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NEWTON’S TYPE QUANTUM FRACTIONAL INTEGRAL
INEQUALITIES PERTAINING TO n-POLYNOMIAL CONVEX
FUNCTIONS AND APPLICATION

ROZANA LIKO AND ARTION KASHURI

Abstract. In this paper, we consider a new Newton’s type quantum frac-
tional integral identity. Following that as an auxiliary result, we established
in our main results some integral inequalities of Newton’s type including n-
polynomial convex functions. From our main results, we discuss in detail
several special cases. Finally, an example and application of a special means
of positive real numbers are presented to support our theoretical results.

1. INTRODUCTION

Integral inequalities are very useful tools for finding estimations. They can be
applied in different fields of mathematics such as fractional calculus and discrete
fractional calculus etc., see [20, 11, 23, 31, 32].

Convexity study is crucial regarding theoretical behavior of mathematical in-
equalities, e.g., [25]. For some other theoretical studies of inequalities on different
types of convex functions, see, e.g., GA-convex [43], MT-convex [24], (o, m)-convex
[36], F-convex [26], ny-convex [6], a generalized class of convexity [29], and many
other types can be found in [12].

Definition 1.1. [12] A function /2 : I C R — R is said to be convez if

h(ox1 + (1= 2)Xz2) < Jh(X1) + (1 — )h(X2)
holds for all X1, X2 € I and 5 € [0,1]. Likewise, % is concave if —F is convex.

Definition 1.2. [34, 40] Let n € N. A nonnegative function 7 : I C R — R is
called n-polynomial convez if
_ _ 1< N 1T N
BORL+ (1= %) < = D0 (1= =0 ) ) + - D (1= ) hlR)
=1 =1
holds for all X1, X2 € I and 5 € [0, 1].

2010 Mathematics Subject Classification. 26A33; 26A51, 26D07, 26D10, 26D15, 26 E60.
Key words and phrases. Newton’s type inequality, n-polynomial convex functions, Riemann—
Liouville §-fractional integrals, §-Ho6lder’s inequality, §-power mean inequality, special mean.

121



122 R. LIKO AND A. KASHURI

Remark 1.1: From [40], every nonnegative convex function is also an n-polynomi-
al convex function. Moreover, we get the convex function by taking n = 1 in
Definition 1.2.

Symmetry has a significant role in integral inequality models with convexity. Fur-
thermore, for convex functions and their types, many basic inequalities are found,
such as Hermite-Hadamard type [13, 16], Hermite-Hadamard-Fejér type [28], Os-
trowski type [14, 7, 39], Simpson type [5, 41], Hardy type [19], Olsen type [15] and
Opial type [27].

Let us recall some published papers about above inequalities using §-calculus
that inspired us.

The g-analogue of the trapezium’s inequality was discovered by Tariboon and
Ntouyas [38] using the concepts of §-calculus, also known as calculus without lim-
its, on the finite intervals. See [18] for more information on how to get classical
calculus by taking § — 1. An updated version of the §-analogue of the inequal-
ity of the trapezium was discovered by Alp et al. [4]. Meanwhile, §-analogues of
trapezium-like inequalities involving first order §-differentiable convex functions
were deduced by Sudsutad et al. [37] and Noor et al. [33]. These analogues
were created by Liu and Zhuang [21] using twice §-differentiable convex functions.
Budak et al. [8] are able to further develop certain ¢-Hermite-Hadamard-type
inequality. Ali et al. [2] presented some §-Ostrowski-type inequalities for twice
g-differentiable functions. Convexity was used by Butt et al. [9] to generate some
new §-Simpson-Newton-like estimates in the frame of Mercer type inequalities.
Aljinovié et al. [3] established Ostrowski inequality for §-calculus.

Wang et al. [42] developed new Ostrowski type inequalities via §-fractional
integrals involving s-convex functions. Inspired by this paper, we attempt to give
some new g-fractional integral inequalities of Newton’s type.

The article is set up as follows: The purpose of the Section 2 is to review
several earlier findings of fractional calculus and §-calculus to provide the main
interpretation of this paper. In Section 3, we look at proving a new Newton’s
type quantum fractional integral identity and demonstrate some integral inequal-
ities via m-polynomial convex functions. From our main results, we will discuss
in detail several special cases. In Section 4, we offer an example and application
to special means of positive real numbers in order to show the efficiency of our
theoretical results. The conclusion and future research will be given in Section 5.

2. PRELIMINARIES

Let us denote, respectively, £[X1, X2] the set of all Lebesgue integrable functions on
[X1, X2] and C[X1, X2] the set of all differentiable continuous functions on [X1, X2].

2.1. Fractional Calculus.

Definition 2.1. Let a > 0, 0 < ¥1 < X2 and i € L[X1, X2]. Then the Riemann—
Liouville fractional integral operators of order « are defined by

0
Yeh®) = g [ 0= <o (2.1)
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and B
J2 Rh(0) = L/m( —0)*h(ydy, 0<X
)22— - F(a) p ] ] .77 X27

where I'() is gamma function, defined by

Do) = / 1 teTidy, T(a+1)=al(a).
0
For o = 1, we get the classical Riemann integrals.

The following fractional version of Simpson’s type inequalities for differentiable
s-convex functions was given by Chen and Huang:

Theorem 1. [10] Suppose that i : T C [0,00) — R be a differentiable function
with h € L[X1, Xz2|, where 0 < X1 < X2 and X1, X2 € I° (interior of 1). If |I| is a
s-convex function for some fized s € (0, 1], then for oo > 0, the following inequality
holds true:

v (5 ] - e () 0 (53]
< (%Jr;?) (17 (x1)[4+1R (X2)1] I(s, @), (2.2)
where

7“1

I(s, ) := /01

2.2. Quantum Calculus. Throughout the remaining paper, let us consider 0 <
q < 1 as a constant.

L s

Definition 2.2. [18] For h € C[X1, X2|, the left §-derivative of h at 0 € [X1, X2]

s given by

h(0) — 1 (40 + (1 —4)x1)
1-4)@—-x1)

The function h is said to be §-differentiable on [X1, X2] if 5,Dgh(0) exists for all

0 € [X1, X2|. If we choose X1 = 0, then we will use the notation g, Dgh(6) = Dgh(0),

which is the §-Jackson derivative. See [17, 4] for more details.

%:Dgh(0) = 0 # X1 (2.3)

The §-integer is expressed as follows:

" -1
[n]q::(il_l =1+4+¢ +--+4"", neN ge(01).

The following §-integral along with its properties can be studied in [4].

Definition 2.3. Suppose that i € C[X1, X2]- Then §-definite integral for 6 €
(X1, X2| is defined as

0
/~ Mosde = (1- Q0 —5) S Th@0+(1-d)%).  (24)

1 r=0
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Choosing X1 = 0 in (2.4), we have

6 oo
| o= - a0 > gngn).

r=0
which gives

1 1
1 Dg(a+ DTg(s + 1)
a-&-sd, _ , (1 — 2)Sd.q = q q ,

/0 T s g /0 I =V e = =

where §-gamma function for 6 > 0 is defined by
ro0) = [y,
Lq(0 +1) = [0]44(6),

and §-exponential function is given as

i ,r(r=1) j
& = 4 2 .
d ;O [r]g!

T

The following §-fractional integrals can be studied in [22].

Definition 2.4. Let o > 0,0 < X1 < X2 and I € L[X1, X2]. Then the Riemann—
Liouwville §-fractional integrals of order o are defined by

o Lo e -

Tax: M) = 10 /)z (0 =) 'h() xidags X <0 (2.5)
and

T i) = s [0 g, 0<%

§Xz T Tyla) Jg J—4d 74, X2;

where T'4(-) is §-gamma function. For 4§ — 17, we get the Riemann-Liouville
fractional integral operators.

Theorem 2. (§-integration by parts) |38] Let h1, hia € C[X1,X2]. Then for all
0 € [X1, X2], we have

0
/ 71(9) 5. Dsha() 1 g = Fa (0)ha(0) — T (%) ha ()

X
0
- [ @+ (- 9% w0 nder (20)
X1
Theorem 3. (§-Holder’s inequality) [35] Let hy, Ty be two §-integrable functions
on [X1, Xz|, such that p, 4. > 1 and 1% + é% = 1. Then we have

1

X2 X2 % X2 ) LE
[ bl sda < ([0 s ) ([0 cda )
X1 X1 X1

(2.7)
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Theorem 4. (§-Power mean inequality) [35] Let hyi, ha be two §-integrable func-
tions on [X1, X2] such that 4. > 1. Then we have

L

[ mm) suda < ( [ m zldqj> q* ( [ ml s ;m) .

(2.8)
3. MAIN RESULTS
For the simplicities of notations, let
1 1
50.0) 5= [ =0l p0pa)= [ 1r-0Pds
0 0
Let us recall the well-known beta and hypergeometric functions below:
1
B = [ A=y >0
0
and
1 oo _— -
2F1 (X1, X25 75 2) = f/ 7ET A=) (L = zg) "y,
B(X2, T — X2) Jo
for R(7) > R(X2) > 0 and |2|< 1.
The following two lemmas are very useful in the sequel.
Lemma 1. For a >0 and 0 <0 <1, we have
1
0 =0;
a + 1 71 for b
1+
5(0,a) = 200 7= +1 -0, for0<6<1;
o +1
— 0=1.
a+1’ for
Proof. The proof is evident. O
Lemma 2. Fora>0,p>1and 0 <0 <1, we have
1
ZTJrll’ for 6 = 0;
P+ _ +1
p(0,p, ) == o B8 (l,p+ 1) + &2}1 (1 - l,l;p+2;l 79>, for 0 <0< 1;
o e alp+1) o
16(17})4’1)7 f07’9:1.
(0% (0%

Proof. The proof is a straightforward computations. We omit here their details.
O

We are in position to prove a new lemma including Riemann-Liouville §-fractional
integrals, in order to establish our main results.
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Lemma 3. Suppose that h : [X1,X2] — R be a §-differentiable function, where
0 <4 <1 such that 0 < X1 < X2. If Dgh € L[X1, X2] and o € N, then we have

‘ [h(il) +3n (2’?1;%2) +3n <>21 22’&) +h(>~<2)}
n [Oé}qé;a— 4) [h (221;22) n (X1 + 2><2)

327 1T4(a+1) X1+ X2 X1 + 2X2
- qa(%’2_%l)a J;(M) (X1)+J x1+2x2 ( ) qXQR( 3 )
B[ o)
2X 2
+/ (j _§>DE<X1+ xz+(1_J) x1;-><2)dq]
5 + 2
+/ (J —§>DE(JX2+(1—J)X1 XQ)qu}- (3.1)

Proof. Let denote, respectively,

1 ~ ~
o 3 2%1 + _
I := / (J - 8) D4l (JXlg X2 —J)X1> dgJ,
0

Y. X1+ 2% 2%1 + X
I ::/ (g —2>th(j ! 3 2—|—(1—j) 13 2>dc'1j
0

1 ~ ~
W 5 - +2
I3 ::/ (] —8) D4 (JX2+(1—J)><13X2> dg)-
0

With the help of §-integration by parts, we have

and

! 2X1 + X2 ~ 3t 2X1 + X2 _
I = /0 J°Dgh (J? +(1 - J)Xl) dgg — 5/0 Dgh (1? +(1- J)Xl) dgy

B : [ (%ﬂb) —n(zl)} +3gah(3%+(l‘”>?1) 1

T 8(R2 - x1) 3 X2 — X1 .
3[alg 1 . 2X1+ X o~
_%/ 21 (qj X1+ X2 +(1—qJ)X1) dsy
X2 — X1 Jo 3
9 2X1 + X _ 3 2X1 + X
_ 9 {h()ﬁ X2>—h(x1)}+~ ~h(X1 xz)+
8(X2 — X1) 3 X2 — X1 3
2X1+X2

w|

Blag(1-4)  /2x1i+Xx2)  3%T'alglg(a) 1

§G*(X2 — Xx1) 3 4% (X2 — x1)H Ty(a) Jaxu
_ 15 2X1 + X2 9 - 3[)g(1—4), /2X1 + X2
N 8()72*)?1)}1( 3 ) +8()?2*)?1)}1()(1)4-éa@z*%)h( 3 )

39T (a+ 1) 7z
Rz — X)L g (B )~

(= &%) h(y)dgg

(3.2)
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Similarly, we get

1 ~ ~ ~ ~
+2 251 +
]12:/ 1°Dgh <JX13X2_|_(1_])X13X2> dgj— (3.3)
0
1/t X1+ 2X 21 + X
_,/ Deh (22 | ( _p2atxe)
2 Jo 3 3

- 3 _ h<X1+2X2)+ _ 3 _ 5(2X1+X2>+
2(x2 — X1) 3 2(X2 — X1) 3

3[&}(1(1 - Cll) A (5(,1 + 2%2) B 3a+1p, (Oé + 1) JO‘ A (2%1 + 552)
4*(X2 — x1) 3 4o (X2 — X1)2+! g (22 3
(3.4)
and
1 ~ ~
o ~ +2
I3 = / J"Dgh (]Xz + (1 —J)XI?)XQ) dg)—
0
5 1 _ X1+ 2%
- */ Dgh ax2 + (1 e dgJ
8 J, 3
9 _ 15 X1+ 2%2) 3lafg(1—4),
=——h X2) + = = h( + —= ——h X
8(X2 — X1) (%) 8(X2 — X1) 3 4*(X2 — X1) (X2)
3ot 1 Y 2Y
_ ,~q—(g+)1 a <X1+XQ> ) (3.5)
(X2 — x1)ott 4xe 3

Thus, we obtain the required identity (3.1) by adding equalities (3.2)-(3.5) and

multiplying the resultant one by X2-Xt X L O

Remark 3.1: Considering ¢ — 1~ in Lemma 3, we have the following fractional
identity:

% [h(gl) +3n (2%1;’?2) +3n (’zl 22@) +h(>zz)]

R(X1) +JS

3% ir 1) 2X1 + X X1 + 2%
(a+ Jo : . ,h( X1 +X2>+J‘f,h(X1+ Xz)
(X2 — X1)~ ( = (Xafx2) 3 X2 3

B (L e
+/ ( )h(X1+2X2+(17)2gl+b)dg
3
+/0 (J“*g) ' (3552+(1*J)X1+32522)d1}a (3.6)

which was established in ([1], Lemma 3.1).
Remark 3.2: Choosing o = 1 in Lemma 3, we get the following §-identity:

% {h()ﬁ) 1 3n (2’713“72) 1 3h (%E%) + h(h)}

QB
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2X1+X2 X1+2X2 ~
! / Con d+/ C h()d +/X2 h())d
él(%Q - 5(11) 4x (J) 4/ qm 14l q%ﬁff(z Y
(X2 — X1) /1 3 2X1 + X2 ~
=222 — 2 ) pgh (2L X2 4 (g — ds
9 { L Ug) b T + (1 =9)x1 ) dg
1 X1+ 2X 2X1 + X
(J— 5 ) Pah (3132 + (1) =5 ) dg

A
+ /01 (] - 2) Dgh (J%z +(1- ])>?1+2>?2> dqﬂ}' (3.7)

3

1

By using Lemmas 1, 2 and 3, we established the following §-fractional integral
inequalities.

Theorem 5. Assume that h : [X1,X2] — R is a §-differentiable function with
0 < § <1, such that 0 < X1 < Xa. Suppose that Dgh € L[X1,X2] and |Dgh|%* is
n-polynomial convex function for all n € N, where p, 4. > 1 and %—i— q% = 1. Then
for a € N, the following §-fractional integral inequality holds true:

o () o (22 |

3
# D I () o (DR ) i)

3 hg(a+1) |, - o 21 + X2 o X1+ 2%2
TR -x)e Jq,(LI;%z)*h(X““q,(ihg%)*h(f)“q,;;h(f) |

4*(X2 — X1)“
(X2 — X1) < 1 — )q
<7 -
< nz
—1
1 2"' +"' C’l* ™
A >[|D L ]
—I—Bé’(p7 )quh( X1+X2>' n th(X1+ X2> ]
3 3
3 X1+ 2%\ | N
+Cf (p.a )[th (’“3“)‘ +}th(><2)\“] b (3.8)
where
fo |J b dgJ,
fo |J | dgJ,

fo }j |p dgj
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4

Proof. By using Lemma 3, §-Hélder’s inequality, n-polynomial convexity of |Dgh
and properties of modulus, we have

‘% {h(il) +3n (@) +3h (@) + h(%z)]

. [a]qéclia— 9) [h (m;@) +h (@) + h()?z)}
_ 3 Tge+ 1)
4% (X2 — X1)«

J:;(Qil-%-)?z)*h()zl)+J;:(>?1-22>?2)7h( 3 )+ liﬁ)?;h( 3 ):| ’

(X2 — X1) /1 3 ( 2X1 + X2 ~)
< X2 7 X1) o Olipp (XL TX2 g d
< 9 { A L e +(1—=2)x1)|dgs
Hy 1 X1 + 2X2 2X1 + X2
+/ 7% = 5| |pgh (174-(1—])7) dgy
o 2 3 3
Ny 5 ~ X1 + 2X2
+/ J% — =| |Dgh (]X2+(1—])7) dqj}
o 8 3
1 . L
(X2 —x1) (/1 317 )E /1 (221-&-7(2 N)q»« ax
<X x1) a2 g, Dyh (XA TX2 g dg
< 9 { Y AU i +(1-2x1 47
! 1? v X1+ 2X2 2% + X2\ |% £
+ (/ ¥ == dqj) / Dgh (37 +(1 —J)7> dgy
0 2 0 3 3
! 51 g ! X1+ 2%2) | % W
([ =2 aw)” ([ [pan (sm+ 0= 02222 T ag) ™ )
0 0

1

4 11 . o G
dq]+/ =3 (1 - ) [pgh(X1)|%* dgg
0 my=

n

< ST s F i | 255 (- a0 i (252)

1

» 11 ¢ X1+ 2x2) |4 11 . 2%1 + X2 \ |4 (=
+qu(p,a){/o ;;(1—(1—1))%71(73 ) qu+/0 ;g(l—J)th( 3 ) dgJ

1 L

- 11 B ¢ PO 11 ¢ X1+ 2X%2) [4* e
+Cgf(p,a) {/0 ;hzl(l*(lfa) )‘Dqﬁ(m)‘ quJr/O ;hzl(lfa) Dqﬁ( 3 ) qu:| }

w1~ 1 \*
9<1‘n;[e+uq>

Dh <2X1 + X2)

1

ti*:| Qs

Dyh (Xl -EZX2)

3

X{A&nwme%W”-

D¢ (2X1;—X2)

4«

+

oL
q*:| s

+ Bé%(p,a) [

1
=~ 2"’ G B | G
mﬂmgmﬂ4mmmw]}

+@mm{

This concludes the desired proof.
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Corollary 5.1. Suppose § — 1~ in Theorem 5. Then we have

(% [h(il) +3h (2’“ + XZ) +3h (’“ J;QXZ) + 77,(552)]
39-10(a+ 1) |, ~ o 2X1 + X2 o X1+ 2X2
g el WEWRRELOSET S C ) EEEHICS )]\
1
Re—x1) (; _1g-~ 1 \*
s 9 (1 ngf-&—l)
1
1/3 e (2% 4 X2\ |9 | &
x {pfl’ (g:pva) {h (X1)*+|h (W) }
1
1/1 2% <. G < PEv G | G
o (;p,a) [h’ (7’“;’(2) + n’(’“z XQ) ]
1
2 2 4x . Gx
_"_p% (g’p7a> |:h/(X1 ";2)(2) +|ﬁ,()~(2) q*:|q } (3.9)
Corollary 5.2. Considering o =1 in Theorem 5, we get
1 - 2X1 + X X1 + 2X ~
|5 [P + 8 (22 ogn (K22 ) i)
8 3 3
(1-9) 2X1 + X2 X1+ 2X2 .
h h|—>= h
+ 34 3 + 3 + h(X2)
1 2)?13+i2 >Z1+32>?2 X2
B 1(y)ds 1(y)dg 1i(7)ds ‘
4(x2 — X1) l/qgl (Ndas + PEISER S () q‘]+/42122>22 () q]]
A
(X2 — X1) I~ 1 b
< 1- -
- 9 n ;::1 [0+ 1]4
oL
1 ) 95 ~ 4. @
% {Af () |IDgh(%0)| + Dyt (X;X) ]
, oL
% 2% _’_5(' qx % +2§~<~ Qe | dx
+ B (p) quh (132> + [Dgh (132
. L
1 S1 4+ 2% 4 e s
+CZ(p) [th (’“3“)‘ + |th(><2)|“] 3 (3.10)
P 1 D
dgg,  Cq(p) r=/0 71— 3| -

where
1 3P 1
Aq(p) :=/ 1-3 dgg,  Bg(p) :=/ 1735

0 0

Corollary 5.3. Taking [Dgh|< K in Theorem 5, we obtain

2Y X X 2y
Xl;”) +3h (X“; XQ) +h(>?2)}

E [h(%) +3h (
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P00 () (M) |

3¢ g(a +1) 2X1 + X2 X1+ 2x2
- [JY e o -R(X1)+IY - _h +JY _h|&F—/—2
§*(X2 — X1)® q7(w) (x1) q,(%) ( 3 ) 4.X>5 ( 3 ) ‘
1 N
24 K(X2 — X1) 1 & 1 e 1 1 1
DAV, RS A [ AP (p, B (p, C? (p, . 3.11
< 5 ng[ZHM L (p,0) +BY (p,a) + CZ (p, ) (3.11)

Corollary 5.4. Considering n =1 in Theorem 5, we have

)é [h(il) +3h (W) +3h <>z1+32>22> + h(%z)}

P00 () (B2 )

B 30‘_1Fq(a —+ 1)
§G*(X2 — x1)*

~ 2x1 + X2 X1+ 2x2
o o __h JoOo o p(2XATX2) 4o p(XLTEX2 ‘
(g ) T i (57) g n (5 )}

<(X2—X1) qQ \*
=9 q+1

x {Af () [IDJL(%)

1

2% + x2 \ ¥ |
Dgh | ———=
o (252)
. oL
9% ~ 4 ~ 27, §s] @
th( X1+X2> I th(X1+ X2> ]
3 3
. 1
S1 4+ 2% G B . §x
Dgh (XISXQ)‘ + |Dgh(x2)[* ] } (3.12)

Corollary 5.5. Taking 4 — 1~ in Corollary 5.4, we get

3 o () o (22 |

4y

+BZ(p.a) [

O g |

+ C?(p, ) [

8 3
36!—1F(Oé + 1) « ~ - 2551 + %2 o 5('1 + 25(,2
_W J(%)fﬁz(XI)‘FJ(%),FL( 3 +J§;h T ‘

< (X2 ;)?1) (;) -

< {Ap.a) [m’(»zl) o

oL
q*‘| 3x

.
+W<M2Xﬁ

2X1 + X2
B A2

B (%ﬂzz) &
3

1

q*] @

—|—B11J(p,oz)[
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A

‘i*] ; } (3.13)

IDIRNILE N
h/ (Xl_; XQ)‘ +‘h/(X2)

—|—Cfld(p,oz)l

where )
o P
Alp,e) := Jo [0 = 5[ dy
P
B(p,Oé) = f()l ‘]a - %’ d.77
o P
Clp,a) = [y [s* =3[ -
Theorem 6. Assume that b : [X1,X2] — R is a §-differentiable function with
0 < g < 1, such that 0 < X1 < X2. Suppose that Dgh € L[X1, X2] and [Dgh 4 g
n-polynomial convex function for all n € N, where 4. > 1. Then for a € N, the
following §-fractional integral inequality holds true:

)é [h(il) +3h (M) +3n (M> + h(%a)}

3 3
[a]¢(1 —q) 2X1 + Xo X1+ 2Xo _
+ 3610‘ FL 3 +h 3 +h(X2)
39710 (a+ 1) |, - o (2>~<1+>?2) @ ()?14-2)?2)
_2 ST ) ge oy Joo o p(2XATX2) L ga p(XLTEX2
4(X2 — X1)® q*(%) (x1) + q,(%) 3 + 455 5 ’
(X2 —X1) [ 1-& 1o 2% + X2\ |
< X2 7 X1) [ T (o) — = . 5 [2X1 T X2
< ATV @) || A 2 2o Balon0) ) o (5
1< o
+ (Aq(a) - ZR(@%)) IDg7(X1)|*
/=1
. 1 & Y1 +2%2\ |+
+Bg " (@) l(Bq(a) - ZGq(aJ)) Dgh (132>
=1
1 n 25(114_%2 q* 517*
+ (Bm - H;Haa,@) ogh ( ZX22) ]
- L 1 & TR
+C4 (o) (Cq(a) - nZMq(aa@) !Dqﬁ(m)!q
=1
1 n %1_'_2%2 (':1* 517*
+ (Cq(a) - n;NQ(a,zO D¢h (3) ] 3 (3.14)
where
! 3 ! 1 1 5
Aq() :=/ 1% = g|da, Byla) :=/ 1% = 5|das. Cyla) :=/ LY
0 0 0
and
! L« 3 ! 0|, « 3
Eg(a,0):= [ (1=9)" 0" = gldags Fala,O):= | 57 g™ = 2l das,
0 0
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1 1 1 1
Ggla,l) == / (1= >~ 5| da2: Hgle ) 12/ 7 - 3| das;
0 0
1 / 5 1 0 5
Mg(a, €) ::/ (L=0)" )" = g dar: Ng(ev,0) ::/ 7 g da
0 0

Proof. By using Lemma 3, §-Power mean inequality, n-polynomial convexity of

D4%|4* and properties of modulus, we have
IDg prop ,
1 - 2x1 + X X1+ 2x -
’, h(X1) + 3h £X1 T X2 + 3% X1 T 2X2 + (X2)
8 3 3
[a]q(1 —9) 2X1 + X2 X1+ 2X2 ~
h h| &———= h
3271y (a + 1) _ (2@ + yz) (%1 + 2%2)
AL A B LS o jo
G —x07 | e (2gmz) M HI ey L) 5 |

S()@;%l){/ol 7 dq]
+/1
0

1
[
< (%2;)?1){ (/01 dq))l_cil* </01
qu)l_ql* </01
qu)l_ql* </01

o 2X1+X ~
— g||Pah <JXl3X2 + (1 —J)Xl)

X1+ 2x 2X1 + X
th (]Xl X2 +(1_J) X1 XQ)‘dqj

o1
) 3 3

_ Y1+ 2%
Dgh (JXz +(1— J)Xlgm) ‘ qu}

(0%

J

3
a_7
7T

. L
2X1 + X2 O\ |* a4
Dgh (J 3 +(1- J)xl) dgJ

1
G 3

. A
qx G
1

G 1™ . q
+=3 (1-4) \tho'zmq*) qu:|

=1
1
G G
dgqg

1
(% > (1- -2 [pgrta)|™ +% > (1-4") [pgn (%) “*) d(ﬂ} B!

=1 =1
9% 1%
Dy < X1;X2)

3
(o7 —_ =
~-3

1 a1‘

3

o
D h(jX1+3 X2

2X1 + X2
4 +(1—J)f)

==

a5‘

~ X1 + 2X:
Dgh (JX2+(1—J)X1 3 XQ)

05 ~
Dsh ( X1 +X2>
3

NEEHESSTRD

1 & ¢ 2%1 + X2
ROk ()

£=1

G

(Aqm) - iZEqm,e))

{=1
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1

+ (Aq(a) - i;n;Fq(a,e)> D4 () q*] i
<Bq<a> - % Zn: Gq(a%)) D
=
+ (Bq(a) - iin(a,E)) D (2;1;;2) q*] &
+C (@) K iéMq )> () [

n N A
Jr(Cq(a)?ll;Nq(a,E)) D4h <X1+32X> ] }

This completes the proof. U

G

1—¢
+By ° (a)

X1+ 2Xx2
B XL 2X2

Corollary 6.1. Taking 4. = 1 in Theorem 6, we have

2 o (B ) an (V2 ey |

8 3 3
(1 —4 2x1 + X Y1 + 2x -
4 [a]4( a q) B X1+ X2 1h X1+ 2X2 +h(%)
34~ 3 3
30 'Tg(a+1) - (2551 + %2) (;71 + 2x2)
S LS . __h J* _ _ __h o« R
4(X2 — X1)® q’(w) (X1) + q,(%) 3 + 455 3 ’
< e —x1)

- 9
(2)?1;*)?2)‘ n (Aé(a) _ iZFé(a,€)> [Dg(X1)l
- (52)
2X1 + Xz
+ | Bg(a) = = H'(CX,Z)) Dgh | ———
(e o (552
+<cq<a)—iZMq(af>IDﬁle+< —ZNq(”>
=1

x{ (Aq a) - fZEq(a e>)

()?1 -;29?2 ) ’ }
(3.15)

Corollary 6.2. If we choose § — 1~ in Theorem 6, we get
1 ~ 2x1+Xx X1+ 2x -
‘g [h(xﬂ +3h (><13X2> +3n (X13X2> + h(XQ)]

39N (a+ 1) _ (2>~<1+>~<2) ()?1-%—2)?2)
- 1J%,. . . _h +J9_ - _h +JY B &/—/—22
(X2 —x1)~ | (B4522) ) (Xix2) 3 %3 3 ‘




NEWTON’S TYPE QUANTUM FRACTIONAL INTEGRAL INEQUALITIES 135

B (2551 +>?2) d
3

< @{Aki (@) [(A(a) - % > EW@)

W ()?1 +2>?2) 4
3

1
" (>z ; %) q*} "} (3.16)
=1 3
where
1 3 2 3 atl 1 3
A(e) r:/ 3= <|dy= (*) -,
0 8 a+1\8 a+1l 8
1 1 2 1 a1 1 1
o= L=t 2507+ 2573
0 2 a+1\2 a+1 2
1 5 2a 5 . 1 5
(@] = o Zldy)= _2
@ /0 s a+1( ) a+l 8
and
1 3 1 3
E(a, f) 11/ (1= P> = <|ds, F(e0) ::/ = =Sldy,
0 8 0 8
! £ 1 1 0 1
G(e, ) 11/ (1= Ja—§’d37 H(e, €) 2:/ J Ja_i’dj’
0 0
! e 5 1 0 5
M(a, £) 11/ Q=9 = 2|ds, N(e,0) ::/ P9 = | dg
0 8 o 8

Corollary 6.3. Taking oo =1 in Theorem 6, we obtain
10, - 2X1+Xx X1+ 2X ~
2 [ an () e (B2 |

() () ]

2X1+X2 X1+2X2 ~
1 3 3 X2
- == h]d‘]‘F\/~ ~h]d']+/~ ~h]d'.]
a(X2 — X1) |Jex (7)dg §2atxz (7)dg PRSE=IY (7)dg ‘
(X2 = X1) [ 1-4 1 2%1 + X2 \ |
< T{A{1 Aq - ZEq(f) Dqﬁ 3
/=1
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1-4 1 & X+ 2%\ ¢
+B, KB(1 n;am) Dgh (3)
I 2% + %2 \ ¥ |
(pemE om0 o ()

1—L 1 < 16
+ Cq a [(Cq — ﬁ ZMq(€)> |th(X2) 4
/=1
RS X1+ 2Xe
+ <Cq - ;NJ@) D4h (3)

1

where
1 1 1
3 1 5
AI::/ 7— <|dgg, Bf::/ J7— =|dg2, Cf::/ ==
q o 8 q q o 92 q q 0 8
and
1 , 3 1 , 3
Eq4(0) :=/ (I=2" 11— 5| dass Fag(O) :=/ J 19— 5| dass
0 8 0 8
1 , 1 1 , 1
Gq(£) :=/ (=277 = 5| das, Hy(l) :=/ 7= 5| dags
0 0
1 , 5 1 , 5
My(€) ¢=/ (1—=2)"s—5|das, Ng(0) 1=/ J 19— 5| des
0 8 0 8

Corollary 6.4. Choosing |Dgh|< KC in Theorem 6, we have

(TR o (22 |

3 3
Pl Ty (o) (D20 |

. 30‘_11}1(04 + 1)
4*(X2 — X1)*

- 2X1 + X2
& o h @ - h “ _h
Jq’(2x1+xz)* (Xl)Jrqu(XlJ;zXQ)f ( 3 ) +Jq&; (

1
~ = —,i i
<7K(X2 Xl){A% ()

9 4

%i (o, ) + Fy (a,Z))]
+ B;_‘T* (a) [QBé(a) - % > (Ggla, 0) + Hy(ex, f))] N
=1

1

+C;7°‘T*(a { 7%2 (Mg (x, £) + Ng(a, z))} b }

=1

dq]

X1 + 2Xx2
3

(3.17)

)|l

(3.18)

(3.19)
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Corollary 6.5. Taking n =1 in Theorem 6, we get
1 _ 2X1 + X X1 + 2Xx: ~
B [h(Xl) +3h (M) +3h (u) +h(><2)}
8 3 3
ag(1 -4 2%1 + X X1+ 2% 5
+[ ]q() 4) {h( X1 xz) +h(X1 xz>+h(x2)}
34> 3 3
o ~ o 2X1 + X2 o X1+ 2X2
To (2 MO ”q,(Lg%)*h( ) Han (Y )} |

3% T+ 1)
¢ (X2 — X1)®
2%1 + X2 \ |**
Dgh ( X1+ X2>
3
du

+ (B4(a) — Hyq(a))

Dh (X1 + 2X2)
3

(Ag(@) — E4(@))

= | o=
Dh (X1 + XQ)
3

(X2 =X1) [, 14
< 22 A T (@)

+ (Ag(a) — Fg(a)) Ith(zl)‘i*} "

1
RN
th( X1+X2) }

1

1
e
+ By (a)

(Bg(@) — G4(a))

3

. 1
Qx| 4«
} b

4 (C4(a) = Ny(a)

+C4 ¥ (a) [(Cq(a) ~ My(a)) [D4h(32)

(3.20)
where

1 3 1 3
E4(e) ==/ 1-29 ‘f‘ — gl Fyle) :=/ 2P = 5| dars

0 0

1 o 1 1 o 1
Gg(o) ==/ 1-2 '] — 5|44 Hyq(a) :=/ % = 5| da2s

0 0

1 5 1 5
My(ax) ::/ (1—=2) 9% = <|dgs, Ng(a) ::/ 219% — < | dgg-

0 8 0 8

Corollary 6.6. Choosing 4 — 17 in Corollary 6.5, we obtain

‘é [h(il) +3h (W) +3h (%122’72) + h(>~<2)]

397 (a+1)
(X2 — Xx1)~

« ~ o 2X1 + X2 o X1+ 2%2\ |
J(L?“)*h(Xl)H(L?i?)’h( 3 )H%;h( 3 )’

(3.21)

4 &

+ (A(a) = F(a)) B (x0)|*
[ 2X1+ X
(25

B (21 +2%2> q*] o }
3 9

(X2 —X1) [ 1-2
< T{A = () [F(a)

2x1 + X2
I A

W (W) "4 (B(a) — H(a))
N(a) | (X2)

4. ax

+ B (o) |H()

4 (C(a) - N())

(3.22)

a+2

o Bl o (3\y . 1 3
TR Y T a2 8 at2 16’
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a+2

U, o (1Y" 1
TRl T e 2 at2

1
47
5 5\ 1 5
a Y — « e “ 2
J 8‘d‘7 a+2(8> a2 16

4. APPLICATION TO SPECIAL MEANS

Let h(y) = (i
e = TorT T

P,
we have [Dgh(7)|*" = 7”1, which shows that [Dgh(y)
7> 0 and r € N. Then, from Remark 1.1, [Dgh(y) 4+ is n-polynomial convex func-

tion.

, where v € N, 4. > 1 and § € (0,1). After simple calculations,

4+ is convex function for all

We consider the following arithmetic mean for real numbers X1 and Y2 such that
0 < X1 <X o
~ ~ X1+ X2
A, o) = 222
For the simplicity of notations, let

1 = 2X1 + X2 ks
AD (1,60 71, %2) = (1— @) [(2 - 30T+ 72)] S 4" (q" - q")c'pzl) ,
n=0
2 , ~ o~
A‘(’l ) (V> x5 X1, XZ) =
> 1+ 2% 2% + X2\ &
. o\~ N\~ n n 2 ‘N 2 2 D
=(1-9)[(1-29%1 +2-9%2)] >4 (q % +(1-¢ )q%) :
n=0
> T4 2% &
, o~ o~ , N\~ L~ n [ in~ 2 X1 2 ax
AP (1,471, %2) == (1 - 9 [(3— 29)%2 —ax1)] D 4 (q Xe+(1-4")4™— ) 7
n=0

where r € N, §, > 1, and 4 € (0,1).

By applying Corollaries 5.2 and 6.3, we deduce the following g-inequalities:

Proposition 4.1. Let n, v € N, § € (0,1) and X1, X2 € R, where 0 < X1 < Xa.
Then for p, 4. > 1 and % + q—l* =1, we have

‘1 Al e (et ()
4 X1 » X2 3 s 3
~ ~ v+l ~ - r41
(1-9 o [ (PtXe) * o) Y el
g 3 ’ 3 X2

1 WD (), s .o
T aii=~ = A V, Qx; > ‘
3q(X2 — Xl) ; 4 ( x5 X1 X2)
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23 (Yo — 1) [v+1 1 1 \*®
Qo —_
S X2 Xl |:l/, +1:| (1—Z“>
9 Qs 4 no- [0+ 1]q
B 2% ~ v+1
x {7 ) A* ( o () >+
B? (p )Aq 2% + %2\ (2%
3 ’ 3
~ ~ v+1
X1 + 2X2 W
cipat ((3) ,x;l) 3 @y

»Dm~

»Qv\H

~° s |-

v+l oy

Proof. By applying Corollary 5.2 and Remark 1.1 with %i(y) = @7“] for all
@ Tl

7€ [X1, X2], we can get the desired result (4.1). ’ O

Proposition 4.2. Let n, v € N, § € (0,1) and X1, X2 € R, where 0 < X1 < Xa.
Then for 4. > 1, we have

‘1 A(FET R g [ (20X ES R A
4 X1 7X2 3 s 73
- - v+l ~ ~ v+l
(1-9 24 Wi +Xe\ * (X2 Sa |
g 3 ’ 3 X

3
1 WD (), s .o
a9z~  ~\ Ag UV, Qx; ’ ‘
3q(X27X1); 4 ( Qx5 X1 X2>
< (X2 — X1) [V/ 1+1]
9 (o 4
,L
-1 1 n 2% +)z v+1 1 n - Gx
o () (525 (- o)
=1 =1

1
-4 1 ¢ X1+2x2\" 1 & 2% +x2\
+B; * [(Bé—nZGq(Z)> (T) + Bq—;ZHé(e) ( 3 )
=1

=1
n n ~ = v+1 q%
+C, * Kcé - iZMé(5)> ot + <c€1 - ;ZN§(5)> (xl +32><2> } }o@2
£=1 £=1

s
Proof. By using Corollary 6.3 and Remark 1.1 with A(y) =

1
[ ] for all y €
[X1,X2], we can obtain the desired result (4.2). O
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5. CONCLUSIONS

First we consider a new Newton’s type quantum fractional integral identity. By
using this, we have established some Newton’s type quantum fractional integral
inequalities using m-polynomial convex functions, and several special cases are
discussed in detail. In order to illustrate the efficiency of our main results, an
example and application on special means of positive real numbers are provided.
Interested readers can apply our results in mathematical inequalities and special
functions, and can find new bounds related to convexity class of functions such that
n-polynomial p-convex function, n-polynomial exponentially s-convex functions,
n-polynomial harmonically convex function, and so on. Furthermore, they can
use §-deformed real numbers [30] to extend our results. We hope that this novel
idea that mixed together fractional calculus and §-calculus opens many avenues
for interested researchers working in these fields and they can discover further
approximations for different kinds of convexity.
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