a —U

Definition 1.1. For an integer 2x2 matrix M = [—b v } we say that it is

(n, j)-good, if:

1) a,b,u,v € Ng,a>1L,v>1,a>ba>u,v>uvand a+v<n+1;

2) detM = av — bu = n, and

3) The commutative group H (M) with the presentation (g, h|g® = h*, h” = ¢")
is the cyclic group of order n, generated by g and h = ¢/ in H(M).

For an (n, j)-good matrix M, let

PM)={(a,B)|la, ENg,0<a<a—b0<3<v}
U{(e, B)|a, B € Np,0 < e < a,0 < B < v —u}.

Definition 1.2. Let n,j,k € Ng,n > j,k > 1 and j # k. We say that a matrix

a —u -p
M=|-b v —q
—c —w 7

is (n,J, k)-nice if:

1) a,b,¢c,v,u, w,r,p,q are nonnegative integers smaller than n;
2)a,v,r>La+v+r<n+2;
B)a>bca>u+pv>uwv>gatv>ut+pt+btqr>p,q;
A)ifa—b—c<0then0<v—u—w,0<r—p—gqand
O<v—2u—wor0<r—2p—yq);
15)ifv—u—w<0then0<a—-b—c,0<r—p—gqand
0<a—2b—cor0<r—p-—2q);
16)ifr—p—¢<0,then0<a—b—¢,0<v—u—wand
0<a—b—2cor0<v—u-—2w);

1.7) ar — pc > ur + pw, av — ub > uq + vp and av — ub > bp + ag;
1.8) if d is a divisor of a,u, p, then d is a divisor of n;

1.9) if d is a divisor of b, v, q, then d is a divisor of n;

1.10) if d is a divisor of ¢, w,r, then d is a divisor of n;

1.11) n is a divisor of detM;

1.12) If » > ¢ + w then for each r' < r with 'k = ¢ + w’j(modn),c + w' > r/

eI N I
ek

&
=3

(1.13) The commutative group H (M) with the presentation (g, h, f|g* = h* fP,h¥ =
" f4, fT = g°h™ > is) is the cyclic group of order n, generated by g,h = ¢’ in
H(M) and f = g~ in H(M).
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Definition 1.3. Let M be an (n,j, k)-nice matrix. Define P(M) C N2 to be
the maximal set of triples of nonnegative integers (o, 3,y) satisfying the following
conditions:

(1) if (o, B8,7) € P(M),« > 0 then (. — 1, 8,7) € P(M),

(2) if (o, B.7) € P(M). 3 > 0 then (a, 5 — 1.) € P(M),

(3) if (o, B.7) € P(M), > 0 then (a, 5,7 — 1) € P(M),

4) (a—1,0,0),(0,v —1,0),(0,0,7 — 1) € P(M),

(5) (a,0,0), (0,v,0), (0,0,r) & P(M),

(6) if g = hPfY in H(M) and 0 < a < a, then (0, 8,7) ¢ P(M),

(7) if B? — g®f7 in H(M) and 0 < 8 < v, then (,0,v) ¢ P(M),
(8) if f7 = g*h? in H(M) and 0 <~ < r, then (8,7,0) ¢ P(M), and
(9)

, 7,0
if 1 =g¢g*hPf7 in H(M) and (o, 8,7) # (0,0,0), th

If |P(M)|= n, we say that M is (n, j, k)-good.
Here we restate some of the results from [7].

Theorem 1. Let G = (n,x,y) be a numerical semigroup with ed(G) =3, n < x <
y, and x =1 (mod n),y = j (mod n). Then, there is a unique (n, j)-good matrix

M = _ab —vu with vy > bx, so that the Apéry set of G with respect to n is:

Ap(G,n) = {ax + By|(a, B) € P(M)}.0

Theorem 2. Let G = (n,x,y,z) be a numerical semigroup with ed(G) = 4,
n<r<y<z andzx =1 (modn),y=j (modn), 2=k (mod n). Then, there

a —u —p
is a unique (n,j,k)-good matrix M = |=b v —q| with rz > cx + wy and
—c —w T

vy > bx + qz, so that the Apéry set of G with respect to n is:
Ap(G,n) ={ax + By +vz[(e, B,7) € P(M)}.00
2. MAIN RESULT
Bellow, we present an algorithm that for a given (n,j)-good 2x2 matrix
Ko=| % ]
a,nd any 1/< k< nk # j, with ¢ +w'j = k (modn), (¢,w') € P(Ky) and
¢ #0# w, describes all the (n, j, k)-good 3x3 matrices

a —u -p
M=|-b v —q
- —w 7

with a < ag and v < vg.
Step 1. Let Ky = {‘”’ —Ho

] and (¢',w) € P(Kp) be as above.
—bo  wo
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Let
Vo ap —bo, Vo — ug

ro = min{[ %7, [-5],maa{[ %=1, [0,

where, for example, f‘z—ﬂ denotes the upper integer part of ‘Z—?

ao —Up 0
Then My = |—by vy 0] is (n, ], k)-good matrix, where (cq,wo) € P(K)p),
—Co —Wo To
such that
co + woj = rok(modn).
Step 2. Let
a —u -p
M=|-b v —q
—c —w T

be (n, j, k)-good matrix with a < ag and v < vy.
(1) Let Dy, Ey., Dy, Ey, Dyy, Eyy, be the following sets:

Dyz - { O;ﬂ,’Y)“- S ﬂ < ’U,]. S 7 < T, (076,7) ¢ P(M),(O,ﬂ* 1;7)7(()’6377
1) € P(M)};

E?JZ = {(_ai>ui>pi>|(0’uiapi) € DyZ7ai < a,a; = u;J +pik(m0dn)7ai > u; +
Diya; +v>u; +p; +b+qk;

D, ={(a,0,7),1<a<al<y<r (a0 ¢ P(M); (a—1,0,7),(a,; 0,7 —
1) € P(M)};

Eyp. = {(bi, i, 6:)[(0:,0,¢;) € Dyz,vi < v,055 = b; + ¢;k(modn),v; > gi,a +
v; > u+p+bi+ak;

Dyy ={(a,3,0),1 < a<a,l<p<v(a,B,0) ¢ P(M);(a—1,5,0),(a, 8 —
1,0) € P(M)};

E.y = {(ci,ws, —ri)|(ci, w,0) € Dy, 1 < 1,1k = ¢; + w;j(modn) }.

(2) We consider two cases:
o If E,, #0,let A= max{a;|(—ai,u;,p;) € E,.}. Then, there is some ¢, so
A -U -P
that a; = A. Let U =u;, P=p; and let M, = |[-b v —q
- —w r
o If E,. =0, let M, = M.
(3) We consider two cases:
o If E,. # 0, let V =maz{vi|(b;, —vi,qi) € E;.}. Then, there is some ¢, so

a —u —p
that v, =V. Let B=b;, Q=¢qand let M, = |-B V —-Q|.
- —w r

o If E,. =0, let M, = M.

(4) Let r < ¢+ w and Fpy = {(a, 3,0)|(cv, 8,0) € P(M)}. Since M is (n,j,k) -
good matrix, it follows that (c,w,0) € Fy,. Let m be the largest integer such that
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(me, mw,0) € Fpy and ((m + 1)c, (m + 1)w,0) & Fyy.
Let s,, be the unique integer such that (me, mw, s,,) ¢ P(M) and (mc, mw, $py,—

1) € P(M). Let R = mr + s;,, and let (C,W) € P(Kj) be the pair such that
Rk = C + Wj(modn). We consider the following three cases:

o If c#0and w # 0, let

a —u -p
M,=1|-b v —q
-C -W R
o Ifc#0and w=0,let
c 0 —r]
Mz: —-B v _Q )
-C -W R

where B =b — [%]c, Q = [%]r + ¢ and [2] is the integer part of 2.

C

o Ifc=0and w#0, let

a -U =P
M,=120 w —r |,
-C -W R
where U = u — [Z]w, P = [Z]r + p and [%] is the integer part of Z.

(5) For r > c+w, let M, = M.
Step 3. For an (n, j, k)-good matrix M we define the set
Hi(M)={M'|M" € {M,,My,M,},M is (n,j,k) — good} \ {M},
where it is possible Hi (M) to be the empty set.
Next, we define a set H,,,(M) by induction as follows:

If HI(M) = {Ml,MQ,. . .,MS} then
Hi (M) = (H (M) UH (M) U... UH(M))\K;(M),

where K;(M) = {M} U Hy(M) U , ..., U H;(M).

This procedure has to stop after some time, i.e. for some T, Hy(M) is going

to be the empty set. Hence, for a given (n, j)-good 2x2 matrix Ky = al()) —Uuo}
—bo 0
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and any 1 < k < n,k # j, the set of all the (n, j, k)-good 3x3 matrices

a —u —p

with a < ag and v < v is the set
{Mo} U Hy(My) U Ha(My) U ... U Hr(My) = Kr(My).

Next, we present the code in GAP for obtaining all (n, j, k)-good matrices M, and
M, as follows:

e First, we need to create all the possible coordinates, to do so we will use
a cartesian product: coordinates := Cartesian ([0..0],[0..v — 1],[0..r — 1]) and
coordinates := Cartesian([0..a—1], [0..0], [0..r—1] and from them we select elements
that meet the conditions defined for sets D,, and D, respectively. Then for the
obtained elements of D,, and D, filter the elements which meet the conditions
defined for sets F,. and E,., respectively.

e From the obtained elements (—a;, u;,p;) in E,, we find the triple with max-
imum a; and denote it by (A, —U,—P). So we get the matrix M,=[[A,-U,-P],[-
b,v,-q],[-c,-w.,r]]. Next test if the obtained matrix M, fulfills the conditions of
(n, j, k)-good matrix by using the codes presented on [3] and [4]. If it does add it
to the set H;.

e From the obtained elements (—b;,v;, —¢;) in E,, we select the triple with
maximum v; and denote it by (—B,V,—Q). So we get the matrix M,=[[a,-u,-
pl,[-B,V,-Q],[-c,-w,r]]. Next test if the obtained matrix fulfills the conditions of
(n, 7, k)-good matrix. If it does add it at the set of Hj.

e The same procedure continues for all (n, j, k)-good matrices M, and M, until
we obtain that there is no matrix that satisfies the necessary conditions.

We now execute the algorithm we described above:

gap> D, .:= Filtered(Cartesian([0..0], [1..v—1], [1..r—1]), f — not ([0, f[2], f[3]]
in PM) and = [0, f[2] — 1, f[3]] in PM and [0, f[2], f[3] — 1] in PM);;

gap> total2:=Filtered(Cartesian([1..a—1], [1..v—1], [1..r—=1]), f — f[1]mod(n) =
(f12] %7+ f[3] xk)mod(n))) and f[1]mod(n) < amod(n) and f[1]mod(n) > (f[2] +

F13)ymod(n) and (f[1] + vymod(n) > (f[2] + f[3] + b+ q)mod(n));
gap> E,, := Filtered(total2, f — [0, f[2], f[3]] in D,.);
gap> D, := Filtered(Cartesian ([1..a—1],[0..0], [1..r—1]), f — not ([f[1], 0, f[3]]
in PM) and [f[1] — 1,0, f[3]] in PM and [f[1],0, f[3] — 1] in PM);;

gap> total2:=Filtered(Cartesian([1..a — 1],[l..v — 1],[1..r — 1]), f — (f[2] *
fymod(n) = (f1] + 3] * Kymod(n);

gap> E,,:=Filtered(total2, f — [f[1],0, f[3]] in Dy,);

gap> Dy, = Filtered(Cartesian([1..a—1], [1..v—1],[0..0]), f — not([f[1], f[2],0]
in PM) and [f[1] — 1, f[2],0] in PM and [f[1], f[2] — 1,0] in PM);;
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gap> total2:= Filtered(Cartesian([1..a — 1],[1..v — 1], [L..r — 1]), f — (f[3] *
k)mod(n) = (f[1]+ f[2]*j)mod(n)) and f[2]mod(n) < vmod(n) and f[2]mod(n) >
f[3]mod(n) and (a + f[2])mod(n) > (u+ p + f[1] + f[3])mod(n));;

gap> E,, = Filtered(total2, f — [f[1], f[2],0] in Dy,);

Next, we present the code for obtaining the possible (n, j, k)-good matrices M,
on GAP as follows:

First define Fy, and Dy then find m and s,, by using for loop and if statement,
according to the conditions defined on step 2, (4). This gives us the element R
and then using for loop and if statement again we find C and W.

For each of the obtained matrices M, test if they satisfy conditions defined for
(n, 7, k)-good matrix, until we obtain that there is no matrix that satisfies the
necessary conditions and stop the procedure.

We now execute the algorithm we described:
gap> Fyy = [|;

gap> for ain [l..a — 1] do

gap> for § in [1..v — 1] do

gap> A = [a, 5,0];

gap> if [«, 8,0] in PM then

gap> Add(Fyy, A);

gap> fi;

gap> od;od;

gap> M := [|;;

gap> t :=Maximum(a, v);;

gap> for m in [1..t] do

gap> for s, in [1..r] do

gap> A = [m, sml;;

gap> if [m*c,m*w,0] in F,, and not([(m+1)*c,(m+1)*w,0] in F,,) and
[m * c,m % w, sy, — 1] in PM and not([m % ¢,m % w, $,,,] in PM) then
gap> Add(M, A);

gap> fi;

gap> od;od;

gap> M;

gap> totall:= [];;

gap> for a in [0..ag — 1] do

gap> for beta in [0..by — 1] do

gap> Di:= o, B];

gap> Add(totall, D1);

gap> od;od;

gap>total2:=[|;;

gap> for ain [ag — bg..ag — 1] do

gap> for § in [ug — vg..by — 1] do

gap>Ds = [a, f];
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gap>Add(total2, Ds);
gap>od;od;
gap>SubtractSet(totall,total2);
gap> Dy :=totall;;

gap> Size(Dy);

gap> R:=mx*r + sp;

gap> total2:=[];;

gap> for C'in [0..a — 1] do
gap> for W in [0..v — 1] do
gap> A = [C,W];

gap> if (R * k)mod(n) =(C + W % j) mod(n) and ([C, W] in Dy) then
gap>Add(total2,4); gap>fi;
gap>od;od;

gap>total2;

We have examined example how to describe the set of all (n, j, k)-good matrices
for a given (n, j, k)-good matrix using GAP.

a —-u —p
For simplicity instead of the notation of the matrix |-b v —q| we will
—c —w T

use the notation [a;v; r].

Example 1. Let Ko = {—322;8 _11;0

matrix where n=21579 and j=15227. Let k=3665.
Step 1. Since

. It is easy to show that K is (n, j)-good

327 180

Ko = [238 197]
is (n, j)-good, there is a unique (¢, w’) = (14, 30) € P(Kjy) such that

d +w'j = k(modn).

We calculate
327, 197 327 —238. 197 — 180

ro=mm{[ﬂ1,f§1 ;max {[ 14 1,1 30 1H=r
327 —180 O
Then My = |—238 197 0| is (n, j, k)-good matrix, where (¢g, wp) = (9,193) €
-9 —-193 7

P(Kj) such that
9+ 1935 = Tk(modn).

327 —180 O
Step 2. M = My = |-238 197 0] is (n,J, k)-good matrix,
-9 -193 7

(1) Dy., Ey., Dy, E;., Dy, E,, are the following sets:

D,. ={(0,17,6), (0,47, 5), (0,77,4), (0,107, 3), (0,137,2),(0,167,1) },

E,. = {(—252,167,1), (—266, 137, 2), (—280, 107, 3), (—294, 77, 4), (—308, 47, 5), (—322,17,6)},
D,. ={(5,0,6),(19,0,5),(33,0,4), (47,0, 3), (61,0, 2),(75,0,1)},
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E,. = {(5,—163,6), (19, —133,5), (33, —103,4), (47, =73, 3), (61, —43,2), (75, —13, 1)},
Dy, — {(14,30,0), (89,17,0)},
E = {(14,30,—1)}.

(2) A = max{a;|(—a;,u;,p;) € E,.} = 322. Then, U =17, P =6 and

322 —-17 —6
M, =1-238 197 0 | =[322;197;7].
-9 =193 7

(3) V = max {v;|(b;, —vi,qi) € E;.} = 163. Then, B =5, Q = 6 and

327 —180 0
M,=|-5 163 —6| =[327:163;7).
—9 —193 7

(4) Since M is (n, j, k)-good matrix, it follows that (c,w,0) € Fy,. m =1 is the
largest integer such that (mc, mw,0) € Fy,, and ((m + 1)c, (m + 1)w,0) ¢ F,,,.
Sm = 1 is the unique integer such that (mc, mw, s,,) ¢ P(M) and (mc, mw, s, —
1) € P(M). R = mr+ s, =8, and (172,9) € P(Kjy) is the pair such that
8k = 172 + 9j(modn). In this case, ¢ # 0 and w # 0, so

327 —180 0
M,=1-238 197 0
=172 -9 8

(5) After testing we obtain that M, = [322;197;7] and M, = [327;197;8] are
(n, j, k)-good matrices, but M, = [327;163; 7] is not since it’s corresponding P (M)
size is 21285, which is not equal to n. So Hy(My) = {[322;197;7],[327;197;8]}.

Next by applying the above five steps for each matrix in H;(Mp) we obtain the
set Ho(My). Continuing in the same way we obtain the following sets of (n, j, k)-
good matrices with a < ag and v < vg:

Hy (M) = {[308;197; 7], [322; 197; 8]},

Hs(Mo) = {[294;197; 7], [308; 197; 8], [322; 163; 8]},

Hy(Mo) = {[280;197; 7], [294; 197; 8], [308; 163; 8], [322; 133; 8]},

Hs(Mo) = {[266;197; 7], [280; 197; 8], [294; 163; 8], [308; 133; 8], [322; 103; 8]},

He(Mo) = {[252;197; 7], [266; 197; 8], [280; 163; 8], [294; 133; 8], [308; 103; 8], [322; 73; 8]},
H-(My) = {[252;197; 8], [266; 163; 8], [280; 133; 8], [294; 103; 8], [308; 73; 8], [322; 43; 8]},

Hy(Mo) = {[247;197; 8], [247; 163; 8], [247; 133; 8], [247; 103; 8], [347; 73; 8], [247; 43; 8]},

Ho(Mo) — {[233: 163: 8], [233: 133: 8], [233: 103: 8], [233: 73: 8], [247; 43; 9]}

Hio(Mo) = {[219; 163: 8], [219; 133; 8], [219; 103; 8], [233; 73: 9], [233; 43: 9], [247; 13; 9]},

Hiy(Mo) = {[205: 163: 8], [205; 133; 8], [219; 103: 9], [219: 73: 9], [158; 43: 9], [247; 13: 26] },
Hia(Mo) = {[205; 133 9], [205; 103; 9], [158; 73; 9], [83; 43; 9], [247; 13; 53]},

Hys(Mo) = {[191;133;9], [158; 103; 9], [144; 73; 9], [83; 43; 53]},

Ha(Mo) = {[158: 133: 9], [144: 103: 9], [83: 73: 9], [77: 43: 53]},
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Hys(My) = {[144;133; 9], [130; 103; 9], [69; 73; 9], [69; 43; 53]},
Hyg(Mo) = {[130; 133; 9], [144; 103; 9], [83; 103; 9], [69; 73; 53]},
Hir(Mo) = {[69:103: 9], [69; 68 53]},

Hig(Mo) = {[69: 63; 53]}

Hyg(Mo) = {[69; 58; 53]},

Hao(Mo) = {[69; 53; 53]},

Ha1 (Mo) = {[69; 48; 53]}

We observe that H; ([69;

;48; 53]) = {[69; 43; 53]} and since [69; 43; 53] € Ka1(Mp)
it follows that Hao (M) = 0.

Thus Kgl(Mo) = {M()} U Hl(Mo) u...u Hgl(]\/fo) is

a —-u —p
the set of all the (n, j, k)-good matrices |—b v  —q| with a < 327, v < 197.
—c —w T
We give the complete matrices for some members of Koy (Mp):
[ 308 —47 -5 322 —-17 —6 266 —137 -2 247 -4
-238 197 0], -5 163 —6{(,|—-238 197 0|, |—-33 103
| -9 -193 7 -172 -9 8 —-172 -9 8 —-172 -9
[219 —64 -5 83 -8 -8 144 —-51 -6 144 —51 —6
19 133 -5, |-61 43 —2|,|-33 103 -4, |-19 133 -5,
|-172 -9 8 -8 -5 9 -8 -5 9 -8 -5 9
[69 —38 -7 69 —-38 -7
—61 43 -2, |-53 48 —11].
|—34 0 53 -34 0 93
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