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NEW INEQUALITIES FOR APPROXIMATELY h�CONVEX

FUNCTIONS PERTAINING GENERALIZED FRACTIONAL

INTEGRALS

ARTION KASHURI1, HÜSEYIN BUDAK2, RABIA KAPUCU2, AND ROZANA LIKO1

Abstract. In this paper, we �rst establish some new Hermite�Hadamard
type inequalities for approximately h�convex function by using generalized
fractional integrals. Also, some midpoint and trapezoid type inequalities
for approximately h�convex functions via generalized fractional integrals are
presented. At the end, a brie�y conclusion is given. Our results may stimulate
further research in di�erent areas of pure and applied sciences.

1. Introduction and Preliminaries

De�nition 1.1. A function f : I ⊆ < → < is said to be convex, if

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y) (1.1)

for all x, y ∈ I and t ∈ [0, 1].

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are considerable signi�cant in the literature (see, e.g., [6, 12], [28, p. 137]). These
inequalities state that, if f : I → < is a convex function on the interval I of real
numbers and a, b ∈ I, with a < b, then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f (a) + f (b)

2
. (1.2)

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard's inequality may be regarded as a re�nement of the concept of convex-
ity and it follows easily from Jensen's inequality. A number of mathematicians
have devoted their e�orts to generalise, re�ne, counterpart and extend it for dif-
ferent classes of functions such as using convex mappings. Sarikaya et al. obtain
the Hermite�Hadamard inequality for the Riemann�Liouville fractional integrals
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in [33]. Also, many authors have studied to generalize this inequality and establish
Hermite�Hadamard inequality for other fractional integrals such as k�fractional
integral, Hadamard fractional integrals, Katugampola fractional integrals, Con-
formable fractional integrals, etc. For some of them, please see [2, 5, 9, 10],[13]�
[19],[23, 24, 32, 34],[36]�[40],[42, 43]. For more information about fractional calcu-
lus, please refer to [11, 20, 44, 45].
In [7], Dragomir and Agarwal establish the following identity and using it, they
present some bounds for the right hand side of the inequality (1.2).

Lemma 1. Let f : I∗ → < be di�erentiable function on I∗, a, b ∈ I∗ (I∗ is interior
of I), with a < b. If f ′ ∈ L [a, b] , then the following equality holds:

f(a) + f(b)

2
− 1

b− a

∫ b

a

f(t)dt =
(b− a)

2

∫ 1

0

(1− 2t)f ′(ta+ (1− t)b)dt. (1.3)

In [21], K�rmaci gives the following identity and using this identity, obtains some
bounds for the left hand side of the inequality (1.2)

Lemma 2. Let f : I∗ → < be di�erentiable function on I∗, a, b ∈ I∗ (I∗ is interior
of I), with a < b. If f ′ ∈ L [a, b] , then we have

1

b− a

∫ b

a

f(t)dt− f
(
a+ b

2

)
= (b− a)

[∫ 1
2

0

tf ′(ta+ (1− t)b)dt+

∫ 1

1
2

(1− t) f ′(ta+ (1− t)b)dt

]
. (1.4)

Over the last twenty years, the numerous studies have focused on to obtain new
bound for left hand side and right and side of the inequality (1.2). For some
examples, please refer to [8, 22],[25]�[27],[29, 30, 35].

2. h�convexity and new generalized fractional integral operators

First, we give some useful de�nitions:

De�nition 2.1. [1] A non negative function f : [a, b]→ < is said to be s�convex
in second sense, if

f(ta+ (1− t)b) ≤ tsf(a) + (1− t)sf(b)

holds for all t ∈ [0, 1] and s ∈ (0, 1].

In [41], Varo²anec de�ned generalization of convex, s�convex, Godunova�Levin
functions and P�convex functions as follows:

De�nition 2.2. [41] Let h : J → < be non negative function and h 6= 0. A non
negative function f : I = [a, b]→ < is called h�convex, if

f(ta+ (1− t)b) ≤ h(t)f(a) + h(1− t)f(b)

holds for all t ∈ [0, 1]. For more discussion about the h-convex function see [41].
We denote by SX(h, I) the class of h-convex functions on I.
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We let (X, ‖.‖I) be a normed quasi�linear space, I is nonempty convex subset of
X, d : X ×X → <.

De�nition 2.3. [4] Let h : [0, 1] → < be non negative function and h 6= 0. A
function f : I → < is said to be approximately h�convex, if

f(tx+ (1− t)y) ≤ h(t)f(x) + h(1− t)f(y) + d(x, y) (2.1)

holds for all t ∈ (0, 1) and a, b ∈ I.

Now we summarize the generalized fractional integrals de�ned by Sarikaya and
Ertu§ral in [31].
Let's de�ne a function ϕ : [0,+∞)→ [0,+∞) satis�ying the following conditions:∫ 1

0

ϕ(t)

t
d t < +∞,

1

A
≤ ϕ(s)

φ(r)
≤ A for

1

2
≤ s

r
≤ 2,

ϕ(r)

r2
≤ Bϕ(s)

s2
for s ≤ r,∣∣∣ϕ(r)

r2
− ϕ(s)

s2

∣∣∣ ≤ C|r − s|ϕ(r)

r2
for

1

2
≤ s

r
≤ 2,

where A,B,C > 0 are independent of r, s > 0.

We de�ne the following left�sided and right�sided generalized fractional integral
operators, respectively, as follows:

a+Iϕf(x) =

∫ x

a

ϕ (x− t)
x− t

f(t)dt, x > a, (2.2)

b−Iϕf(x) =

∫ b

x

ϕ (t− x)

t− x
f(t)dt, x < b. (2.3)

The most important feature of generalized fractional integrals is that they gen-
eralize some types of fractional integrals such as Riemann�Liouville fractional in-
tegral, k�Riemann�Liouville fractional integral, Katugampola fractional integrals,
conformable fractional integral, Hadamard fractional integrals, etc.
Sar�kaya and Ertu§ral also establish the following Hermite�Hadamard inequality
for the generalized fractional integral operators:

Theorem 1. [31] Let f : [a, b] → < be a convex function on [a, b], with a < b,
then the following inequalities for fractional integral operators hold:

f

(
a+ b

2

)
≤ 1

2Λ(1)
[a+Iϕf(b) +b− Iϕf(a)] ≤ f(a) + f(b)

2
, (2.4)

where the mapping Λ : [0, 1]→ < is de�ned by

Λ(x) :=

∫ x

0

ϕ ((b− a) t)

t
dt.
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Budak et al. proved the following another version of Hermite�Hadamard inequality
for the generalized fractional integral operators:

Theorem 2. [3] Let f : [a, b]→ < be a function, with a < b, and f ∈ L1 [a, b] . If f
is a convex function on [a, b] , then we have the following inequalities for generalized
fractional integral operators:

f

(
a+ b

2

)
≤ 1

2Ψ(1)

[
( a+b2 )+Iϕf(b) +( a+b2 )− Iϕf(a)

]
≤ f(a) + f(b)

2
, (2.5)

where the mapping Ψ : [0, 1]→ < is de�ned by

Ψ(x) :=

x∫
0

ϕ
(

(b−a)
2 t

)
t

dt.

Motivated by the above literature, the main objective of this article is to establish
in section 3 new Hermite�Hadamard type inequalities for approximately h�convex
function by using generalized fractional integrals given in section 2. Also, some
midpoint and trapezoid type inequalities for approximately h-convex functions via
generalized fractional integrals are presented, respectively. Moreover a big remark
is given for the special cases of the functions h and ϕ. In section 4, a brie�y
conclusion is given as well.

3. Hermite�Hadamard type inequalities

for approximately h�convex functions

In this section, we establish Hermite�Hadamard inequalities for approximately
h�convex functions via generalized fractional integrals summarized above.

Theorem 3. Let f : [a, b]→ < be an approximately h�convex on [a, b] , with a < b.
Then the following inequalities for generalized fractional integrals hold:

1

2h
(

1
2

)f (a+ b

2

)
−A1 ≤ 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)] (3.1)

≤ [f(a) + f(b)]

2Λ(1)

1∫
0

ϕ((b− a)t)

t
[h(t) + h(1− t)]dt

+d (a, b) ,

where

A1 :=
1

2Λ(1)h
(

1
2

) b∫
a

ϕ(b− x)

b− x
d (x, a+ b− x) dx.

Proof. Since f is an approximately h-convex, we have the following inequality

f

(
x+ y

2

)
≤ h

(
1

2

)
[f(x) + f(y)] + d (x, y) . (3.2)
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For x = ta+ (1− t)b and y = tb+ (1− t)a with t ∈ [0, 1], (3.2) becomes

1

h
(

1
2

)f (a+ b

2

)
≤ f(ta+ (1− t)b) + f(tb+ (1− t)a) (3.3)

+
1

h
(

1
2

)d (ta+ (1− t)b, tb+ (1− t)a) .

Multiplying both sides of the inequality (3.3) by ϕ((b−a)t)
t and integrating the

resultant inequality with respect to t over [0, 1], we obtain

1

h
(

1
2

)f (a+ b

2

) 1∫
0

ϕ((b− a)t)

t
dt

≤
1∫

0

ϕ((b− a)t)

t
f(ta+ (1− t)b)dt+

1∫
0

ϕ((b− a)t)

t
f(tb+ (1− t)a)dt

+
1

h
(

1
2

) 1∫
0

ϕ((b− a)t)

t
d (ta+ (1− t)b, tb+ (1− t)a) dt.

As a consequence, we get

1

2h
(

1
2

)f (a+ b

2

)
≤ 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

+
1

2Λ(1)h
(

1
2

) b∫
a

ϕ(b− x)

b− x
d (x, a+ b− x) dx

and thus the �rst inequality is proved.
To obtain the second inequality in (3.1), since f is an approximately h-convex, we
have

f(ta+(1− t)b)+f(tb+(1− t)a) ≤ [f(a) + f(b)] [h(t) + h(1− t)]+2d (a, b) . (3.4)

Then multiplying both sides of (3.4) by ϕ((b−a)t)
t and integrating the resultant

inequality with respect to t on [0, 1], we have

1∫
0

ϕ((b− a)t)

t
f(ta+ (1− t)b)dt

+

1∫
0

ϕ((b− a)t)

t
f(tb+ (1− t)a)dt+ 2d (a, b)

1∫
0

ϕ((b− a)t)

t
dt

≤ [f(a) + f(b)]

1∫
0

ϕ((b− a)t)

t
[h(t) + h(1− t)] dt+ 2d (a, b) Λ(1).
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As a sequel, we get

1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)] (3.5)

≤ [f(a) + f(b)]

2Λ(1)

1∫
0

ϕ((b− a)t)

t
[h(t) + h(1− t)] dt+ d (a, b)

and the second inequality is proved. The proof is completed. �

Theorem 4. Let f, g : [a, b] → < are two approximately h�convex functions on
[a, b] , with a < b. Then the following inequality for generalized fractional integrals
holds:

1

2
[a+Iϕf(b)g(b) +b− Iϕf(a)g(a)] (3.6)

≤ K1M(a, b) +K2N(a, b)d(a, b) +K3P (a, b)d(a, b),

where

M(a, b) := f(a)g(a) + f(b)g(b), N(a, b) := f(a)g(b) + f(b)g(a),

P (a, b) := f(a) + g(a) + f(b) + g(b),

and

K1 :=
1

2

1∫
0

ϕ((b− a)t)

t

[
h2(t) + h2(1− t)

]
dt,

K2 :=

1∫
0

ϕ((b− a)t)

t
h(t)h(1− t)dt,

K3 :=
1

2

1∫
0

ϕ((b− a)t)

t
[h(t) + h(1− t)] dt.

Proof. Since f, g are approximately h�convex functions for t ∈ [0, 1] , we have

f(ta+ (1− t)b) ≤ h(t)f(a) + h(1− t)f(b) + d(a, b) (3.7)

and
g(ta+ (1− t)b) ≤ h(t)g(a) + h(1− t)g(b) + d(a, b). (3.8)

Multiplying (3.7) and (3.8), we get

f(ta+ (1− t)b)g(ta+ (1− t)b) (3.9)

≤ h2(t)f(a)g(a) + h2(1− t)f(b)g(b) + h(t)h(1− t) [f(a)g(b) + f(b)g(a)]
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+h(t)d(a, b) [f(a) + g(a)] + h(1− t)d(a, b) [f(b) + g(b)] + d2(a, b).

Similarly, we obtain

f(tb+ (1− t)a)g(tb+ (1− t)a) (3.10)

≤ h2(1− t)f(a)g(a) + h2(t)f(b)g(b) + h(t)h(1− t) [f(a)g(b) + f(b)g(a)]

+h(t)d(a, b) [f(b) + g(b)] + h(1− t)d(a, b) [f(a) + g(a)] + d2(a, b).

Adding (3.9) and (3.10), we have the following relation

f(ta+ (1− t)b)g(ta+ (1− t)b)

+ f(tb+ (1− t)a)g(tb+ (1− t)a) (3.11)

≤
[
h2(t) + h2(1− t)

]
M(a, b) + 2h(t)h(1− t)N(a, b)

+ [h(t) + h(1− t)]P (a, b)d(a, b) + 2d2(a, b).

Multiplying both sides of (3.11) by ϕ((b−a)t)
t and integrating the resultant one with

respect to t over [0, 1] , we get

1∫
0

ϕ((b− a)t)

t
f (ta+ (1− t)b) g (ta+ (1− t)b) dt

+

1∫
0

ϕ((b− a)t)

t
f ((1− t)a+ tb) g ((1− t) a+ tb) dt

≤ M(a, b)

1∫
0

ϕ((b− a)t)

t

[
h2(t) + h2(1− t)

]
dt

+2N(a, b)

1∫
0

ϕ((b− a)t)

t
h(t)h(1− t)dt

+P (a, b)d(a, b)

1∫
0

ϕ((b− a)t)

t
[h(t) + h(1− t)] dt+

+2d2(a, b)

1∫
0

ϕ((b− a)t)

t
dt.
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This completes the proof. �

Theorem 5. Let f, g : [a, b] → < are two approximately h�convex functions on
[a, b] , with a < b. Then the following inequality for generalized fractional integrals
holds:

1

2h2
(

1
2

)f (a+ b

2

)
g

(
a+ b

2

)
(3.12)

− 1

2Λ(1)h
(

1
2

) [∫ b

a

ϕ(b− x)

b− x
(f(x) + g(x))d(x, a+ b− x)dx

+

∫ b

a

ϕ(x− a)

x− a
(f(x) + g(x))d(a+ b− x, x)dx

]

≤ 1

2Λ(1)
[a+Iϕf(x)g(x) +b− Iϕf(x)g(x)]

+
1

2Λ(1)h2
(

1
2

) ∫ b

a

ϕ(b− x)

b− x
d2(x, a+ b− x)dx

+
1

Λ(1)
[K2M(a, b) +K1N(a, b) +K3P (a, b)d(a, b)] + d2(a, b),

where M(a, b), N(a, b) and K1, K2, K3, P (a, b) are de�ned as in Theorem 4.

Proof. For t ∈ [0, 1], we can write

a+ b

2
=

(1− t)a+ tb

2
+
ta+ (1− t)b

2
.

Since f and g are two approximately h-convex functions, we have

1

h
(

1
2

)f (a+ b

2

)
=

1

h
(

1
2

)f ( (1− t)a+ tb

2
+
ta+ (1− t)b

2

)
(3.13)

≤ f((1− t)a+ tb) + f(ta+ (1− t)b)

+
1

h
(

1
2

)d((1− t)a+ tb, ta+ (1− t)b)

and

1

h
(

1
2

)g(a+ b

2

)
=

1

h
(

1
2

)g( (1− t)a+ tb

2
+
ta+ (1− t)b

2

)
(3.14)

≤ g((1− t)a+ tb) + g(ta+ (1− t)b)

+
1

h
(

1
2

)d((1− t)a+ tb, ta+ (1− t)b).
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Multiplying the inequalities (3.13) and (3.14), we obtain

1

h2
(

1
2

)f (a+ b

2

)
g

(
a+ b

2

)
≤

[
f(1− t)a+ tb) + f(ta+ (1− t)b) +

1

h
(

1
2

)d((1− t)a+ tb, ta+ (1− t)b)

]

×

[
g((1− t)a+ tb) + g(ta+ (1− t)b) +

1

h
(

1
2

)d((1− t)a+ tb, ta+ (1− t)b)

]

= [f((1− t)a+ tb)g((1− t)a+ tb) + f(ta+ (1− t)b)g(ta+ (1− t)b)]

+ [f((1− t)a+ tb)g(ta+ (1− t)b) + f(ta+ (1− t)b)g((1− t)a+ tb)]

+
1

h
(

1
2

) [f(ta+ (1− t)b)d(ta+ (1− t)b, tb+ (1− t)a)

+f(tb+ (1− t)a)d(ta+ (1− t)b, tb+ (1− t)a)

+g(ta+ (1− t)b)d(ta+ (1− t)b, tb+ (1− t)a)

+g(tb+ (1− t)a)d(ta+ (1− t)b, tb+ (1− t)a)]

+
1

h2
(

1
2

) [d2(ta+ (1− t)b, tb+ (1− t)a)
]
.

By using the approximately h-convexity of functions f and g, we get

1

h2
(

1
2

)f (a+ b

2

)
g

(
a+ b

2

)
(3.15)

≤ [f((1− t)a+ tb)g((1− t)a+ tb) + f(ta+ (1− t)b)g(ta+ (1− t)b)]

+[h2(t) + h2(1− t)]N(a, b) + 2h(t)h(1− t)M(a, b)

+[h(t) + h(1− t)]P (a, b)d(a, b) + 2d2(a, b)

+
1

h
(

1
2

) [f(ta+ (1− t)b)d(ta+ (1− t)b, tb+ (1− t)a)]

+
1

h
(

1
2

) [f(tb+ (1− t)a)d(ta+ (1− t)b, tb+ (1− t)a)]

+
1

h
(

1
2

)g [(ta+ (1− t)b)d(ta+ (1− t)b, tb+ (1− t)a)]
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+
1

h
(

1
2

)g [(tb+ (1− t)a)d(ta+ (1− t)b, tb+ (1− t)a)]

+
1

h2
(

1
2

)d2(ta+ (1− t)b, tb+ (1− t)a).

Multiplying both sides of inequality (3.15) by ϕ((b−a)t)
t and integrating the resul-

tant one with respect to t over [0, 1], we obtain

1

h2
(

1
2

) ∫ 1

0

ϕ((b− a)t)

t
f

(
a+ b

2

)
g

(
a+ b

2

)
dt

≤
∫ 1

0

ϕ((b− a)t)

t
f((1− t)a+ tb)g((1− t)a+ tb)dt

+

∫ 1

0

ϕ((b− a)t)

t
f(ta+ (1− t)b)g(ta+ (1− t)b)dt

+
1

h2
(

1
2

) ∫ 1

0

ϕ((b− a)t)

t
d2(ta+ (1− t)b, tb+ (1− t)a)dt

+
1

h
(

1
2

) ∫ 1

0

ϕ((b− a)t)

t
f(ta+ (1− t)b)d(ta+ (1− t)b, tb+ (1− t)a)dt

+
1

h
(

1
2

) ∫ 1

0

ϕ((b− a)t)

t
f(tb+ (1− t)a)d(ta+ (1− t)b, tb+ (1− t)a)dt

+
1

h
(

1
2

) ∫ 1

0

ϕ((b− a)t)

t
g(ta+ (1− t)b)d(ta+ (1− t)b, tb+ (1− t)a)dt

+
1

h
(

1
2

) ∫ 1

0

ϕ((b− a)t)

t
g(tb+ (1− t)a)d(ta+ (1− t)b, tb+ (1− t)a)dt

+2N(a, b)

∫ 1

0

ϕ((b− a)t)

t
h2(t)dt

+2M(a, b)

∫ 1

0

ϕ((b− a)t)

t
h(t)h(1− t)dt

+2P (a, b)d(a, b)

∫ 1

0

ϕ((b− a)t)

t
[h(t) + h(1− t)] dt

+2d2(a, b)

∫ 1

0

ϕ((b− a)t)

t
dt.

By changing the variable of integration we achieved desired inequality (3.12). �

Theorem 6. Let f : [a, b] → < be an approximately h�convex function on [a, b] ,
with a < b. Then the following inequalities for generalized fractional integrals hold:

1

2h
(

1
2

)f (a+ b

2

)
−A2 (3.16)

≤ 1

2Ψ(1)

[
( a+b2 )+Iϕf(b) + ( a+b2 )−Iϕf(a)

]
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≤ [f(a) + f(b)]

2Ψ(1)

1∫
0

ϕ
((
b−a

2

)
t
)

t

[
h

(
t

2

)
+ h

(
2− t

2

)]
dt+ d (a, b) ,

where

A2 :=
1

2Ψ(1)h
(

1
2

) b∫
a+b
2

ϕ(b− x)

b− x
d (x, a+ b− x) dx.

Proof. Since f is an approximately h�convex, we have the following inequality

f

(
x+ y

2

)
≤ h

(
1

2

)
[f(x) + f(y)] + d (x, y) . (3.17)

For x = t
2a+ (2−t)

2 b and y = t
2b+ (2−t)

2 a with t ∈ [0, 1], (3.17) becomes

1

h
(

1
2

)f (a+ b

2

)
(3.18)

≤ f

(
t

2
a+

(2− t)
2

b

)
+ f

(
t

2
b+

(2− t)
2

a

)
+

1

h
(

1
2

)d( t
2
a+

(2− t)
2

b,
t

2
b+

(2− t)
2

a

)
.

Multiplying both sides of the inequality (3.18) by
ϕ( (b−a)

2 t)
t and integrating the

resultant inequality with respect to t over [0, 1], we have

1

h
(

1
2

)f (a+ b

2

) 1∫
0

ϕ
((
b−a

2

)
t
)

t
dt

≤
1∫

0

ϕ
((
b−a

2

)
t
)

t
f

(
t

2
a+

(2− t)
2

b

)
dt+

1∫
0

ϕ
((
b−a

2

)
t
)

t

(
t

2
b+

(2− t)
2

a

)
dt

+
1

h
(

1
2

) 1∫
0

ϕ
((
b−a

2

)
t
)

t
d

(
t

2
a+

(2− t)
2

b,
t

2
b+

(2− t)
2

a

)
dt.

As a consequence, we get

1

2h
(

1
2

)f (a+ b

2

)
≤ 1

2Ψ(1)

[
( a+b2 )+Iϕf(b) + ( a+b2 )−Iϕf(a)

]

+
1

2Ψ(1)h
(

1
2

) b∫
a+b
2

ϕ (b− x)

b− x
d (x.a+ b− x) dx

and thus the �rst inequality is proved.
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To obtain the second inequality in (3.16), since f is an approximately h�convex,
we have

f

(
t

2
a+

(2− t)
2

b

)
+ f

(
t

2
b+

(2− t)
2

a

)
(3.19)

≤ [f(a) + f(b)]

[
h

(
t

2

)
+ h

(
2− t

2

)]
+ 2d (a, b) .

Then multiplying both sides of (3.19) by
ϕ(( (b−a)

2 )t)
t and integrating the resultant

inequality with respect to t on [0, 1], we get

1∫
0

ϕ
((
b−a

2

)
t
)

t
f

(
t

2
a+

(2− t)
2

b

)
dt

+

1∫
0

ϕ
((
b−a

2

)
t
)

t
f

(
t

2
b+

(2− t)
2

a

)
dt+ 2d (a, b)

1∫
0

ϕ
((
b−a

2

)
t
)

t
dt

≤ [f(a) + f(b)]

1∫
0

ϕ
((
b−a

2

)
t
)

t

[
h

(
t

2

)
+ h

(
2− t

2

)]
dt+ 2d (a, b) Ψ(1).

As a sequel, we obtain

1

2Ψ(1)

[
( a+b2 )+Iϕf(b) +( a+b2 )− Iϕf(a)

]
≤ [f(a) + f(b)]

2Ψ(1)

1∫
0

ϕ
((
b−a

2

)
t
)

t

[
h

(
t

2

)
+ h

(
2− t

2

)]
dt+ d (a, b)

and the second inequality is proved. The proof is completed. �

Theorem 7. Let f, g : [a, b] → < are two approximately h�convex functions on
[a, b] , with a < b. Then the following inequality for generalized fractional integrals
holds:

1

2

[
( a+b2 )+Iϕf(b)g(b) +( a+b2 )− Iϕf(a)g(a)

]
≤ K4M(a, b) +K5N(a, b) +K6P (a, b)d(a, b) + d2(a, b)Ψ(1),

where M(a, b), N(a, b), and P (a, b) are de�ned as in Theorem 4 and

K4 :=
1

2

1∫
0

ϕ
(

(b−a)
2 t

)
t

[
h2

(
t

2

)
+ h2

(
2− t

2

)]
dt,

K5 :=

1∫
0

ϕ
(

(b−a)
2 t

)
t

h

(
t

2

)
h

(
2− t

2

)
dt,
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K6 :=
1

2

1∫
0

ϕ
(

(b−a)
2 t

)
t

[
h

(
t

2

)
+ h

(
2− t

2

)]
dt.

Proof. Since f and g are approximately h�convex functions for t ∈ [0, 1] , we have

f

(
ta+ (2− t)b

2

)
≤ h

(
t

2

)
f(a) + h

(
2− t

2

)
f(b) + d(a, b) (3.20)

and

g

(
ta+ (2− t)b

2

)
≤ h

(
t

2

)
g(a) + h

(
2− t

2

)
g(b) + d(a, b). (3.21)

Multiplying (3.20) and (3.21), we get

f

(
ta+ (2− t)b

2

)
g

(
ta+ (2− t)b

2

)
(3.22)

≤ h2

(
t

2

)
f(a)g(a) + h2

(
2− t

2

)
f(b)g(b) +

+h

(
t

2

)
h

(
2− t

2

)
[f(a)g(b) + f(b)g(a)] +

+h

(
t

2

)
d(a, b) [f(a) + g(a)] + h

(
2− t

2

)
d(a, b) [f(b) + g(b)] + d2(a, b).

Similarly, we obtain

f

(
tb+ (2− t)a

2

)
g

(
tb+ (2− t)a

2

)
(3.23)

≤ h2

(
t

2

)
f(b)g(b) + h2

(
2− t

2

)
f(a)g(a) +

+h

(
t

2

)
h

(
2− t

2

)
[f(a)g(b) + f(b)g(a)] +

+h

(
t

2

)
d(a, b) [f(b) + g(b)] + h

(
2− t

2

)
d(a, b) [f(a) + g(a)] + d2(a, b)

Adding (3.22) and (3.23), we have the following relation

f

(
ta+ (2− t)b

2

)
g

(
ta+ (2− t)b

2

)

+ f

(
tb+ (2− t)a

2

)
g

(
tb+ (2− t)a

2

)
(3.24)

≤
[
h2

(
t

2

)
+ h2

(
2− t

2

)]
M(a, b) + 2h

(
t

2

)
h

(
2− t

2

)
N(a, b)
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+

[
h

(
t

2

)
+ h

(
2− t

2

)]
P (a, b)d(a, b) + 2d2(a, b).

Multiplying both sides of (3.24) by
ϕ( (b−a)

2 t)
t and integrating the resultant one

with respect to t over [0, 1] , we get

1∫
0

ϕ
(
b−a

2 t
)

t
f

(
ta+ (2− t)b

2

)
g

(
ta+ (2− t)b

2

)
dt

+

1∫
0

ϕ
(
b−a

2 t
)

t
f

(
tb+ (2− t)a

2

)
g

(
tb+ (2− t)a

2

)
dt

≤ M(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t

[
h2

(
t

2

)
+ h2

(
2− t

2

)]
dt

+2N(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t
h

(
t

2

)
h

(
2− t

2

)
dt

+P (a, b)d(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t

[
h

(
t

2

)
+ h

(
2− t

2

)]
dt

+2d2(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t
dt.

This completes the proof. �

Theorem 8. Let f, g : [a, b] → < are two approximately h�convex functions on
[a, b] , with a < b. Then the following inequality for generalized fractional integrals
holds:

1

2h2
(

1
2

)f (a+ b

2

)
g

(
a+ b

2

)
(3.25)

− 1

2Ψ(1)h
(

1
2

)


a+b
2∫
a

ϕ (x− a)

x− a
[f(x) + g(x)] d(x, a+ b− x)dx

+

b∫
a+b
2

ϕ (b− x)

b− x
[f(x) + g(x)] d(a+ b− x, x)dx


≤ 1

2

[
( a+b2 )−Iϕf(a)g(a) +( a+b2 )+ Iϕf(b)g(b)

]
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+
1

2Ψ(1)h2
(

1
2

)
a+b
2∫
a

ϕ (x− a)

x− a
d(x, a+ b− x)dx

+
1

Ψ(1)
[K5M(a, b) +K4N(a, b) +K6P (a, b)d(a, b)] + d2(a, b),

where M(a, b), N(a, b), P (a, b) and K4,K5,K6 are de�ned as in Theorems 4
and 7, respectively.

Proof. For t ∈ [0, 1], we can write

a+ b

2
=

(2− t)a+ tb

4
+
ta+ (2− t)b

4
.

Since f and g are two approximately h�convex functions, we have

1

h
(

1
2

)f (a+ b

2

)
=

1

h
(

1
2

)f ( (2− t)a+ tb

4
+
ta+ (2− t)b

4

)
(3.26)

≤ f

(
(2− t)a+ tb

4

)
+ f

(
ta+ (2− t)b

4

)

+
1

h
(

1
2

)d( (2− t)a+ tb

4
,
ta+ (2− t)b

4

)
and similarly

1

h
(

1
2

)g(a+ b

2

)
≤ g

(
(2− t)a+ tb

4

)
+ g

(
ta+ (2− t)b

4

)
(3.27)

+
1

h
(

1
2

)d( (2− t)a+ tb

4
,
ta+ (2− t)b

4

)
.

Multiplying the inequalities (3.26) and (3.27), we obtain

1

h2
(

1
2

)f (a+ b

2

)
g

(
a+ b

2

)
(3.28)

≤
[
f

(
(2− t)a+ tb

4

)
+ f

(
ta+ (2− t)b

4

)
+

+
1

h
(

1
2

)d( (2− t)a+ tb

4
,
ta+ (2− t)b

4

)]

×
[
g

(
(2− t)a+ tb

4

)
+ g

(
ta+ (2− t)b

4

)
+

+
1

h
(

1
2

)d( (2− t)a+ tb

4
,
ta+ (2− t)b

4

)]

= f

(
(2− t)a+ tb

4

)
g

(
(2− t)a+ tb

4

)
+



164 A. KASHURI, H. BUDAK, R. KAPUCU, AND R. LIKO

+f

(
ta+ (2− t)b

4

)
g

(
ta+ (2− t)b

4

)
+

+f

(
(2− t)a+ tb

4

)
g

(
ta+ (2− t)b

4

)
+

+f

(
ta+ (2− t)b

4

)
g

(
(2− t)a+ tb

4

)

+
1

h
(

1
2

) [f ( ta+ (2− t)b
4

)
d

(
(2− t)a+ tb

4
,
ta+ (2− t)b

4

)

+f

(
(2− t)a+ tb

4

)
d

(
ta+ (2− t)b

4
,

(2− t)a+ tb

4

)

+g

(
ta+ (2− t)b

4

)
d

(
(2− t)a+ tb

4
,
ta+ (2− t)b

4

)

+ g

(
(2− t)a+ tb

4

)
d

(
(2− t)a+ tb

4
,
ta+ (2− t)b

4

)]

+
1

h2
(

1
2

) [d2

(
(2− t)a+ tb

4
,
ta+ (2− t)b

4

)]
.

Multiplying both sides of inequality (3.28) by
ϕ(( b−a2 )t)

t and integrating the resul-
tant one with respect to t over [0, 1], we obtain

1

h2
(

1
2

) ∫ 1

0

ϕ
((
b−a

2

)
t
)

t
f

(
a+ b

2

)
g

(
a+ b

2

)
dt (3.29)

≤
∫ 1

0

ϕ
((
b−a

2

)
t
)

t
f

(
(2− t)a+ tb

4

)
g

(
(2− t)a+ tb

4

)
dt

+

∫ 1

0

ϕ
((
b−a

2

)
t
)

t
f

(
ta+ (2− t)b

4

)
g

(
ta+ (2− t)b

4

)
dt

+
1

h2
(

1
2

) ∫ 1

0

ϕ
((
b−a

2

)
t
)

t
d2

(
(2− t)a+ tb

4
,
ta+ (2− t)b

4

)
dt

+
1

h
(

1
2

) ∫ 1

0

ϕ
((
b−a

2

)
t
)

t
f

(
ta+ (2− t)b

4

)
d

(
(2− t)a+ tb

4
,
ta+ (2− t)b

4

)
dt

+
1

h
(

1
2

) ∫ 1

0

ϕ
((
b−a

2

)
t
)

t
f

(
(2− t)a+ tb

4

)
d

(
(2− t)a+ tb

4
,
ta+ (2− t)b

4

)
dt

+
1

h
(

1
2

) ∫ 1

0

ϕ
((
b−a

2

)
t
)

t
g

(
ta+ (2− t)b

4

)
d

(
(2− t)a+ tb

4
,
ta+ (2− t)b

4

)
dt

+
1

h
(

1
2

) ∫ 1

0

ϕ
((
b−a

2

)
t
)

t
g

(
(2− t)a+ tb

4

)
d

(
(2− t)a+ tb

4
,
ta+ (2− t)b

4

)
dt
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+2M(a, b)

∫ 1

0

ϕ
((
b−a

2

)
t
)

t
h

(
t

2

)
h

(
2− t

2

)
dt

+N(a, b)

∫ 1

0

ϕ
((
b−a

2

)
t
)

t

[
h2

(
t

2

)
+ h2

(
2− t

2

)]
dt

+P (a, b)d(a, b)

∫ 1

0

ϕ
((
b−a

2

)
t
)

t

[
h

(
t

2

)
+ h

(
2− t

2

)]
dt+

+2d2(a, b)

∫ 1

0

ϕ
((
b−a

2

)
t
)

t
dt.

By changing the variable of integration we achieved desired inequality (3.25). �

Theorem 9. Let f : [a, b] → < be an approximately h�convex function on [a, b] ,
with a < b. Then the following inequalities for generalized fractional integrals hold:

1

2h
(

1
2

)f (a+ b

2

)
−A3 (3.30)

≤ 1

2Ψ(1)

[
a+Iϕf

(
a+ b

2

)
+ b−Iϕf

(
a+ b

2

)]

≤ [f(a) + f(b)]

2Ψ(1)

1∫
0

ϕ
((
b−a

2

)
t
)

t

[
h

(
1− t

2

)
+ h

(
1 + t

2

)]
dt+ d (a, b) ,

where

A3 :=
1

2Ψ(1)h
(

1
2

) b∫
a+b
2

ϕ
(
x− a+b

2

)
x− a+b

2

d (x, a+ b− x) dx.

Proof. Since f is approximately h�convex, we have the following inequality

f

(
x+ y

2

)
≤ h

(
1

2

)
[f(x) + f(y)] + d (x, y) . (3.31)

For x = (1−t)
2 a+ (1+t)

2 b and y = (1−t)
2 b+ (1+t)

2 a with t ∈ [0, 1] , (3.31) becomes

1

h
(

1
2

)f (a+ b

2

)
≤ f

(
(1− t)

2
a+

(1 + t)

2
b

)
(3.32)

+f

(
(1− t)

2
b+

(1 + t)

2
a

)
+

1

h
(

1
2

)d( (1− t)
2

a+
(1 + t)

2
b,

(1− t)
2

b+
(1 + t)

2
a

)
.

Multiplying both sides of the inequality (3.32) by
ϕ(( b−a2 )t)

t and integrating the
resultant inequality with respect to t over [0, 1], we have

1

h
(

1
2

)f (a+ b

2

) 1∫
0

ϕ
((
b−a

2

)
t
)

t
dt
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≤
1∫

0

ϕ
((
b−a

2

)
t
)

t
f

(
(1− t)

2
a+

(1 + t)

2
b

)
dt+

+

1∫
0

ϕ
((
b−a

2

)
t
)

t
f

(
(1− t)

2
b+

(1 + t)

2
a

)
dt

+
1

h
(

1
2

) 1∫
0

ϕ
((
b−a

2

)
t
)

t
d

(
(1− t)

2
a+

(1 + t)

2
b,

(1− t)
2

b+
(1 + t)

2
a

)
dt.

As a consequence, we get

1

2h
(

1
2

)f (a+ b

2

)
≤ 1

2Ψ(1)

[
a+Iϕf

(
a+ b

2

)
+ b−Iϕf

(
a+ b

2

)]

+
1

2Ψ(1)h
(

1
2

) b∫
a+b
2

ϕ
(
x− a+b

2

)
x− a+b

2

d (x, a+ b− x) dx,

and thus the �rst inequality is proved.
To obtain the second inequality in (3.30), since f is an approximately h�convex,
we have

f

(
(1− t)

2
a+

(1 + t)

2
b

)
+ f

(
(1− t)

2
b+

(1 + t)

2
a

)
(3.33)

≤ [f(a) + f(b)]

[
h

(
1− t

2

)
+ h

(
1 + t

2

)]
+ 2d (a, b) .

Then multiplying both sides of (3.33) by
ϕ(( b−a2 )t)

t and integrating the resultant
inequality with respect to t on [0, 1], we get

1∫
0

ϕ
((
b−a

2

)
t
)

t
f

(
(1− t)

2
a+

(1 + t)

2
b

)
dt

+

1∫
0

ϕ
((
b−a

2

)
t
)

t
f

(
(1− t)

2
b+

(1 + t)

2
a

)
dt

≤ [f(a) + f(b)]

1∫
0

ϕ
((
b−a

2

)
t
)

t

[
h

(
(1− t)

2

)
+ h

(
1 + t

2

)]
dt+ 2d (a, b) Ψ(1).

As a sequel, we obtain

1

2Ψ(1)

[
a+Iϕf

(
a+ b

2

)
+b− Iϕf

(
a+ b

2

)]
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≤ [f(a) + f(b)]

2Ψ(1)

1∫
0

ϕ
((
b−a

2

)
t
)

t

[
h

(
(1− t)

2

)
+ h

(
1 + t

2

)]
dt+ d (a, b)

and the second inequality is proved. The proof is completed. �

Theorem 10. Let f, g : [a, b] → < are two approximately h�convex functions on
[a, b] , with a < b. Then the following inequality for generalized fractional integrals
holds:

1

2

[
b−Iϕf

(
a+ b

2

)
g

(
a+ b

2

)
+a+ Iϕf

(
a+ b

2

)
g

(
a+ b

2

)]
≤ M1M(a, b) +M2N(a, b) +M3P (a, b)d(a, b) + d2(a, b)Ψ(1),

where M(a, b), N(a, b) and P (a, b) are de�ned as in Theorem 4 and

M1 :=
1

2

1∫
0

ϕ
(

(b−a)
2 t

)
t

[
h2

(
1− t

2

)
+ h2

(
1 + t

2

)]
dt,

M2 :=

1∫
0

ϕ
(

(b−a)
2 t

)
t

[
h

(
1− t

2

)
h

(
1 + t

2

)]
dt,

M3 :=
1

2

1∫
0

ϕ
(

(b−a)
2 t

)
t

[
h

(
1− t

2

)
+ h

(
1 + t

2

)]
dt.

Proof. Since f and g are two approximately h�convex functions for t ∈ [0, 1] , we
have

f

(
(1− t) a+ (1 + t)b

2

)
≤ h

(
1− t

2

)
f(a) + h

(
1 + t

2

)
f(b) + d(a, b) (3.34)

and

g

(
(1− t) a+ (1 + t)b

2

)
≤ h

(
1− t

2

)
g(a) + h

(
1 + t

2

)
g(b) + d(a, b) (3.35)

Multiplying (3.34) and (3.35), we get

f

(
(1− t) a+ (1 + t)b

2

)
g

(
(1− t) a+ (1 + t)b

2

)
(3.36)

≤ h2

(
1− t

2

)
f(a)g(a) + h2

(
1 + t

2

)
f(b)g(b)

+h

(
1− t

2

)
h

(
1 + t

2

)
[f(a)g(b) + f(b)g(a)]

+h

(
1− t

2

)
d(a, b) [f(a) + g(a)] + h

(
1 + t

2

)
d(a, b) [f(b) + g(b)] + d2(a, b).
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Similarly, we obtain

f

(
(1 + t) a+ (1− t)b

2

)
g

(
(1 + t) a+ (1− t)b

2

)
(3.37)

≤ h2

(
1− t

2

)
f(b)g(b) + h2

(
1 + t

2

)
f(a)g(a)

+h

(
1− t

2

)
h

(
1 + t

2

)
[f(b)g(a) + f(a)g(b)]

h

(
1− t

2

)
d(a, b) [f(b) + g(b)] + h

(
1 + t

2

)
d(a, b) [f(a) + g(a)] + d2(a, b).

Adding (3.36) and (3.37), we have following relation

f

(
(1− t) a+ (1 + t)b

2

)
g

(
(1− t) a+ (1 + t)b

2

)
(3.38)

+f

(
(1 + t) a+ (1− t)b

2

)
g

(
(1 + t) a+ (1− t)b

2

)

≤
[
h2

(
1− t

2

)
+ h2

(
1 + t

2

)]
M(a, b) + 2h

(
1− t

2

)
h

(
1 + t

2

)
N(a, b)

[
h

(
1− t

2

)
+ h

(
1 + t

2

)]
d(a, b)P (a, b) + 2d2(a, b).

Multiplying both sides of (3.38) by
ϕ( (b−a)

2 t)
t and integrating the resultant one

with respect to t over [0, 1], we get

1∫
0

ϕ
(
b−a

2 t
)

t
f

(
(1− t) a+ (1 + t)b

2

)
g

(
(1− t) a+ (1 + t)b

2

)
dt

+

1∫
0

ϕ
(
b−a

2 t
)

t
f

(
(1 + t) a+ (1− t)b

2

)
g

(
(1 + t) a+ (1− t)b

2

)
dt

≤ M(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t

[
h2

(
1− t

2

)
+ h2

(
1 + t

2

)]
dt

+2N(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t
h2

(
1− t

2

)
h2

(
1 + t

2

)
dt

+P (a, b)d(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t

[
h

(
1− t

2

)
+ h

(
1 + t

2

)]
dt
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+d2(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t
dt.

This completes the proof. �

Theorem 11. Let f, g : [a, b] → < are two approximately h�convex functions on
[a, b] , with a < b. Then the following inequality for generalized fractional integrals
holds:

1

2h2
(

1
2

)f (a+ b

2

)
g

(
a+ b

2

)
(3.39)

− 1

2Ψ(1)h
(

1
2

)
 b∫
a+b
2

ϕ
(
x− a+b

2

)
x− a+b

2

[f(x) + g(x)] d(x, a+ b− x)dx

+

b∫
a+b
2

ϕ
(
a+b

2 − x
)

a+b
2 − x

[f(x) + g(x)] d(a+ b− x, x)dx


≤ 1

2

[
b−Iϕf

(
a+ b

2

)
g

(
a+ b

2

)
+a+ Iϕf

(
a+ b

2

)
g

(
a+ b

2

)]

+
1

2Ψ(1)h2
(

1
2

) b∫
a+b
2

ϕ
(
x− a+b

2

)
x− a+b

2

d(x, a+ b− x)dx

+
1

Ψ(1)
[M2M(a, b) +M1N(a, b) +M3P (a, b)d(a, b)] + d2(a, b),

where M(a, b), N(a, b), P (a, b) and M1,M2,M3 are de�ned as in Theorems 4
and 10, respectively.

Proof. For t ∈ [0, 1], we can write

a+ b

2
=

(1− t)a+ (1 + t) b

4
+

(1 + t)a+ (1− t) b
4

.

Since f and g are two approximately h�convex functions, we have

1

h
(

1
2

)f (a+ b

2

)
=

=
1

h
(

1
2

) × f ( (1− t)a+ (1 + t) b

4
+

(1 + t)a+ (1− t) b
4

)
≤ f

(
(1− t)a+ (1 + t) b

4

)
+ f

(
(1 + t)a+ (1− t) b

4

)
+

1

h
(

1
2

)d( (1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
(3.40)
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and similarly

1

h
(

1
2

)g(a+ b

2

)
≤ g

(
(1− t)a+ (1 + t) b

4

)

+ g

(
(1 + t)a+ (1− t) b

4

)
(3.41)

+
1

h
(

1
2

)d( (1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
.

Multiplying the inequalities (3.40) and (3.41), we obtain

1

h2
(

1
2

)f (a+ b

2

)
g

(
a+ b

2

)
(3.42)

≤
[
f

(
(1− t)a+ (1 + t) b

4

)
+ f

(
(1 + t)a+ (1− t) b

4

)
+

1

h
(

1
2

)d( (1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)]

×
[
g

(
(1− t)a+ (1 + t) b

4

)
+ g

(
(1 + t)a+ (1− t) b

4

)
+

1

h
(

1
2

)d( (1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)]

= f

(
(1− t)a+ (1 + t) b

4

)
g

(
(1− t)a+ (1 + t) b

4

)
+f

(
(1 + t)a+ (1− t) b

4

)
g

(
(1 + t)a+ (1− t) b

4

)

+

[
f

(
(1− t)a+ (1 + t) b

4

)
g

(
(1 + t)a+ (1− t) b

4

)
+f

(
(1 + t)a+ (1− t) b

4

)
g

(
(1− t)a+ (1 + t) b

4

)]

+
1

h
(

1
2

) [f ( (1− t)a+ (1 + t) b

4

)
d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)

+f

(
(1 + t)a+ (1− t) b

4

)
d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)

+g

(
(1− t)a+ (1 + t) b

4

)
d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
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+ g

(
(1 + t)a+ (1− t) b

4

)
d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)]

+
1

h2
(

1
2

) [d2

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)]
.

By using the approximately h�convexity of f and g, we get

1

h2
(

1
2

)f (a+ b

2

)
g

(
a+ b

2

)
(3.43)

≤ f

(
(1− t)a+ (1 + t) b

4

)
g

(
(1− t)a+ (1 + t) b

4

)
+f

(
(1 + t)a+ (1− t) b

4

)
g

(
(1 + t)a+ (1− t) b

4

)
+N(a, b)

[
h2

(
1− t

2

)
+ h2

(
1 + t

2

)]

+2M(a, b)h

(
1− t

2

)
h

(
1 + t

2

)

+d(a, b)P (a, b)

[
h

(
1− t

2

)
+ h

(
1 + t

2

)]
+ 2d2(a, b)

+
1

h
(

1
2

) [f ( (1− t)a+ (1 + t) b

4

)
d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
+f

(
(1 + t)a+ (1− t) b

4

)
d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
+g

(
(1− t)a+ (1 + t) b

4

)
d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
+ g

(
(1 + t)a+ (1− t) b

4

)
d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)]
+

1

h2
(

1
2

)d2

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
.

Multiplying both sides of (3.43) by
ϕ( (b−a)

2 t)
t and integrating the resultant one

with respect to t over [0, 1], we get

1

h2
(

1
2

) 1∫
0

ϕ
(
b−a

2 t
)

t
f

(
a+ b

2

)
g

(
a+ b

2

)
dt
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≤
1∫

0

ϕ
(
b−a

2 t
)

t
f

(
(1− t)a+ (1 + t) b

4

)
g

(
(1− t)a+ (1 + t) b

4

)
dt

+

1∫
0

ϕ
(
b−a

2 t
)

t
f

(
(1 + t)a+ (1− t) b

4

)
g

(
(1 + t)a+ (1− t) b

4

)
dt

+N(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t

[
h2

(
1− t

2

)
+ h2

(
1 + t

2

)]
dt

+2M(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t
h

(
1− t

2

)
h

(
1 + t

2

)
dt

+P (a, b)d(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t

[
h

(
1− t

2

)
+ h

(
1 + t

2

)]
dt

+2d2(a, b)

1∫
0

ϕ
(
b−a

2 t
)

t
dt

+
1

h
(

1
2

)
 1∫

0

ϕ
(
b−a

2 t
)

t
f

(
(1− t)a+ (1 + t) b

4

)

d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
dt

+

1∫
0

ϕ
(
b−a

2 t
)

t
f

(
(1 + t)a+ (1− t) b

4

)

d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
dt

+

1∫
0

ϕ
(
b−a

2 t
)

t
g

(
(1− t)a+ (1 + t) b

4

)

d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
dt

+

1∫
0

ϕ
(
b−a

2 t
)

t
g

(
(1 + t)a+ (1− t) b

4

)

d

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
dt

]
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+
1

h2
(

1
2

) 1∫
0

ϕ
(
b−a

2 t
)

t
d2

(
(1− t)a+ (1 + t) b

4
,

(1 + t)a+ (1− t) b
4

)
dt.

By changing the variable of integration we achieved desired inequality (3.39). �

Remark 3.1: Applying the above results for suitable options of function ϕ(t) =

t, tα

Γ(α) ,
t
α
k

kΓk(α) ; ϕ(t) = t(b − t)α−1 for α ∈ (0, 1); ϕ(t) = t
α exp(−At), where

A = 1−α
α for α ∈ (0, 1), and if we take, respectively, h(t) = 1, t, ts, 1

ts , t(1 − t),
and h(t) =

√
1−t

2
√
t
, such that f to be approximately h�convex function, we can

construct some new generalized fractional integral inequalities. We omit their
proofs and the details are left to the interested readers.

4. Conclusion

Since the functions which are approximately h�convex have large applications in
many mathematical areas, our results can be applied to obtain several new fascinat-
ing inequalities in convex analysis, special functions, quantum mechanics, related
optimization theory, mathematical inequalities. Also, we can obtain several new
general fractional integral inequalities using special means (arithmetic, geomet-
ric, logarithmic, etc.). Finally, some new bounds for the midpoint and trapezium
quadrature formula using our results can be provided as well. Our results may
stimulate further research in di�erent areas of pure and applied sciences.

Acknowledgements. The authors would like to thank the honorable referees
and editors for valuable comments and suggestions for improved our manuscript.
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