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NEW INEQUALITIES FOR APPROXIMATELY h—~CONVEX
FUNCTIONS PERTAINING GENERALIZED FRACTIONAL
INTEGRALS

ARTTION KASHURI!, HUSEYIN BUDAK?, RABTIA KAPUCU2, AND ROZANA LIKO!

Abstract. In this paper, we first establish some new Hermite—-Hadamard
type inequalities for approximately h—convex function by using generalized
fractional integrals. Also, some midpoint and trapezoid type inequalities
for approximately h—convex functions via generalized fractional integrals are
presented. At the end, a briefly conclusion is given. Our results may stimulate
further research in different areas of pure and applied sciences.

1. INTRODUCTION AND PRELIMINARIES
Definition 1.1. A function f: 1 CR — R is said to be convex, if

flte+ (1 =t)y) <tf(x) + (1 —-1)f(y) (L.1)
for all z,y € I and t € [0, 1].

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are considerable significant in the literature (see, e.g., [6, 12], [28], p. 137]). These
inequalities state that, if f: I — R is a convex function on the interval I of real
numbers and a,b € I, with a < b, then

f(a;b)gbla/:f(x)dng(a)—;f(b)' (-2

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of convex-
ity and it follows easily from Jensen’s inequality. A number of mathematicians
have devoted their efforts to generalise, refine, counterpart and extend it for dif-
ferent classes of functions such as using convex mappings. Sarikaya et al. obtain
the Hermite-Hadamard inequality for the Riemann—Liouville fractional integrals
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in [33]. Also, many authors have studied to generalize this inequality and establish
Hermite-Hadamard inequality for other fractional integrals such as k—fractional
integral, Hadamard fractional integrals, Katugampola fractional integrals, Con-
formable fractional integrals, etc. For some of them, please see [2] 5], @, [10],[13]-
[191,123}, 24} 32, 34],[36]-[40],[42] [43]. For more information about fractional calcu-
lus, please refer to [1T], 20, [44], 45].

In [7], Dragomir and Agarwal establish the following identity and using it, they
present some bounds for the right hand side of the inequality (T.2).

Lemma 1. Let f : I* — R be differentiable function on I*, a,b € I* (I* is interior
of 1), with a <b. If f' € L]a,b], then the following equality holds:

2

In [21], Kirmaci gives the following identity and using this identity, obtains some
bounds for the left hand side of the inequality (1.2))

Lemma 2. Let f : I* — R be differentiable function on I*, a,b € I* (I* is interior
of 1), with a <b. If f' € L[a b], then we have

/f Ot — (a—i—b)

—(b—a) V tf (ta + (1 — t)b)dt + /l (1—t) f/(ta+ (1 - t)b)dt} . (14

0 2

fla) + f(b) bia /abf(t)dt _ (372‘1)/01(1 —2t)f'(ta+ (1 —t)b)dt. (1.3)

-

Over the last twenty years, the numerous studies have focused on to obtain new
bound for left hand side and right and side of the inequality (1.2). For some
examples, please refer to [8, 22],[25]-[27],[29, [30} 33].

2. h—CONVEXITY AND NEW GENERALIZED FRACTIONAL INTEGRAL OPERATORS
First, we give some useful definitions:

Definition 2.1. [I] A non negative function f : [a,b] — R is said to be s—convex
in second sense, if

flta+ (1 =1)b) <t°f(a) + (1 = 1)°f(b)
holds for all t € [0,1] and s € (0,1].

In [41], Varosanec defined generalization of convex, s—convex, Godunova-Levin
functions and P—convex functions as follows:

Definition 2.2. [4I] Let h : J — R be non negative function and h # 0. A non
negative function f : I = [a,b] — R is called h—convez, if
f(ta+ (1 =1)b) < h(t)f(a) + h(1 —1)f(b)

holds for all t € [0,1]. For more discussion about the h-convex function see [41].
We denote by SX (h,I) the class of h-convez functions on I.
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We let (X, |.||;) be a normed quasi-linear space, I is nonempty convex subset of
X, d: X xX - R

Definition 2.3. [4] Let h : [0,1] — R be non negative function and h # 0. A
function f : I — R is said to be approximately h—convex, if

[tz + (1 =t)y) <h(@)f(z) +h(1 =) f(y) +d(z,y) (2.1)
holds for all t € (0,1) and a,b € I.

Now we summarize the generalized fractional integrals defined by Sarikaya and
Ertugral in [31].
Let’s define a function ¢ : [0, +00) — [0, 4+00) satisfiying the following conditions:

1
/ Mclt<—|—oo7
0 t

where A, B,C > 0 are independent of r,s > 0.

We define the following left—sided and right—sided generalized fractional integral
operators, respectively, as follows:

o Ipf(z) = / %f(t)dt, x> a, (2.2)
b
bflwf(x):/ %f(t)dt, x < b. (2.3)

The most important feature of generalized fractional integrals is that they gen-
eralize some types of fractional integrals such as Riemann—Liouville fractional in-
tegral, k-Riemann-Liouville fractional integral, Katugampola fractional integrals,
conformable fractional integral, Hadamard fractional integrals, etc.

Sarikaya and Ertugral also establish the following Hermite—-Hadamard inequality
for the generalized fractional integral operators:

Theorem 1. [31]| Let f : [a,b] — R be a convex function on [a,b], with a < b,
then the following inequalities for fractional integral operators hold:

1(52) < ga b Tl O e 2@ < L0200y

where the mapping A : [0,1] — R is defined by
Az) == /z Mdt.
0

t
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Budak et al. proved the following another version of Hermite-Hadamard inequality
for the generalized fractional integral operators:

Theorem 2. [3] Let f : [a,b] — R be a function, with a < b, and f € L1 [a,b]. If f
is a convex function on [a,b] , then we have the following inequalities for generalized
fractional integral operators:

fa) + f(b)

F(557) < g L o0 ey Lost@)] < L0 )

where the mapping ¥ : [0,1] — R is defined by

Fo(U5t)
U(z) := / fdt.

0
Motivated by the above literature, the main objective of this article is to establish
in section 3| new Hermite-Hadamard type inequalities for approximately h—convex
function by using generalized fractional integrals given in section Also, some
midpoint and trapezoid type inequalities for approximately h-convex functions via
generalized fractional integrals are presented, respectively. Moreover a big remark
is given for the special cases of the functions h and ¢. In section [4 a briefly
conclusion is given as well.

3. HERMITE-HADAMARD TYPE INEQUALITIES
FOR APPROXIMATELY h—CONVEX FUNCTIONS

In this section, we establish Hermite—-Hadamard inequalities for approximately
h—convex functions via generalized fractional integrals summarized above.

Theorem 3. Let f : [a,b] — R be an approximately h—convez on [a,b], with a < b.
Then the following inequalities for generalized fractional integrals hold:

1 a+b 1
w(y’ (2)““1 < gam) eSO+ Lo (@) (3.1)
< OO [ECZ D) + hia —
0
+d(a,b),
where

b

._ 1 p(b—1)

M= x| oma e b= ad

a

Proof. Since f is an approximately h-convex, we have the following inequality

(55) =n(3) v+ o+ . (32)




NEW INEQUALITIES FOR APPROXIMATELY hA-CONVEX FUNCTIONS 153

For x =ta+ (1 —t)b and y = tb+ (1 — t)a with ¢ € [0, 1], (3.2) becomes

h(lé)f<“;b> < flta+ (1= 1)+ f(th+ (1 - t)a) (3.3)

+ d(ta+ (1—1t)b,tb+ (1 —t)a).

1

T
h(3)
Multiplying both sides of the inequality (3.3) by ‘p((b 9% and integrating the
resultant inequality with respect to ¢ over [O 1], we obtaln

)

(b — a)) ) [ (b= o
< 0/ Flta+(1—1)b dt+0/ F(tb+ (1 = t)a)dt

; /90 _a)t)d(ta+(1—t)btb+(1—t) ) dt.
() 0

As a consequence, we get

1 a+b 1
sy’ (550) < g el O+ o-LoSw)

b
1 p(b—1)
+2A(1)h(§)/ - d(z,a+b—z)dx

a

and thus the first inequality is proved.
To obtain the second inequality in (3.1)), since f is an approximately h-convex, we
have

fta+(1—=0)b)+ f(tb+(1—t)a) < [f(a)+ f(D)] [h(t) + h(1 —t)]+2d (a,b). (3.4)

Then multiplying both sides of lb by M and integrating the resultant
inequality with respect to ¢t on [0, 1], we have

/ Mf(m + (1 —t)b)dt
0

1

0

< [f(a)—i—f(b)]/%[h(t)—&-h(l—t)] dt + 2d (a,b) A(1).
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As a sequel, we get

lat- 1o f(D) + b1, f(a)] (3.5)

1

< LOEIOL @20 i) 4 na - o) dr-+ a0t
0

2A(1)

and the second inequality is proved. The proof is completed. 0

Theorem 4. Let f,g : [a,b] = R are two approximately h—convex functions on
[a,b], with a < b. Then the following inequality for generalized fractional integrals
holds:

o+ Lo f (B)g(b) +o— 1y f(a)g(a)] (3.6)

[N

< K;M(a,b)+ KoN(a,b)d(a,b) + K3P(a,b)d(a,b),
where
M(a,b) := f(a)g(a) + f(b)g(b), N(a,b):= f(a)g(b)+ f(b)g(a),
P(a,b) == f(a) + g(a) + f(b) + g(b),

and
K = %/M [h2() + h2(1 — t)] dt,
0
K o= [ A0 par,
75
Ky = %/M[h(t)+h(1—t)]dt.

Proof. Since f,g are approximately h—convex functions for ¢ € [0, 1], we have

f(ta+ (1 —1t)b) < h(t)f(a)+ h(1 —1t)f(b) + d(a,b) (3.7)
and
g(ta+ (1 —t)b) < h(t)g(a)+ h(1 —t)g(b) + d(a,b). (3.8)

Multiplying (3.7) and (3.8), we get

flta+ (1 —t)b)g(ta+ (1 —t)b) (3.9

< W) f(a)g(a) + h*(1 = 1) f(b)g(b) + h(t)h(1 — ) [f(a)g(b) + f(D)g(a)]
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+h(t)d(a,b) [f(a) + g(a)] + h(1 = t)d(a,b) [f(b) + g(b)] + d*(a,b).

Similarly, we obtain
fb+ (1 —t)a)g(tb+ (1 —t)a) (3.10)
< WAL —t)f(a)g(a) + h*(1) F(b)g(b) + h(t)h(1 —t) [f(a)g(b) + f(b)g(a)]

+h(t)d(a,b) [f(b) + g(0)] + h(1 = t)d(a,b) [f(a) + g(a)] + d*(a,b).
Adding and , we have the following relation

fta+ (1 —t)b)g(ta + (1 —t)b)
+  f(tb+ (1 —t)a)g(tb+ (1 —t)a) (3.11)
< [R*(t) + h*(1 — t)] M(a,b) + 2h(t)h(1 — t)N(a,b)

+ [h(t) + h(1 — )] P(a,b)d(a,b) + 2d*(a,b).

Multiplying both sides of 1) by M and integrating the resultant one with
respect to t over [0,1], we get

/ o((b—a)t) f(ta+ (1 —1)b)g(ta+ (1 —t)b)dt
0

+/ OO0 1 (1 pyat 18 g (1 1)+ 1)

IN

0
M(a,b) / (b - a)t) [h2(t) + h2(1 — 1)) dt
0

+2N (a, b) / 2
0
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This completes the proof. O

Theorem 5. Let f,g : [a,b] = R are two approzimately h—convex functions on
[a,b] , with a < b. Then the following inequality for generalized fractional integrals

holds:
1 a+b a+b
2h2(;)f( 5 >g< 5 ) (3.12)

1
2A(D)h (3)

b — T
/‘p(b ) () + g(e))d(z,a+ b — 2)da

b—x

T —a

+/ @(x_a)(f(ac)+g(m))d(a+b—x79€)dm]

IA

gy lo+ 1o/ (@)0(0) e Lo F(2)g )]

1 b‘lo(b_x) 2 B
+2A(1)hz (;)/@ ¢ (@atb-z)de

+ﬁ [KoM(a,b) + K1 N(a,b) + K3P(a,b)d(a, b)) + d*(a,b),

where M (a,b), N(a,b) and K1, Ko, K3, P(a,b) are defined as in Theorem .

Proof. For t € [0, 1], we can write

a+b (1—t)a+tb+ta—|—(1—t)b
2 2 2 ’

Since f and g are two approximately h-convex functions, we have

1 a+b B 1 (I—tha+th ta+(1—-1t)
i (50) = e (R ER) e
< f((1=t)a+tb) + f(ta+ (1 —t)b)
- (11) d((1 — t)a + th, ta + (1 — 1)b)
and
1 a+b B 1 (I—-tha+th ta+(1—-1t)b
h<;>g<2>‘ h@)g( e
< g((l — t)a + tb) —+ g(ta + (1 — t)b)

d((1 —t)a+tb, ta+ (1 —t)b).
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Multiplying the inequalities (3.13)) and (3.14)), we obtain

h21<;)f(a§b>g(a;b)

< [f(l —t)a+tb) + f(ta+ (1 —t)b) + - (1§)d((1 —t)a+tbta+ (1 — t)b)]
X [g((l —t)a +tb) + g(ta + (1 — t)b) + hé)d((l —t)a+th,ta+ (1 — t)b)]
= [f((1 = t)a+ th)g((1 — t)a + tb) + f(ta + (1 — t)b)g(ta + (1 — t)b)]
+ (1 =t)a+tb)g(ta+ (1 —t)b) + f(ta+ (1 —t)b)g((1 —t)a + tb)]
+- (1%) [f(ta+ (1 — t)b)d(ta+ (1 — )b, tb+ (1 — t)a)
FF(th+ (1 = t)a)d(ta + (1 — )b, th+ (1 — t)a)
+g(ta+ (1 —t)b)d(ta+ (1 — t)b,tb + (1 — t)a)
+g(tb+ (1 — t)a)d(ta+ (1 — t)b, th + (1 — t)a)]
+hzl(12) [d*(ta+ (1 = t)b,tb+ (1 —t)a)] .
By using the approximately h-convexity of functions f and g, we get

hzl(;)f<a;b)g(a;b) (3.15)

< [f((T=t)a+1tb)g((1 —t)a+tb) + f(ta+ (1 —t)b)g(ta + (1 —t)b)]

+[R2(t) + h3(1 — t)]N(a,b) 4+ 2h(t)h(1 — t)M (a, b)

+[h(t) + h(1 — t)]P(a,b)d(a, b) + 2d*(a,b)
SR [f(ta+ (1 —t)b)d(ta+ (1 — )b, tb+ (1 — t)a)]

h(3)
+o (11) [f(tb+ (1 —t)a)d(ta+ (1 —t)b,tb+ (1 — t)a)]
+ 11 gl(ta+ (1 =t)b)d(ta+ (1 —t)b,tb+ (1 — t)a)]
h(3)
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+

0K [(th+ (1 — t)a)d(ta + (1 — t)b, tb+ (1 — t)a)]

)
+h2—(%)

Multiplying both sides of inequality 1) by M and integrating the resul-
tant one with respect to ¢ over [0, 1], we obtain

i 7 () (15)s

/1 Mf((l —t)a+tb)g((1 —t)a + tb)dt
0

—_
Ll NTTSN

d*(ta + (1 —t)b, tb+ (1 — t)a).

IN

t
N /1 Mﬂta + (1 - t)b)glta + (1 — t)b)dt
0
1

WG

) /1 (b - D) Pt (1— )b, th + (1 — t)a)dt

L [Po((b—a)t)
+h(%)/0 —— f(ta+ (1= )b)d(ta + (1 = )b, tb + (1 = t)a)dt

) /1 (b - DY) (4 + (1 — t)a)d(ta+ (1 — £)b, th+ (1 — t)a)dt
0

L j /1 (b - a)t)g(m + (1= )b)d(ta+ (1 — )b, tb+ (1 — t)a)dt
0

1 [Po((b—a)t) B N 9
+ ;)/0 —2g(th+ (1 = t)a)d(ta+ (1= )b, tb+ (1 = t)a)dt

+2N(a, b) /0 1 M}ﬁ(t)dt

+2M (a, b) /01 Mh(t)h(l —t)dt

+2P(a, b)d(a, b) 1 M [h(t) + h(1 — t)] dt
0
+2d2(a, b) / 1 Mdt.
0

By changing the variable of integration we achieved desired inequality (3.12). O

Theorem 6. Let f : [a,b] — R be an approzimately h—convex function on [a,b],
with a < b. Then the following inequalities for generalized fractional integrals hold:

2h1(;)f (“;rb) A, (3.16)

300 (221 11O+ () oS0

2 2

IN
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I b
(,0 T t 2—1
< SV en (=) dt+d(ab
< / t [(2)+<2 T+ d(ab),
0

b
As = B / d(x,a+b—x)dz.
(2) ate

where

Proof. Since f is an approximately h—convex, we have the following inequality

F(E) < () ) + 16+ dan). .17
For o = ta+ &2b and y = Lo+ 724 with ¢ € [0,1], becomes
1 a+b
() (3.18)
< f ;a+(2gt)b)+f<;b+(2;t)a)
1 too@2-t), t, (21
tr (3o O30 g Bpa).

(b—a)
Multiplying both sides of the inequality (3.18)) by M

resultant inequality with respect to t over [0, 1], we have

and integrating the

< /lcp«?)t)f(;a—km t)b>dt+/1<p((btga)t) (;b—k(z;t)a)dt
/ )04 (00 050 401 220 Y

As a consequence, we get

2h1(§)f (;b) = ﬁm [(%b)ﬂd(m (%Iv)J@f(a)]

and thus the first inequality is proved.
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To obtain the second inequality in (3.16)), since f is an approximately h—convex,

we have
f (;a+ (2;)19> +f (;b+ (2;)@) (3.19)

< 1@ +s01 1 (5) +1(250)] +2a(a0).

o((L52)1)
t

Then multiplying both sides of (3.19) by
inequality with respect to ¢ on [0, 1], we get

/1¢<<btx>t>f<ta+ <2;%> »

and integrating the resultant

2

+/1“0((?)t)f(;b+(2_t) )dt+2dab /‘p b;
0

2
) (5

), Lpf(a)}

(=)

<

O\H

As a sequel, we obtain

b)+I¢f(b) +( atb

o [
< sl ijw’;“m (20 (55)] e+t

and the second inequality is proved. The proof is completed. O

Theorem 7. Let f,g : [a,b] — R are two approzimately h—convex functions on
[a,b] , with a < b. Then the following inequality for generalized fractional integrals
holds:

(e50)4 Lo F(D)g(0) + ey T, f(a)g(a)]

N |

< KyM(a,b) + KsN(a,b) + KeP(a,b)d(a, b) + d*(a, b)¥(1),
where M (a,b), N(a,b), and P(a,b) are defined as in Theorem [4] and
(b—a)

o [ e () ()
oo JPEE ()
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Proof. Since f and g are approximately h—convex functions for ¢ € [0,1], we have

f (t“ i (5 - t)b) <h (;) fla)+h (22_t> F(b) + d(a, b) (3.20)

g <m il (5 - t)b> <h (;) ga)+h (22t) g(b) + d(a, ). (3.21)
Multiplying (3.20) and , we get

f(t+2 t) <t+2 tb) (3.22)
)

< 12 (3) s+ (231) swg) +
+h(;) (2 )m() F®)g(@)] +

# (5 den (@ + gt + 1 (250 a0 10) + 0]+ (e )

Similarly, we obtai
f(tb+(2 t)a )g(tb+(§—t)a> (3.23)

< 12 (3) S0+ 12 (22’5) f(@g(a) +
o
o i S——

Addin g dwh e the following relation
f (t ) (t a+(2—1) b)
(tb+ a> <tb+ (2—-1t)a ) (3.24)

o) (25 e e (o (25 e

and

+
~
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+ [h (;) h <22_t>} P(a,b)d(a,b) + 2d*(a,b).

s . o(L521)
Multiplying both sides of (3.24) by ———+

t
with respect to t over [0, 1], we get

/1<p (25%t) ; <ta+ (2 —t)b> ; (ta+ (2 - t)b) .
0

and integrating the resultant one

t 2 2
+/g0(btgat)f(tb+(§—t)a> (tb+(§—t)a> o
< M(a,b)/lw(?at) [h2 ;) + h? (2;)} dt
0

This completes the proof. O

Theorem 8. Let f,g : [a,b] — R are two approzimately h—convex functions on
[a,b] , with a < b. Then the following inequality for generalized fractional integrals

holds:
1 a+b a+b
ey’ ()0 () (3.29)
1 Tg&(:z?fa)
20(1)h (1) / —— @) +g@)]d(z,a+b—w)du
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a+b

1 [ o@—a) i
+ \P(l)h%é)/ " d(z,a+b )d

a

+ﬁ [K5M(a,b) + K4N(a,b) + KaP(a,b)d(a, )] + d*(a,b),

where M(a,b), N(a,b), P(a,b) and K4, K5, K¢ are defined as in Theorems [{]
and [7, respectively.
Proof. For t € [0,1], we can write

a+b (2—t)a+th . ta+(2—1t)b

2 4 4
Since f and g are two approximately h—convex functions, we have
1 a+b 1 (2—t)a+tb ta—|—(2—t)b)
—f | — = 3.26
' (5) - (e 420
< ¥ ((Q—t)a-i-tb) L f (ta—i—(?—t)b)
4 4
1 2 — t 2—1)b
L d(( t)a—l—tb, a+( ))
h(3) 4 4
and similarly
1 a+b (2—t)a+tb ta+ (2—1t)b
< - _ 2
() = () e (M 20
- i 2—1t)b
N 11 d<(2 t)a+tb7 a+( )).
h(3) 4 4
Multiplying the inequalities (3.26]) and (3.27)), we obtain
1 a+b a+b
.2
! (50 0(5) (3.28)

< {f<(2—tia+tb>+f(ta+(i—t)b)+

(2—tha+th ta+ (2—1t)b
e e )

+
X[g(2—ta+tb)+g<ta+ t)b>+
+o
(

" d((Q_tia+tb,ta+(z )b>_

_ f<(2—ta+tb>g (2 — a+tb)+
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(ta+2 t) > (ta—|—2 t)b)+

=~ [~—

i ;
[f<ta+(2—t)b>d<(2 t)a+tb ta+(i t)b)
i a+tb)
)

(2 - ta+tb ta+ t)b

4

+h2 o {d ((2 tzl Hb’er(i )b)}

(2 - t)a+tb ta+ (2 — tb)}

b—a
Multiplying both sides of inequality (3.28)) by M and integrating the resul-
tant one with respect to ¢t over [0, 1], we obtain

<

ST () () o o

/01 (p((b;“)t)f<(2 )a+tb>g<(2—2@+tb> dt
f

+/Olso((”f)t) (taj(it)b)g<ta+(zf)b> it

+th(é) /Olw((?)t)dz((Q—tia—I—tb,ta—F(i—t)b) "
+h(1%)/01s0((”t;)t)f<ta+<i—t>b>d(<2 tiﬁtb’m”i t>b>dt
+h(1§) /Olso((bt;)t)f< 2—tia+tb>d (2—tia+tb7ta+(i—t)b>dt
+h(1;) /Olcp((bt;)t)g(ta—s—(z—t)b)d((?—tia—ktb ta+(i_t)b>dt
i P (et et
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+2M (a b)/lwh(;>h(2; )dt
e [ 2 fe () e (25
Pla, b)d(a, b)/o tTa> ) [h (;) +h <22t>} dt +

+2d2(a, b) / te((50)0) ,,

By changing the variable of integration we achieved desired inequality (3.25)).

‘G
—~
A

Theorem 9. Let f : [a,b] — R be an approzimately h—convex function on [a,b],
with a < b. Then the following inequalities for generalized fractional integrals hold:

2h1@) f (a;rb) A (3.30)

o [+ (737) ot (7))

< [f(‘;)&f;(bﬂ/l@((?’)t) {h<1;t> +h<12+t>]dt+d(a,b),

IN

where

Agl

b
/ d(z,a+b—x)dx.

l
2

Proof. Since f is approximately hfconvex, we have the following inequality
T4y 1
F(55) =n(3) v+ o+ . (3.31)
For x = %a + @b and y = (lzét)b + %Lt)a with ¢t € [0,1], D becomes

(1) = /(e

+f<(1t 1+t )

1 1-t) (14, 1-b, @1+
+h(é)d< 5 ot ; s, St a).

t
resultant inequality with respect to ¢ over |0, 1|, we have

hé)f(a;b)o/lw((?)t)dt

| b—a
Multiplying both sides of the inequality (3. 32| by 2UZY g integrating the
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2 2

fjwubﬂ0f<u—wb+a+wgdt
0

1 fe((590 ,(a-0  Q+n, -1, (1+0)
0/ d( 5 a+ 5 b, 5 b+ 5 a)dt.

As a consequence, we get

1 a+b 1 a+b a+b
Qh(;)f<2) S 9y 1) {“*I“”f( 2 )+ b‘I“’f< 2 )}

and thus the first inequality is proved.
To obtain the second inequality in (3.30)), since f is an approximately h—convex,

2 2 2

< @+ sl [n(*50) 1 ()] + 20,

Then multiplying both sides of (3.33|) by (G f )9 and integrating the resultant
inequality with respect to ¢ on [0, 1], we get

]wu?ﬂﬂf(u—wa+a+w@dt

2 2

+jw«;%)f(a;wb IR
0
< [f(a)+f(b)]/1‘p((?)t) [h(“Qt)) +h<12+t)] dt + 2d (a,b) U(1).
0

As a sequel, we obtain

oy [+ (*57) v (757
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. [f(a)+f(b)]/1<p((btz“)t) [h(<12t>)+h(12“)}dt+d<a,b)
0

2¥(1)
and the second inequality is proved. The proof is completed. O

Theorem 10. Let f,g : [a,b] = R are two approximately h—convex functions on
[a,b], with a < b. Then the following inequality for generalized fractional integrals

holds:
1 a+b a+b a+b a+b
g e ()0 (7)o 1 (7)o ()]

< M;M(a,b) + MyN(a,b) + M3P(a,b)d(a,b) + d*(a, b)¥(1),
where M(a,b), N(a,b) and P(a,b) are defined as in Theorem [{] and

1 ba)

o 3PP 15 (50
My 0/<P( ;“ t) [h(1;t>h<1;—t>}dt,

(B ) e ()

Proof. Since f and g are two approximately h—convex functions for t € [0,1], we
have

(B2 < () s 0 () g0+ ety 3

M3 =

N |

2
and
, ((1 - t)a2+ (1 +t)b) < (12t> oa) - h (12“) g(b) +d(a,b)  (3.35)
Multiplying and (3.35)), we get
f((1—t)a2+(1+t)b)g((l—t)a;(lth)b) (3.36)

(45 ) r@ata) + 12 (55 s

wn (55 n (55 @) + oo
+h (1 . ) d(a,b) [f(a) + g(a)] + b (T) d(a,b) [F(b) + g(b)] + d(a,b).
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Similarly, we obtain

f(ﬂ+ﬂa;0,tﬁ)g<ﬂ+ﬂa;@,tw) (3.37)

< B2 (12t) F(b)g(b) + h? (lgt) f(a)g(a)
wh (5 () vt + g

1-t¢

h (2) d(a.b) [F(b) + (b)) + (1 Ll t) d(a.b) [(a) + g(a)] + d(a, b).

Adding (3:36) dwh e following relatio

( (1+1¢) ) ( +(1+1t)d (3.38)
+f<(1+t) +(1- t)b) ((1+t) ;—(1—t)b>
< [h (12’5) + h? (12”)} M (a,b) + 2h <1Q_t>
[h (1 5 t) +h< ;Ltﬂ d(a,b)P(a,b) + 2d*(a,

(b—a)
Multiplying both sides of (3.38)) by o 7 ) and integrating the resultant one
with respect to t over [0, 1], we get

/1<,0(bt2at)f((1t)a;r(lth)b)g((lt)a2+(1+t)b> »
0

+/1so(bt;t)f((1+t)a2+(1t)b)g<(1+t)a2+(1t)b)dt
0

H ) (”t)}

IN

=

RS

=
O\H




NEW INEQUALITIES FOR APPROXIMATELY hA-CONVEX FUNCTIONS 169

1
b—a
+d%(a, ) / Mdt.
0

This completes the proof. O

Theorem 11. Let f, g : [a,b] — R are two approxzimately h—convex functions on
[a,b] , with a < b. Then the following inequality for generalized fractional integrals

holds:
! atb a+b
W(é)f( 2 >g( 2 ) (3.39)
b
1 sD(x_a—é,-b)
“2u(1)h (1) / v i [f(z) + g(2)]d(z,a + b — x)dx

where M(a,b), N(a,b), P(a,b) and My, M2, M3 are defined as in Theorems [4]
and[10, respectively.

Proof. For t € [0, 1], we can write

atb_(1-tat(@+nb, (L+hat(1-0b

Since f and g are 2two approximafely h—convex functiorils, we have
()
_ h(lé) Xf<<1—t)az(1+t)b+ (1+t)a—£(1—t)b>
Sf((1—1t)a1:(1+t)b> L ((1+t)az(1_t)b)
+hé)d((l—t)a;:(l—kt)b’(1+t)a—£(l—t)b) (3.40)
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and similarly

hl ( )

()
g (Lm0 (3.41)

(1—ta+(1+t)b (1+ta+(1—1)b
d( SELIYIETENE

IN
Q

_|_

+

h()

Multiplying the inequalitie and ( , we obtain

IN

)
f( t)a 4(1+t)b)+f((1+t)az(1—t)b>

(1—t)a+(1+t)b (1+t)a—|—(1—t)b)]

+h()( 4

[g( ) g((l—kt)al—(l—t)b)

1-— t) +(1+t)b (I+tha+(1-1)d
)

*h@)d(( 1

f<(1—t)a—£(1+t > ((1 ta+ (1+1) b>b

=~

+
| —|
o=~ =
7N
—
—_
|
-
\_/
S
/,:
+
N
S
= ~—

(1+1)b (1+t)a+(1—t)b)

’ 4
((1—t)a—|—(1+t)b (I+tha+(1-2t)b
4 ’ 4
I-tha+1+t)b QA+t)a+(1—-1)b
(P )
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Jrg<1+
1
+h<>[

By using the approximately h—convexity of f and g, we get

h21(é)f<a—2i—b)g<a—2i—b> (3.43)
(A=Bat (40
L

) ( (1-— t)az(1+t)b,(1+t)az(1—t)b)]

t)a
2 ((1 t)a Z(1+t)b7(1+t)a;:(1—t)b>]

IN

1 g
H((Ht)azu—t) >
h

1+6)b (I+t)a+(1—1)b
b 4 )

+f( (1- tb>d< (1 t)a—i(l—&-t)b’(1+t)a—ll—(1—t)b>
+g< >b>d( - >az<1+t>b,<1+t>az<1—t>b)
+g< (1+1t)a b)d<(1t)aZ(lth)b,(lth)aZ(lt)b)]
o 1( )d ((1 t)a I(1+t)b’(1+t)a:(1—t)b>.

(b—a)
Multiplying both sides of | - by o5 7 ) and integrating the resultant one
with respect to ¢ over [0, 1], we get

i [ F () ()
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< /1<P(b2“t)f((1t)aZ(lth)b)g((lt)aZ(lth)b)dt
0

1

t
+/so(bz“)f (1+t)a +(1—t)b>g<(1+t)a—£(1—t)b)dt

t 4

0
1 lgp(l’*T“t) (1—tha+(1+1)b
*h@)[o/ ()

d((l—t)a+(1+t)b (1+t)a+(1—t)b>dt

4 ’ 4
+/1gz>(b2)f((1+t) +(1t)b>
t 4
0
d (1—t)az(1+t)b7(1+t)a:(1—t)b>dt

+0/1sa<l’t2“t>g<< t)a <1+t>)

S

(1 (1 1-
+1)b (1+t)a 4( t)b)dt

+0/150(t “1) o (Qriera t>>

d((1 t)a +(1+t)b7(1+t)a1—(1—t)b)dt}

4
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1 1@(1’*—%) (1—ta+1+t)b 1+ta+(1—1t)b
+h2(§)0/ ; d2< T , T >dt.

By changing the variable of integration we achieved desired inequality (3.39). O

Remark 3.1: Applying the above results for suitable options of function ¢(t) =
t, ﬁ, krt:(aﬂ @(t) = t(b—t)* ! for a € (0,1); ¢(t) = Lexp(—At), where
A =12 for a € (0,1), and if we take, respectively, h(t) =1, ¢, ¢5, £, t(1 —1),
and h(t) = 2{;, such that f to be approximately h—convex function, we can
construct some new generalized fractional integral inequalities. We omit their
proofs and the details are left to the interested readers.

4. CONCLUSION

Since the functions which are approximately h—convex have large applications in
many mathematical areas, our results can be applied to obtain several new fascinat-
ing inequalities in convex analysis, special functions, quantum mechanics, related
optimization theory, mathematical inequalities. Also, we can obtain several new
general fractional integral inequalities using special means (arithmetic, geomet-
ric, logarithmic, etc.). Finally, some new bounds for the midpoint and trapezium
quadrature formula using our results can be provided as well. Our results may
stimulate further research in different areas of pure and applied sciences.

Acknowledgements. The authors would like to thank the honorable referees
and editors for valuable comments and suggestions for improved our manuscript.
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