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FANTASTIC FILTERS
IN QUASI-ORDERED RESIDUATED SYSTEMS

DANIEL A. ROMANO

Abstract. The notion of quasi-ordered residuated systems was introduced
by Bonzio and Chajda in 2018 as a generalization of both commutative resid-
ual lattices and hoop-algebras. With respect to the residuum, this system is
a BE-algebra. After that, the concepts of ideals and filters in such systems
as well as some types of filters in them were introduced by this author a
little differently than it was done in the mentioned structures. In this paper,
the concept of fantastic filters in a quasi-ordered residuated system is intro-
duced. In addition, the relationships between this newly designed filter in the
quasi-ordered residated system and other types of filters in it are analyzed.

1. INTRODUCTION

Logical algebras are the algebraic counterparts of the nonclassical logic and the
algebraic foundation of reasoning mechanism in information sciences, computer
sciences, theory of control, artificial intelligence, and other important fields. For
example, BCK-algebra, BL-algebras, pseudo MTL-algebras, and noncommutative
residuated lattice are algebraic counterparts of BCK Logic, Basic Logic, monoidal
t-norm-based logic, and monoidal logic, respectively.

Filter theory plays a vital role not only in studying of algebraic structure, but
also in nonclassical logic and computer science (see, for example [11, 26]).

The concept of residuated relational systems ordered under a quasi-order rela-
tion, or quasi-ordered residuated systems (briefly, QRS), was introduced in 2018
by S. Bonzio and I. Chajda [2] as a generalization of both commutative residual
lattices and hoop-algebras. Previously, this idea was discussed in [6, 1]. The au-
thor introduced and developed the concepts of filters [13] and ideals [20] in this
algebraic structure as well as several types of filters such as implicative, associ-
ated, comparative, weak implicative and normal filters ([16, 14, 18, 22, 23]) a little
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differently than it was done in the mentioned structures. In [22], it is shown that
every comparative filter of a quasi-ordered residuated system 2 is an implicative
filter of 2 and the reverse it need not be valid. The concept of a strong quasi-
ordered residuated system was introduced and discussed in [17]. In such systems,
comparative and implicative filters coincide. The specificity of strong QRSs is that
they allow us to determine the least upper bound for each of their two elements.
In this specific environment, in strong QRSs, the concepts of prime and irreducible
filters as well as their interrelationships are analyzed ([19, 22, 21]).

In this paper, the notion of fantastic filters in a quasi-ordered residuated system
is introduced, and then relations among some types of filters in this algebraic
system previously introduced and fantastic filter are analyzed.

2. PRELIMINARIES

In article [2], S. Bonzio and I. Chajda introduced and analyzed the concept of
residual relational systems.

Definition 2.1 ([2], Definition 2.1). A residuated relational system is a structure
A = (4,-,—,1,R), where (A,-,—,1) is an algebra of type (2,2,0) and R is a
binary relation on A and satisfying the following properties:

(1) (A4,+,1) is a commutative monoid;

(2) (Vo € A)((x,1) € R);

(3) (Vz,y,z € A)((z-y,2) € R<—= (x,y = 2) € R).
We will refer to the operation - as multiplication, to — as its residuum and to
condition (3) as residuation.

The basic properties for residuated relational systems are subsumed in the fol-
lowing:

Theorem 1 ([2], Proposition 2.1). Let A = (A,-,—,1,R) be a residuated rela-
tional system. Then
4) Vz,y € A)(z -y =1= (x,y) € R);
(5) Vz € A)((z,1 —» 1) € R);
(6) (Vz e A)((1,z — 1) € R);
(7) Vz,y,z€ A)(z —wy=1= (z-x,y) € R);
(8) (Va,y € A)((z,y — 1) € R).

2.1. Concept of quasi-ordered residuated systems. Recall that a quasi-order
relation ' < ' on a set A is a binary relation which is reflexive and transitive.

Definition 2.2 ([2]). A quasi-ordered residuated system is a residuated relational
system 2 = (4,-,—,1,<), where < is a quasi-order relation in the monoid (4, -).

Example 2.1. Let A = {1,a,b,¢,d} and operations -’ and >—’ defined on A as
follows:
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1 a b ¢ d — |11 a b ¢ d
1/1 a b ¢ d 1|1 a b c d
ala a d ¢ d a|l 1 b ¢ d
b|b d b dad b1 a 1 ¢ ¢
clec ¢ d ¢ d c|1 1 b 1 b
d|d d d d d d|1 1 1 1 1

Then 2 = (A, -, —, 1) is a quasi-ordered residuated systems where the relation ’<’
is defined as follows
Si=

{(1,1),(a,1), (b, 1), (¢, 1), (d, 1), (b, b), (a, a), (¢, ¢), (d, d), (¢,a), (d; a), (d, b), (d, ) }.

Example 2.2. For a commutative monoid A, let P(A) denote the powerset of
A ordered by set inclusion and ’-’ the usual multiplication of subsets of A. Then
(B(A),-,—, A, C) is a quasi-ordered residuated system in which the residuum are
given by
VXY ePBANY - X :={z€A:Yz C X}).
Example 2.3. Let R be the field of real numbers. Define a binary operations ’-’
and "=’ on A=1[0,1] C R by
(Vz,y € [0,1])(x -y ;== max{0,2 + y — 1}) and  — y := min{1,1 — z + y}).

Then, A is a commutative monoid with the identity 1 and (A4, -, —, <, 1) is a quasi-

ordered residuated system.

Example 2.4. Let A = (—o0, 1] C R (the real numbers field). If we define ’-’
and "=’ as follows, (Vu,v € A)(u-v := min{u,v}) and v — v := 1 if u < v and
u—v:=vif v <ufor all u,v € A, then 2 := (4,-,—,1,<) is a quasi-ordered
residuated system.

Example 2.5. Any commutative residuated lattice (A, -, —,0,1,M, 1, R) where R
is a lattice quasi-order is a quasi-ordered residuated system.

Example 2.6. Let A = {1,a,b,¢,d,e} and operations ’-> and =’ defined on A
be as follows:

1 a b ¢ d e — |1 a b ¢ d e
1/1 a b ¢ d e 1|1 a b ¢ d e
ala b a ¢ d e al|l 1 ¢ 1 1 1
b|b b a ¢ d e and bl ¢ 1 1 1 1
clc b ¢ ¢ d e c|1l ¢ ¢c 1 1 1
djd d d d e e d|1 d d d 1 e
ele e e e e d el e e e d 1

Then 2A = (A, -, —, 1) is a quasi-ordered residuated system, where the relation 'x’
is defined as follows

=<i= {(171)7 (av1)’(b71)’(cal)7(dv1)7(e71)a(aaa)’(aac)v(aad)v(aae); (b,0), (b,c), (b, d);
(b,e), (c,0), (c,d), (c,e€), (d,d), (e,e)}.

It should be noted that the elements a and b are not comparable.
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The following proposition shows the basic properties of quasi-ordered residuated
systems.

Proposition 2.1 ([2], Proposition 3.1). Let A be a quasi-ordered residuated sys-
tem. Then

9) (Vr,y,zeA)zxsy = (z-z2xy-2Nz-2=x2-Y));

(10) (Va,y,z€ A)z sy = (y—=zxc—22ANz2>2=x2—Y);

(11) Vz,y e A)(z-y <z Az y<y).

It is common knowledge that a quasi-order relation < generates an equivalence
relation =5 =: < N <~ 1. Due to (9) and (10), this relation is a congruence on 2.

2.2. Concept of filters. In this subsection we give some notions that will be
used in this article.

Definition 2.3. ([13], Definition 3.1) For a non-empty subset F' of a quasi-ordered
residuated system 2 we say that it is a filter of 2 if it satisfies the conditions
(F2) Vu,v e A)((ue F ANu=<gv) = veF), and
(F3) Vu,ve A)((ue FANu—veEF) = veF).

It is shown ([13], Proposition 3.4 and Proposition 3.2), that if a non-empty
subset F' of a quasi-ordered system 2 satisfies the condition (F2), then it also
satisfies the conditions:

(FO) 1 € F and

(F1) Vu,v e A)((u-veF = (ue F ANv€EF)).

If F(A) is the family of all filters in a QRS 2, then F(A) is a complete lattice
([13], Theorem 3.1).

Remark 2.1: In implicative algebras, the term ’implicative filter’ is used instead
of the term ’filter’ we use (see, for example [3, 12]) because in the structure we
study the concept of filter is determined more complexly than requirements (F3).
It is obvious that our filter concept is also a filter in the sense of [3, 4, 12]. The
term ’special implicative filter’ is also used in the aforementioned sources if the
implicative filter in the sense of [12] satisfies some additional condition.

Example 2.7. Let A = (—o0, 1] C R (the real numbers field). If we define -’
and '—’ as follows, (Vy,v € A)(u-v := min{u,v}) and v — v := 1 if u < v and
u—v:=vif v <wuforall u,v € A, then 2 := (4,-,—,1,<) is a quasi-ordered
residuated system. All filters in 2 are in the form of (z, 1], for € (—o0, 1].

Terms covering some of the requirements used herein to identify various types
of filters in the observed algebraic structure are mostly taken from papers on UP-
algebras. In some other algebraic systems, different terms are used to cover the
concepts of implicative and comparative filters mentioned herein.

Definition 2.4. ([22], Definition 5) For a non-empty subset F of a quasi-ordered
residuated system 20 we say that it is a comparative filter of 2 if (F2) and the

following condition
(CF) (Vu,v,z€ A)(u— (v—2)—2v)eFANueF) = veF)

are valid.
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In the literature, this previous concept often appears under the name ’'positive
implicative filter’.

Example 2.8. Let 2 be a quasi-ordered residuated system as in Example 3.2.
Then the set F := {1,a,b} is a comparative filter in 2.

Notions and notations that are used but not previously determined in this paper
can be found in ([1, 2, 13, 14, 15, 22]).

3. FANTASTIC FILTERS

The concept of fantastic filters in a lattice implication algebra was introduced
and analyzed in the paper [7] by Y. B. Jun. The notion of fantastic filters has
become the subject of research by several authors (for example, [8, 5, 9, 10, 24, 25])
in a number of different circumstances. M. Haveshki et al. introduced the notion
of fantastic filters in BL-algebras (see, [5], Definition 4.1). M. Kondo and W. A.
Dudek also discussed the properties of fantastic filters in BL-algebras ([9]). M.
Kondo analyzed this type of filter in residuated lattices ([10]). M. S. Rao analyzed
the fuzzification of this type of filters in BE-algebras ([24], Definition 3.1). A.
Soleimani Nasab and A. Borumand Saeid in [25] analyze fantastic filter in Hilbert
algebras.

Of course, the condition that a subset F' of one of the previously mentioned
algebraic systems must meet in order for it to be a fantasric filter is always the
same, but the logical circumstances in which this requirement appears are differ-
ent. Here, we introduce the concept of fantastic filters in quasi-ordered residuated
systems.

Definition 3.1. A nonempty subset F' of a QRS 2 is called a fantastic filter in
20 if besides condition (F2) it satisfies the following condition:

(FF) Vu,v,z€ A)((z—=>(v—=>u)EFANzEF) = ((u—=v)=>v) > ueF).
In what follows, we need the following lemma:

Lemma 1. Let F' be a nonempty subset of a quasi-ordered residuated system 2A
that satisfies the condition (F2). Then
(12) Vue A)(ue F <= 1—-u€eF).

Proof. Let u € A be an element such that v € F. From u -1 = u < u follows
u < 1 — u according to (3). Then, 1 — u € F due to (F2). Conversely, let
1 —we F beholds. From 1 - u<1— u, we get 1 - u < u in accordance with
(3). From here and from 1 — u € F it follows u € F' according to (F2). O

Theorem 2. Every fantastic filter F in a quasi-ordered resduated system 2 is a
filter in .

Proof. Let I be a fantastic filter in a quasi-ordered residuated system 2. This
means that F satisfies the conditions (F2) and (FF). Let us prove that it satisfies
the condition (F3). Let u,v € A be such that v € F and v — v € F'. On the other
hand, from v — v < v — v, we have (u > v)-u g vand (u = v) - uxv=1—0.
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From here it follows v — v < u — (1 — v) according to (3). Now, u — (1 = v) €
F by (F2). From here and from u € F follows ((v — 1) — 1) — v € F according
to (FF). Thus v € F due (12) since (v — 1) = 1 =< 1. O

The reverse of the previous theorem does not have to be valid, as the following
example shows:

Example 3.1. Let A = {1,a,b} and operations ’-> and >—’ defined on A be as
follows:

—
1
a

and

b

Then A = (A, -, —,1) is a quasi-ordered residuated system where the relation '’
is defined as follows <:= {(1,1), (a,1), (b, 1), (b,b), (a,b)}. Subsets F =: {1} and
G =: {1,b} are filters in 2 but F is not a fantastic filter in 2 since 1 — (a — b) =
ls1=1€eFandleFbut((b—a)—a)—>b=>b¢F. Filter G is a fantastic
filter in 2A.

Theorem 3. A filter F' in a quasi-ordered residuated system 2 is a fantastic filter
in A if and only if it satisfies:
(FF2) (Vu,v€a)v 2ueF = (u—>v) > v) >u€F).

Proof. Assume that F' is a fantastic filter of a quasi-ordered residuated system 2.
Let u,v € A be such that v - v € F. Then 1 — (v — u) € F by (12). Since
1 € F holds, it follows that (v — v) = v) — u € F according to (FF). So the
implication (F2) A (FF) = (FF2) is a valid formula.

Conversely, let F' be a filter of a quasi-ordered resodiated system 2( satisfying
the condition (FF2). Let us prove (FF). Let us take arbitrary elements u,v,z € A
such that 2z - (v - u) € F and z € F. Then v — u € F by (F2). From here,
according to (FF2), we get ((u — v) = v) = uw € F. Thus, the implication
(F2) A (FF2) = (FF) is proved. O

The previous theorem enables obtaining a sufficient condition for a filter in a
quasi-ordered residuated system A to be a fantastic filter in A.

Corollary 3.1. If a filter F in a quasi-ordered residuated system 2 satisfies the
following condition
(FF3) (Vz,y,u€c A)((z vueFAy—ueclF) = (t—y) —y suelklF),

then F is a fantastic filter in 2A.

Proof. If we put v = x in the formula (FF3), we get that y — a € F implies
((x = y) = y) = = € F, which means that F' is a fantastic filter in 2 because it
satisfies the condition (FF2). O

Recall ([15], Theorem 3.2) that a filter F' in a quasi-ordered residuated system
2l is a comparative filter in 2l if it satisfies the condition
(F4) Vy,z € A)((v > 2) »veF = veF).
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In what follows, in addition to the previous one, we will use the following valid
formulas ([2], Proposition 3.1):

(13) (V25,2 € A) (x> y < (5 > 2) > (= 2),

(14) (Vz,y,z€ A)(y >z g (x = y) = (z = 2)) and

(15) (Vz,y,z € A)(z — (y = 2) =<y — (v — 2)).

Theorem 4. If F is a comparative filter in a quasi-ordered residuated system 2,
then F is a fantastic filter in 2A.

Proof. Let F be a comparative filter in a quasi-ordered residuated system 2(. This

means that, among other things, it satisfies the conditions (F2) and (F3). We will

prove that (FF2) holds. Let u,v € A such that v — u € F. We start from the

valid formula v - ((u — v) — v) < u in accordance with (11). From here, according

to (3), we have u < ((u — v) = v) — u. If we apply (13) to this inequality, we get
(16) (v = v) = v) > u) v =< u—v.

On the other hand, according to (14), we have
voux(u—v)=0) = (u—v) = w)
=< (u—=v) = (((u—=v)—=v)=>u) by (15).
Now, applying (10) to inequality (16), acting on the right with (((uv — v) — v) —
u), we obtain
(u—=v) = ((u—=v)—=v) > u)
< (((u—=v) = v) = u) —=ov) = (((u—v) = v) = ).

This inequality with the previous one gives
v=ou=x(((v—v) =)= u) =2 0) = ((u—=v) = 0) = ).
From here and from v — u € F' it follows
(u=v) =2v)—>u)—=0v) = (v —=v) > v) > u) €EF,

according to (F2). From here, by (F4), it follows ((u — v) — v) — v € F. This
shows that F satisfies the condition (FF2). So, F' is a fantastic filter in 2. 0

Example 3.2. Let A = {1,a,b,c} and operations ’-’ and >—’ defined on A as
follows:

and

o T o
O T o ==
S A
» & o T|T
T oo
o oo ]
e
lonlelN S Ak
o R~ o|lT
— = =00

Then 2 = (A, -, —, 1) is a quasi-ordered residuated systems where the relation ’<’
is defined as follows @ < b < ¢ < 1. The subset F' =: {1} is a fantastic filter in 2
but it is not a comparative filter in 2.
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4. CONCLUSION AND FINAL COMMENTS

In this paper, we have introduced the notion of fantastic filters in quasi-ordered
residuated systems. In addition, an equivalent condition for determining this con-
cept was found. Also, the connections between the fantastic filter, on the one
hand, and the filter (comparative filter), on the other hand, were established.

Since, in the general case, the relation R on a quasi-ordered residuated system
2, determined by the filter F' in 2 in the following way

Vz,y e A)((z,y) ER <= (x >y € F Ny—x€F)),

need not be a congruence on 2l , the factor-set A/R does not have to be a quasi-
ordered residuated system. Therefore, the question about the character of this
factor-set in the case when F' is a fantastic filter in 2, remains unanswered.

ACKNOWLEDGMENT

The author is grateful to the (anonymous) reviewer(s) and editor of this journal
for their good intentions in evaluating the material offered in this paper.

REFERENCES

[1] S. Bonzio. Algebraic structures from quantum and fuzzy logics. Ph.D Thesis. Cagliari: Uni-
versit‘a degli studi di Cagliari, 2015.

[2] S. Bonzio and I. Chajda, Residuated relational systems, Asian-European Journal of Mathe-
matics, 11(2)(2018), 1850024

[3] J. M. Fout, On special implicative filters, Mathematical Logic Quarterly (MLQ), 45(1)(1999),
117-126.

[4] J. M. Font, Abstract Algebraic Logic: An Introductory Textbook, College Publications, Lon-
don, 2016.

[5] M. Haveshki, A. Borumand Saeid and E. Eslami, Some types of filters in BL algebras, Soft

Computing, 10(8)(2006), 657-—664.

C. Guido, Relational groupoids and residuated lattices, in: N. Galatos, A. Kurz, C. Tsinakis

(eds.). TACL 2013. Sizth International Conference on Topology, Algebra and Categories in

Logic, (EPiC Series, vol. 25, pp. 92-95). 2014.

[7] Y. B. Jun, Fantastic filters of lattice implication algebra, International Journal of Mathemat-
ics and Mathematical Sciences, 24(4)(2000), 277-—281.

[8] Y. B. Jun and S. Z. Song, On fuzzy fantastic filters of lattice implication algebras, Journal
of Applied Mathematics and Computing, 14(1-2)(2004), 137-155.

[9] M. Kondo and W. A. Dudek, Filter theory of BL algebras, Soft Computing, 12(5)(2008),
419--423.

[10] M. Kondo, Classification of residuated lattices by filters, Notes on the Institute of Mathe-
matical Analysis, 1769(2011), 33—-38.

[11] K. J. Lee and C. H. Park, Some ideals of pseudo BCI-algebras, Journal of applied mathe-
matics and informatics, 27(1-2)(2009), 217--231.

[12] H. Rasiowa, An Algebraic Approach to Non-Classical Logics. North-Holland Publishing
Company, Amsterdam, 1974.

[13] D. A. Romano, Filters in residuated relational system ordered under quasi-order, Bulletin
of International Mathematical Virtual Institute, 10(3)(2020), 529-534.

6



FANTASTIC FILTERS IN QRS 75

[14] D. A. Romano, Associated filters in quasi-ordered residuated systems, Contributions to
Mathematics, 1(2020), 22-26.

[15] D. A. Romano, Comparative filters in quasi-ordered residuated system, Bulletin of the In-
ternational Mathematical Virtual Institute, 11(1)(2021), 177-184.

[16] D. A. Romano, Implicative filters in quasi-ordered residuated system, Proyecciones Journal
of Mathematics, 40(2)(2021), 417-424.

[17] D. A. Romano, Strong quasi-ordered residuated system, Open Journal of Mathematical
Sciences (OMS), 5(2021), 73-79.

[18] D. A. Romano, Weak implicative filters in quasi-ordered residuated systems, Proyecciones
Journal of Mathematics, 40(3)(2021), 797-804.

[19] D. A. Romano, Prime and irreducible filters in strong quasi-ordered residuated systems,
Open Journal of Mathematical Sciences (OMS), 5(2021), 172-181.

[20] D. A. Romano, Ideals in quasi-ordered residuated system, Contributions to Mathematics,
3(2021), 68-76.

[21] D. A. Romano, Weakly irreducible filters in strong quasi-ordered residuated systems, Con-
tributions to Mathematics, 4(2021), 35-40.

[22] D. A. Romano, Three types of prime filters in strong quasi-ordered residuated systems,
Annals of the University of Craiova - Mathematics and Computer Science Series, 49(1)(2022),
135-145.

[23] D. A. Romano, Normal filter in quasi-ordered residuated systems, Quasigroups and Related
Systems, 30(2)(2022), 317-327.

[24] M. Sambasiva Rao, Fantastic filters and their fuzzification in BE-algebras, Annals of Fuzzy
Mathematics and Informatics, 7(4)(2014), 553-561.

[25] A. Soleimani Nasab and A. Borumand Saeid, Study of Hilbert algebras in point of filters,
An. Ct. Univ. Ovidius Constanta, 24(2)(2016), 221-251.

[26] X. H. Zhang and W. H. Li, On pseudo BL-algebras and BCC-algebras, Soft Computing,
10(10)(2006), 941-—-952.

INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE,
KorbDUNASKA STREET 6, 78000 BANJA Luka, BosNiA AND HERZEGOVINA
Email address: bato4d9@hotmail.com, daniel.a.romano@hotmail.com

Received 17.12.2022
Revised 14.1.2023
Accepted 17.1.2023



