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N-TUPLE ORBITS AND N-TUPLE WEAK ORBITS
TENDING TO INFINITY

SONJA MANCEVSKA ! AND MARIJA OROVCANEC 2

Abstract. In this paper we give a sufficient condition for # pairwise commuting
and bounded linear operators on an infinite dimensional complex Banach space
X, which will imply that the space contains a dense set of vectors each with a
corresponding n-tuple orbit tending to infinity. The same condition is sufficient
to imply that the product of X and its dual space contains a dense set of pairs,
each with a corresponding n-tuple weak orbit tending to infinity.

1. INTRODUCTION

Throughout this paper, unless otherwise stated, X will denote a complex, infi-
nite dimensional Banach space, B(X) the algebra of all bounded linear operators
on X and X* the dual space of X i.e., the space of all bounded linear functionals
x* : X = C. As usual, for x € X and x* € X* we will denote (x, x*) := x*(x).
For the direct product X x X* we assume that is a Banach space, in a sense of
the direct sum of X and X*, with one of the following norms: ||(x,x*)|, =

max {[|x|, [[x*[[} or [|Cx, x|, = ([[x]|” + I |) P for 1 < p < oo, Z, will
denote the set of all nonnegative integers and
7% = {(k1,kp, ... kn) i ki € Z4,1 <i<n}.
If 71, Ty, ..., Ty € B(X) are pairwise commuting operators, the n-tuple orbit of
the vector x € X (or the orbit of x under the n-tuple T = (T1, Ty, ..., Ty)) is the set

Orb({T}Ly, %) = Orb(T, x) = { T T2 T s (ky ko, o o) € Z2E, (L)
and the n-tuple weak orbit of the pair (x, x*) € X x X* is the set
Orb({T;}y, x, x¥) Orb(T, x, x*)
{<Tf1T§2,..T1’§nx, x*> s (k1 ko, . k) € z:{},

By the definition given in [15], the n-tuple orbit (1.1) tends to infinity if

1.2)
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lim ||T{ T4 T
ki—>00

‘ = oo, for every k]- €Z, j#i,andeveryl <i<n.

In [8] and [10] we gave a similar definition for n-tuple weak orbits: the n-tuple
weak orbit (1.2) tends to infinity if

lim (T T T, )

k,’*}OO

= oo, for every kj €Z,, j#i,andeveryl <i<mn.

For n =1, the sets in (1.1) and (1.2) are sequences of form:
Orb(T,x) ={T"x:n=0,1,2,...} C X,
and
Orb(T, x, x*) = {(T"x,x*):n=0,1,2,..} C C.

These sequences are usually referred as single orbit (or simply orbit) of the vector
x € X and single weak orbit (or simply weak orbit) of the pair (x,x*) € X x X*
under the operator T, respectively. Clearly, if Orb({T;}",, x) tends to infinity,
then Orb(T;, x) will also tend to infinity, for every i € {1,2, ..., n}. The same holds
for the weak orbits: if Orb({T;}";, x, x*) tends to infinity, then Orb(T;, x, x*) will
also tend to infinity, for every i € {1,2,...,n}. As corollaries of the main results
in [7]-[10], we’ve obtained that, if Ty, T», ..., T, € B(X) are operators such that
r(T;) > 1, foralli € {1,2,...,n}, then:
(i) X will contain a dense set D such that Orb(Tj, x) tends to infinity for all
x € Dandalli € {1,2,...,n} and if, in addition, the operators Ty, T, ..., T,
are pairwise commuting and have at least one of the following properties:
(P1) T; is bounded bellow, for every i € {1,2,...,n},
(P2) (Tl-k — T]k)kzo is anorm bounded sequence, foralli,j € {1,2, ..., n},
then the m-tuple orbit Orb({Tj }7.;, x) will tend to infinity, for every 2 <
m<n,l1<ii<iac<...<ip<nandx €D,

(ii) X x X* will contain a dense set D’ such that Orb(T}, x, x*) tends to infinity,
forall (x,x*) € D" and alli € {1,2,...,n} and if, in addition, the operators
T1, Ty, ..., Ty are pairwise commuting and have the property (P.2), then
the m-tuple weak orbit Orb({T; }'",, x, x*) will tend to infinity for every
A
2<m<nl1<ii<ihb<...<ip<nandxe€D'.

The conditions (P.1) and (P.2) are quite rigorous. Moreover, for any operators
Ty, Ty, ..., Ty such that r(T;) > 1,1 € {1,2,...,n}, the condition (P.2) will imply
that all these operators must have the same spectral radius. In this paper we are
going to show that vectors in X with n-tuple orbits and pairs in X x X* with
n-tuple weak orbits tending to infinity exist whenever Ty, 15, ..., T, are pairwise
commuting operators such that 7(T;) > 1 for every i € {1,2, ..., n}, without any
additional conditions.

2. PRELIMINARIES

As usual, for a single operator T € B(X), 0(T), 0p(T) and 0ap(T) will denote the
spectrum, the point spectrum and the approximate point spectrum of T.
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If T = (T, Ty,..., Ty) is an n-tuple of pairwise commuting operators on X, the
joint approximate point spectrum (or the left approximate spectrum) of T is the
set

on(T) = o0x(Ty, Tp, ..., Tn)
{A1, A2, Ap) € C" 2 (Ve > 0)3Fx € X)s.t. [|x]| =1A
I(T; — Ap)x|| <e1<i<mn}.

For alternative equivalent definitions of the joint approximate point spectrum,
we refer to [1], [3] and [11]. For every n-tuple of pairwise commuting operators
T =(Tq, Ty, ..., Tu), 02(T) is nonvoid and compact set ([3, Property 2]), which has
the following property, usually referred as the spectral mapping theorem for the
joint approximate point spectrum.

Theorem 1. [3, Theorem 1] If T = (T, T, ..., Tyy) is an n-tuple of pairwise commuting
operators and f is an m-tuple of polynomials in n variables (so that f(T) is defined and
is an m-tuple of commuting operators), then o(f(T)) = f(c(T)).

Clearly, 7ap(T) = 07(T) for every operator T € B(X) and, by [4, Theorem 1],
r(T) =max {|A| : A € 0ap(T)}, forevery T € B(X). 2.1)
We also need the following two results.
Theorem 2. [13, Theorem V.37.14] Let X and Y be Banach spaces and (Ty),>1 be a
sequence of operators in B(X,Y). Let (a,),>1 be sequence of positive numbers such that

Yooy an < co. Then there exists x € X such that || Tyx|| > a, ||Ty||, for all n > 1.
Moreover, it is possible to choose such an x in each ball in X of radius greater than

2;01021 ay.
Theorem 3. [13, Theorem V.39.5] Let X and Y be Banach spaces and (T;;),>1 be a
sequence of operators in B(X,Y). Let (an),>1 be sequence of positive numbers with

Yo a}/z < oo, Then there are x € X and y* € Y* such that |(Tux,y*)| > an ||Ta|,
for all n > 1. Moreover, given balls B C X and B* C Y* of radii greater than

Y1 a}/z < oo, then it is possible to find x € B and y* € B* with this property.

3. N-TUPLE ORBITS TENDING TO INFINITY

Theorem 4. If T = (T, Ty, . . ., Ty) is an n-tuple of pairwise commuting operators on an
infinite dimensional complex Banach space X such that r(T;) > 1, for every 1 < i < n,
then there is a dense set Dy C X such that the n-tuple orbit Orb({T;}",, x) tends to
infinity for every x € Dy.

Proof. Let xp € X and € > 0. Since #(T;) > 1, forall 1 < i < n, by (2.1) there are
A, Az, ..., Ay € Csuchthat A; € oap(Ty) and [A;| =7(T;) > 1,1 <i<n. Letg€R
and C > 0 are such that

1<g<min{|A|,|As], o [Anl}, (3.1)

C(qi1>n <e. (3.2)
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If p1 < p2 < ... < py are the first n prime numbers, let g : Z! — Z, be the
injective mapping defined with g(ky, k, ..., ky) = p]l<1 pIZCZ e pl,i” and let

C

—_ n
Oglhakerkn) = CEiTyr 0, for (k1, k2, ..., kn) € ZZ,

Sg(k1,kz ,,,,, k) = T{q ng ce T,Ii", for (kl,kz, ce ,kn) € Z:_l
By the first inequality in (3.1) and by (3.2) we have

C
Ay ka .. kn) Yoo X Few
(kg myczy SR K1=0ky=0  ky=0 7172

n [e<) n
C +|=C(L) <e
i:q (kiz=0 qk’) (q_1> ‘

Hence, applying Theorem 2 on the sequence {ay, k,,...k,) : (K1, k2, .-, kn) € ZI}
and the sequence {Sg(kl,kz ,,,,, k) : (K1, ko, ... kn) € Z}}, we can find a vector x € X
such that ||x — x¢|| < eand

Y]

| T

c kymky ok
’ qk1+k2+...+ky, Tl T2 "'Tnn

p ) (3.3)
> Wr(TllTé‘z...Tﬁ ), Yk, ko, ... k) € Z1.

k, : C" — C is the polynomial defined with,

.....

If (kl,kz, cees kn) c Zz_l and Pky ks

ki _k k
Pky kg kn (21,22, -, Z0) = zllzz2 e Zy,
then, by Theorem 1,
Thrk Thky = T, T,y T,
U'ap( 1 127 1n ) = U'ap(pkl,kZ,...,k,,( 1,12, ..., Ty))

pkl,kz,...,kn (Oﬂ(Tll T2/ ey Tn)) (34)
= {211(12152...21,2” (21,22, 00,2n) € 07(T1, T, ..., Tn)} .

On the other hand, if p; : C* — C are the polynomials defined with,
pi(z1,22,...,2n) =2, 1<i<mn,
then (again by Theorem 1),
pilon(Ty, T2, ..., Tu)) = 0n(pi(T1, T2, ..., Ty)) = 0ap(T}), foralll <i<n. (3.5)

Since A; € 0ap(T;), (3.5) implies that there are ygi), e, ygi_)l, ‘ul(.i)l, eeey, yg) € C such
that,

(I’lgi)/ sy ]’ll(‘i_)ll/\i/ I’lgi)ll sy ]/1511)) € Uﬂ(Tll TZ/ sy TH)
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Then, by (2.1), (3.3) and (3.4),
| T

> WV(T{“ TS . Thn)
= Wmax{hﬂ A€ O'ap(TflTé(z...TL{”)}
= W max { ‘z’{lzgz kil (21,22, 0 2n) € 0(T1, T, ..., Tn)} (3.6)
> C‘Aq 'l’ ,Hl W‘  forall (ky, ka, ..., kn) € Z71.
7
Since |A;| > g, from (3.6) we obtain that, hm HTkl Tkz. . Thnx ‘ = oo, for all
k € Z,,j #i. And this holds for every 1 < i S n. O

Before we state some corollaries of Theorem 4, we’ll give one simple example.

Example 3.1. Let {e, : n € N} be the canonical base of /! = ¢(!(IN)and B : ¢! —
0! be the backward shift,

0, ifn=1

Ben—{ e 1, ifn>1 " n € IN.

For this operator (see, for example [5, Corollary 6.6]),
op(B)={A€C:|A| <1},

Ker(B—A) = {a(1,A,A%,...) s« € C}, forevery A € op(B),
o(B)={A € C:|A| <1} = 0ap(B).
Letaq,as,...,a;, € Rand Ay € C are such that

T<|do| P <ay<ap<...<ay, (3.7)

and let
T;=a;B, 1 <i<n.
It can be easily verified, directly or by applying the spectral mapping theorems for
the spectrum and the approximate point spectrum (the later one can be regarded
as a special case of Theorem 1 for one operator and the polynomials p; : C — C
defined with p;(z) = a;z, 1 <i < n) that
o(T;) = o(a;B) = {A € C: [A] < a;} = 0ap(a; B),
and
0p(T) = 0p(a;B) = {A € C: |A| < a;},

foralll <i<n.

Clearly, T1, Ty, ..., Ty are pairwise commuting operators. But, none of these
operators is bounded below (for example, || Tie1|| =0 < C||eq||, for all C > 0 and
1 <i < n) and they do not satisfy the condition (P.2) (since 7(T;) = a; > 1, if the
operators satisfy (P.2), they will have the same spectral radius, which contradicts

(3.7)).
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Independently of Theorem 4 we will show that in every open ball in ¢! there is
a vector x such that Orb({T;}7 ,, x) tends to infinity.

Lety = (Yu)u>1 € ¢/ and e > 0. By the choice of Ay, there is ng = np(e) € N
such that 122, 1 ;| <e/3and I, . Ao/ ! < ¢/3. Let

L] 00 .
n no+1 -1
Yo = @1 Y AL AR ) = Y Y AT
j=1

j=}’lg+1

Then,

ly=xxll= & |y-A" < X lyl+ X 1ol <e,

j=np+1 j=np+1 j=np+1
and, if (k1, ko, ..., ky) € ZT issuch thatky +ky +...+k, > ng,

| |k1+k2+...+k,l
_ H k1 _ky aﬁ”Bk1+k2+"'+k"X)\0H k1 ko ky |0

Ky ke k
T2 Ty x atay? ... =alal’.. a4 ———————.
H 1 72 tn Ao 1 %2 R W

Since (3.7) implies that a; [Ag| > 1, forall 1 <i < n, we have

. k1 -k k
lim HTsz...T"x
ki—o0 1 2 n *Ap

L TT (a5 0l) | lim (ar[20])"
1—[Ao] j=1 j17o kj—o0 170
j#
oo, forallky, ... ki kizi... kn € Zy .

Remark 3.1: For the vector x,, in the previous example Orb(a;B, x,,) tends to
infinity for every 1 < i < n. But the operators a41B, a3B, . .., a,B do not share the
same set of vectors such that each one of them has an orbit tending to infinity
under each of the operators. For example, if 4 € C is such that a; < |y|7l < ap,
and x;, is the vector constructed in a similar way as x,, i.e.

m o)=Y yei+ Y yjflej,

j:l j:H] +1

x]/l = (]/1/ .. '/yi’l1/,un1/y

for some sufficiently large 711, then Orb({a;B} ,, x,,) and, consequently Orb(a;B, x,,),
will tend to infinity, for each 2 < i < n. But Orb(a1 B, x) does not tend to infinity:

k k

_oap ™t

B = 1

HTfleH = allcl , forall ky > nq,

and consequently, since a; < |y| -

kyy,, ik 1 . -1
a ifay =

lim HTfleH = lim -l 1] - T—[u]” 1= pl B
kq—o0 kq—o0 1— |‘u‘ 0, if a < |V| .

Remark 3.2: T € B(X) is hypercyclic operator if there is a vector x € X such that
Orb(T, x) is dense in X. The vector x with this property is said to be hypercyclic
vector for T. If T is hypercyclic operator, then the set of all hypercyclic vectors for
T is dense Gy set in X ([2, Lemma II1.5.1], [13, Theorem V.38.2]). By definition,
the n-tuple of pairwise commuting operators T = (11, T, ..., Ty;) is a hypercyclic
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n-tuple if the there is a vector x € X such that Orb({T;},, x) is dense in X ([6]). If
at least one of the operators Ty, Ty, ..., T,; is hypercyclic, or the semigroup gener-
ated by Ty, Ty, ..., Ty ie, T = {Tfl T;Z...TL‘" 2 (k1, ko, .., k) € ZZ}, contains a hy-
percyclic operator S (which may occur even if none of the operators Ty, Ty, ..., Ty
is hypercyclic, a simple example will be T = (21,27!B), where I is the identity
operator, B the backward shift on M and S = (2I)2- (27'B) = 2B), then the n-
tuple T = (T1, Ty, . . ., Ty) is hypercyclic ([6, Proposition 2.1]). By [14, Theorem 1],
each of the operators T; = 4;B, 1 < i < n, in Example 3.1 hypercyclic. Hence
T = (Tq, Tz, ..., Tu) is a hypercyclic n-tuple and ¢! will contain at least one dense
G; set of vectors x such that,

Orb({a;B},, x) = {a’;la’y ok BRtRat ety (ke Ko, L k) € zz},
is dense in /1.

Corollary 4.1. If T = (T3, Ty, . . ., Ty) is an n-tuple of pairwise commuting operators on
an infinite dimensional complex Banach space X such that r(T;) > 1forall1 <i < n,
then there is a dense set DY C X* such that the n—tuple orbit Orb({T; }!", x*) tends
to infinity for every x* € Dj.

Proof. If Ty, T>, ..., T, are pairwise commuting operators on X, so will be their
Banach space adjoints T, T3, ..., T, € B(X*). Having in mind that T* has the
same spectrum as T and hence, #(T*) = r(T), the conclusion follows by Theorem
4. 0

Corollary 4.2. If T = (T1, Ty, ..., Ty) is an n-tuple of pairwise commuting invertible
operators on an infinite dimensional complex Banach space X such that,

{AeC: A >1No(T) #D#{A € C: A <1} no(Ty), (3.8)
forall 1 < i < n, then there is a dense set Dgl) C X such that the 2n-tuple orbit
Orb({T;}, U{T, '}, x) tends to infinity, for every x € Dgl).

Proof. If T1, Ty, ..., Ty, are pairwise commuting invertible operators on X, then
T, b T, ., T, 1 will also pairwise commute and

S R U WU L PR R P
B T S T =T
foralli,j € {1,2,...,n}. Since o(T1) = {/\*1 : A € o(T)} for every invertible

operator T € B(X), if T, Ty, ..., T, satisfy the conditions in (3.8), then r(T;) > 1

and r(T;l) > 1, forall 1 < i < n, and the conclusion follows from Theorem
4, O

Remark 3.3: Every invertible operator T € B(X) is bounded below:
I Tx| > HT‘lH “1x||, forevery x € X,

Hence, if T, Ty, ..., Ty, are pairwise commuting invertible operators, then the oper-
ators Ty, Ty, ..., Ty, Ty L T, 1., T, ! will satisfy the condition (P.1). If, in addition,
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the operators satisfy the conditions in (3.8), then the conclusion in Corollary 4.2
can be derived from [7, Theorem 2.2].

In the next two corollaries we assume that T* denotes the Hilbert space adjoint
of the operator T.

Corollary 4.3. If T = (T4, Tz, ..., Ty) is an n-tuple of pairwise commuting operators on
an infinite dimensional complex Hilbert space H such that v(T;) > 1 forall 1 < i < n,
then there is a dense set Dgz) C H such that the n-tuple orbit Orb({T} }1,, x) tends to
infinity for every x € Dgz).

Proof. If Ty, T, ..., T, are pairwise commuting operators on H, then the corre-
sponding Hilbert space adjoints T}, T;, ..., T,, € B(H) will also commute pair-
wise. Since the spectrum of a Hilbert space adjoint T* of an operator T € B(H)
satisfies 0(T*) = {1 : A € o(T)} and hence, r(T*) = r(T), the conclusion follows
by Theorem 4. O

Corollary 4.4. If T = (Ty, T, ..., Tyy) is an n-tuple of pairwise commuting normal op-
erators on an infinite dimensional complex Hilbert space H such that r(T;) > 1 for

all 1 < i < n, then there is a dense set Df) C H such that the 2n-tuple orbit
Orb({T;}1, U{T/*},, x) tends to infinity for every x € D§3).

Proof. If Ty, Ty, ..., T,y are pairwise commuting normal operators on H then, by the
Fuglede-Putnam theorem Ty, T>, ..., Ty, T}, T3, ..., T,; will be pairwise commuting

normal operators on X. Since #(T*) = ||T*|| = || T|| = r(T) for every normal opera-
tor T € B(H), the conclusion follows from Theorem 4. O

4. N-TUPLE WEAK ORBITS TENDING TO INFINITY

In the section we are going to give only the corresponding result of Theorem 4
for n-tuple weak orbits.

Theorem 5. If T = (T3, 1>, ..., Tyy) is an n-tuple of pairwise commuting operators on an
infinite dimensional complex Banach space X such that r(T;) > 1 forall 1 <i < n, then
there is a dense set Dy C X x X* such that the n-tuple weak orbit Orb({T; }1,, x, x*)
tends to infinity for every (x,x*) € Ds.

Proof. Let (xo,x35) € X x X* and & > 0. If Ay, Ay, ..., Ay € C are as in the proof of
Theorem 4, let g € R and C > 0 are such that,

1<gq<g®<min{|A,|A2], s [Anl},

n
_1 &
C(q—1> R

assuming that p = oo if the norm on X x X* is the max-norm. Now, let
2

and

ag(kl,kz,...,kn) = m > 0/ fOI' (k],k2, ceer le) € Zz/
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where g : Z — Z, is as in the proof of Theorem 4. Then

1/2 ~ q n e
Lo ki) Z 2 knz_ k1+k2+ g —C<q_1) < s

(k1,ka,...kn)€Z k=0 k=0
and, by Theorem 3, there are x € X and x* € X* such that,

_ *
[l — x| < 21/,, " — x| < 21/,, (4.1)
and )
ki ks ok c ki ks ok
(T T T, x*)| = P | T (4.2)

for all (k1, ky, ..., kn) € Z%. By (4.1), in both cases, 1 < p < oo and p = oo, we have

[1(x, x%) = (x0, )|, = [[(x — x0, " = xp)||, <&,

and, if ‘u(li), . ygl, yl(.?l, ey ;451[) € C are as in the proof of Theorem 4, by (4.2) we
have

ik
(Ol
ok Ai 8 ‘”J’
‘<T11T22...Tl§nx,x*>’ > Al 2,'{ 155 (4.3)
q = 97
j#
for all (ky, ky, ..., ky) € Z. Since |A;] > 4%, from (4.3) we obtain that, for every
1<i<n, k%iir;OKTf] T;z...T,’f”x, x*> = oo, forallk; € Z,, j #1. O
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