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ON THE INTEGRAL TRANSFORM SHEHU FOR NONLINEAR

FRACTIONAL PROBLEMS

SULEYMAN CETINKAYA1 AND ALI DEMIR1

Abstract. The intention of this research is to establish the truncated solu-
tions of nonlinear fractional problems, including fractional partial di�erential
equations (FPDEs), by employing the Shehu integral transform �rst and the
iterative method later. The numerical solutions reveal the e�ectiveness and
accuracy of the technique.

1. Introduction

In the modeling of various processes in mathematics, biology, physics, engineer-
ing, and so on [9, 13, 15, 16, 3, 4, 10, 5], FPDEs are utilized since the results of frac-
tional mathematical models have better results than other mathematical models.
Therefore quite a few research, such as the existence, uniqueness, and regularity
of solutions, on the processes of heat di�usion, modeled by FPDEs [18, 11, 17].
The contribution of fractional di�erential equations plays a vital role in science
and technology. In the establishment of the solutions for fractional nonlinear prob-
lems, integral transform techniques are common, [14, 8]. This result leads us to
establish truncated solutions of nonlinear FPDEs by utilizing the Daftardar-Jafari
method (DJM) and Shehu transform together. The encountered fractional nonlin-
ear problems modeling real-life phenomena are analyzed and solved by taking the
physical background and features of the nonlinear problem into consideration.

Shehu transform, introduced by Shehu Maitama and Weidong Zhao [12], is an
integral transformation, converting ordinary and partial di�erential equations into
simpler equations. It is obtained by generalizing Laplace transformation. Moreover
it is a linear transformation like Laplace and Sumudu transformations. Laplace
and Yang integral transformations are obtained from Shehu transformation by
taking q = 1 and p = 1 respectively. From this point of view, it could be better to
use Shehu transform instead of Laplace or Yang transforms [12].
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The aim of this research is to extend Shehu Transform iterative method (STIM)
to construct truncated solutions of time-space FPDEs. The STIM technique is
applied to construct the solutions of various linear and nonlinear FPDEs. The
truncated solutions are established in terms of Mittag-Le�er functions and frac-
tional trigonometric functions. The advantages of this method can be listed as
follows:

• CPU time is shorter,
• Robust method for nonlinear and linear FPDEs,
• Less calculation time,
• Less margin of error.

As a result, it is clear that utilizing STIM is one of the best choices for the estab-
lishment of the solutions for linear and nonlinear mathematical models including
FPDEs.

2. Preliminaries

Essential knowledge such as notions and properties of fractional calculus are
presented in this subsection [13, 16].
The de�nition of αth order Riemann-Liouville time-fractional integral of a real
valued function u(x, t) is given as

Iαt u (x, t) =
1

Γ(α)

∫ t

0

(t− s)
α−1

u(x, s)ds.

The de�nition of the time-fractional derivative operator of order α for u(x, t)
in Caputo sense is given as

∂αu(x, t)

∂tα
= Im−α

t

[
∂mu(x, t)

∂tm

]
=

1
Γ(m−α)

∫ t

0
(t− y)

m−α−1 ∂mu(x,y)
∂ym dy, m− 1 < α < m,

∂mu(x,t)
∂tm , α = m.

Two parameterized Mittag-Le�er function is de�ned as

Eα,β (z) =
∞∑
k=0

zk

Γ(αk + β)
, Re (α) > 0, z, β ∈ C.

where α and β are parameters.
The de�nition of Shehu transformation is given by [12]

S [f(t)] = F (p, q) =

∫ ∞

0

e−
p
q tf (t) dt.

The set of functions which has Shehu transformation is given by{
f(t)| ∃P, τ1, τ2 > 0, |f (t)| < Pe

|t|
τj , ift ∈ (−1)

j × [0,∞)

}
.

A key property of it for this research is the following
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S [tα] =
∫ ∞

0

e−
pt
q tαdt = Γ (α+ 1)

(
q

p

)α+1

, Re (α) > 0

inverse Shehu transform of
(

q
p

)nα+1

is the following

S−1

[(
q

p

)nα+1
]
=

tnα

Γ(nα+ 1)
, Re (α) > 0.

Shehu transformation of time-fractional derivative ∂αf(x,t)
∂tα in Caputo sense have

the following form, [1]:

S
[
∂αf(x, t)

∂tα

]
=

(
p

q

)α

S [f(x, t)]−
n−1∑
k=0

[(
p

q

)α−k−1
∂kf(x, 0)

∂tk

]
, (2.1)

n− 1 < α ≤ n, n ∈ N.

3. The Implementation of STIM

The implementation of STIM for mathematical models, including space-time
fractional di�erential equations, is presented in this section. Now consider the
following problem

∂ζf

∂tζ
= F

(
x, f,

∂ηf

∂xη
, . . . ,

∂lηf

∂xlη

)
, j − 1 < ζ ≤ j, i− 1 < η ≤ i, l, j, i ∈ N (3.1)

with the initial restrictions

∂mf(x, 0)

∂tm
= hm(x), k = 0, 1, 2, . . . , j − 1, (3.2)

where F
(
x, f, ∂ηf

∂xη , . . . ,
∂lηf
∂xlη

)
denotes linear or nonlinear function.

After carrying out the Shehu transform to Eq. (3.1) and rearrangement, we have

f (x, t) = g (x, t) +G

(
x, f,

∂ηf

∂xη
, . . . ,

∂lηf

∂xlη

)
, (3.3)

where the operator G and the function g is de�ned as:

g (x, t) = S−1

[
j−1∑
m=0

[(
q

p

)m+1
∂mf(x, 0)

∂tm

]]
,

G

(
x, f,

∂ηf

∂xη
, . . . ,

∂lηf

∂xlη

)
= S−1

[(
q

p

)ζ+1

S
[
F
(
x, f,

∂ηf

∂xη
, . . . ,

∂lηf

∂xlη

)]]
.

In order to construct the solution of Eq. (3.3), the DJM [7] is employed.

f =

∞∑
n=0

fn, (3.4)



36 S. CETINKAYA AND A. DEMIR

is the series form of the solution in terms of fn, established recursively.
After decomposition of the operator G, we have

G

x,

∞∑
n=0

fn,

∂η

( ∞∑
n=0

fn

)
∂xη

, . . . ,

∂lη

( ∞∑
n=0

fn

)
∂xlη

 = G
(
x, f0,

∂ηf0
∂xη , . . . , ∂lηf0

∂xlη

)
+

+

∞∑
c=1

G

x,

c∑
n=0

fn,

∂η

(
c∑

n=0

fn

)
∂xη

, . . . ,

∂lη

(
c∑

n=0

fn

)
∂xlη




−
∞∑
c=1

G

x,

c−1∑
n=0

fn,

∂η

(
c−1∑
n=0

fn

)
∂xη

, . . . ,

∂lη

(
c−1∑
n=0

fn

)
∂xlη


 .

S−1


(

q
p

)ζ+1

S

F
x,

∑∞
n=0 fn,

∂η


∞∑

n=0

fn


∂xη , . . . ,

∂lη


∞∑

n=0

fn


∂xlη



 =

= S−1

[(
q
p

)ζ+1

S
[
F
(
x, f0,

∂ηf0
∂xη , . . . , ∂lηf0

∂xlη

)]]
+

+

∞∑
c=1

S−1


(
q

p

)ζ+1

S

F
x,

c∑
n=0

fn,

∂η

(
c∑

n=0

fn

)
∂xη

, . . . ,

∂lη

(
c∑

n=0

fn

)
∂xlη



−

−
∞∑
c=1

S−1


(
q

p

)ζ+1

S

F
x,

c−1∑
n=0

fn,

∂η

(
c−1∑
n=0

fn

)
∂xη

, . . . ,

∂lη

(
c−1∑
n=0

fn

)
∂xlη



.
(3.5)

Plugging Eqs. (3.4), (3.5) into Eq. (3.3) leads to

∞∑
n=0

fn =

S−1

[
j−1∑
m=0

[(
q

p

)m+1
∂mf(x, 0)

∂tm

]]
+ S−1

[(
q
p

)ζ+1

S
[
F
(
x, f0,

∂ηf0
∂xη , . . . , ∂lηf0

∂xlη

)]]
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+

∞∑
c=1

S−1


(
q

p

)ζ+1

S

F
x,

c∑
n=0

fn,

∂η

(
c∑

n=0

fn

)
∂xη

, . . . ,

∂lη

(
c∑

n=0

fn

)
∂xlη






−
∞∑
c=1

S−1


(
q

p

)ζ+1

S

F
x,

c−1∑
n=0

fn,

∂η

(
c−1∑
n=0

fn

)
∂xη

, . . . ,

∂lη

(
c−1∑
n=0

fn

)
∂xlη






The functions fn are recursively computed as follows:

f0 = S−1

[
j−1∑
m=0

[(
q

p

)m+1
∂mf (x, 0)

∂tm

]]
,

f1 = S−1

[(
q

p

)ζ+1

S
[
F
(
x, f0,

∂ηf0
∂xη

, . . . ,
∂lηf0
∂xlη

)]]
,

fr+1 = S−1

[(
q

p

)ζ+1

S

[
F

(
x,

c∑
n=0

fn,
∂η (

∑c
n=0 fn)

∂xη
, . . . ,

∂lη (
∑c

n=0 fn)

∂xlη

)]]

− S−1

(q

p

)ζ+1

S

F
x,

c−1∑
n=0

fn,
∂η
(∑c−1

n=0 fn

)
∂xη

, . . . ,
∂lη
(∑c−1

n=0 fn

)
∂xlη

 .


(3.6)

The truncated solutions of r-terms of Eqs. (3.1), (3.2) is established as f ≈
f0 + f1 + . . .+ fr−1. For the convergence analysis of DJM, refer to [2].

4. Elucidative Example

Take the following mathematical model

∂ζf

∂tζ
=

(
∂ηf

∂xη

)2

− f

(
∂ηf

∂xη

)
, t > 0, ζ, η ∈ (0, 1], (4.1)

subject to the initial datum

u (x, 0) = 3 +
5

2
Eη(x

η), (4.2)

into account. Applying the Shehu transform to Eq. (4.1) leads to

S
[
∂ζf

∂tζ

]
= S

[(
∂ηf

∂xη

)2

− f

(
∂ηf

∂xη

)]
.

The property (2.1) allow us to have the following
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Table 1. The values of the analytic solution and truncated so-
lutions of 10-term by STIM for example.

STIM Exact STIM Exact STIM Exact
t ζ, η=0.9 ζ, η=0.9 ζ, η=0.95 ζ, η=0.95 ζ, η=1 ζ, η=1

time= 0.1139s time= 0.1173s time= 0.1125s
0 9.9292 9.9292 9.8664 9.8664 9.7957 9.7957
0.1 7.7178 8.0988 7.8855 8.0681 8.0344 8.0344
0.2 6.4308 6.7935 6.5797 6.7610 6.7296 6.7296
0.3 5.5702 5.8563 5.6615 5.8082 5.7629 5.7629
0.4 4.9704 4.9495 5.0029 4.3881 5.0468 5.0468
0.5 4.5413 4.5055 4.5245 4.3661 4.5163 4.5163
0.6 4.2280 4.2772 4.1736 3.9080 4.1233 4.1233
0.7 3.9958 4.0783 3.9139 3.9112 3.8322 3.8322
0.8 3.8225 3.8596 3.7204 3.9075 3.6166 3.6165
0.9 3.6965 3.6961 3.5763 3.5912 3.4571 3.4567
1 3.6187 3.5796 3.4712 3.4481 3.3398 3.3383

S [f(x, t)] =
(
q

p

)
f (x, 0) +

(
q

p

)ζ+1
(

S

[(
∂ηf

∂xη

)2

− f

(
∂ηf

∂xη

)])
.

Utilizing the inverse transformation of Shehu leads to

f (x, t) = S−1

[(
q

p

)
f (x, 0)

]
+ S−1

[(
q

p

)ζ+1
(

S

[(
∂ηf

∂xη

)2

− f

(
∂ηf

∂xη

)])]
.

Utilizing the recurrence relation (3.6), we have

f0 = S−1

[(
q

p

)
f (x, 0)

]
= 3 +

5

2
Eη (x

η) ,

f1 = S−1

[(
q

p

)ζ+1
(

S

[(
∂ηf0
∂xη

)2

− f

(
∂ηf0
∂xη

)])]
= −15tζEη (x

η)

2Γ (ζ + 1)
,

f2 = S−1

[(
q

p

)ζ+1
(

S

[(
∂η (f0 + f1)

∂xη

)2

− f

(
∂η (f0 + f1)

∂xη

)])]

− S−1

[(
q

p

)ζ+1
(

S

[(
∂ηf0
∂xη

)2

− f

(
∂ηf0
∂xη

)])]
=

45t2ζEη (x
η)

2Γ (2ζ + 1)
,

f3 = −135t3ζEη (x
η)

2Γ (3ζ + 1)
,

f4 =
405t4ζEη (x

η)

2Γ (4ζ + 1)
.


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Finally, the series solution allows us to establish the analytic solution of the
problem (4.1)-(4.2):

f (x, t) = f0 + f1 + f2 + f3 + . . . = 3 +

[
5

2
E ζ

(
−3tζ

)]
Eη(x

η),

which is the same exact solution obtained in [6].

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

0

5

10

u
(x

,t
)

truncated solution for =0.9 and =0.9

exact solution for =0.9 and =0.9

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

0

5

10

u
(x

,t
)

truncated solution for =0.95 and =0.95

exact solution for =0.95 and =0.95

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

0

5

10

u
(x

,t
)

truncated solution for =1 and =1

exact solution for =1 and =1

Figure 1. Figures of 10-term truncated solution and exact solu-
tion for di�erent ζ and η at x = 1.

It is clear from Table 1 that the values of the solution for ζ = η = 1 and exact
solution are very close each other which indicates that the method utilized in this
research is e�ective and accurate one for the solution of space-time FPDEs. The
programming language is MATLAB 2016b. The computer used has an Intel (R)
Core (TM) i3 CPU M 370.

5. Conclusion

In this study, we build numerical or analytical solutions of mathematical mod-
els, including nonlinear space time FPDEs by means of STIM. This approach is
proved to be more convenient and e�ective for nonlinear FPDEs than the methods
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obtained by taking the various combinations of di�erent integral transformations.
The illustrative example veri�es this result.
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