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SOME NEW ESTIMATES USING GENERALIZED QUANTUM
MONTGOMERY IDENTITY VIA STRONGLY PREINVEX
FUNCTIONS OF HIGHER ORDER

ARTION KASHURI!, EZE R. NWAEZE?2, AND ROZANA LIKO?!

Abstract. In this paper, we obtain a new generalized version of the quantum
Montgomery identity. Using this identity, some new estimates, for the class
of strongly preinvex functions of higher order, are established. Furthermore,
novel inequalities are deduced from our main results as special cases and in
addition, recapture some known results as well. We anticipate that results
presented herein will trigger further interest in this direction.

1. INTRODUCTION

Quantum calculus or g-calculus has received much attention in the last years and
is served as bridge between mathematics and physics. Recently, Tariboon et al.
in [1I8], defined q-derivative and g-integral as follows:

Definition 1.1. Let ¥ : [e1, es] — R be a continuous function and let = € [ey, es]

and 0 < q < 1 be a constant. Then the g-derivative on [ej, es] of function ¥(z) is

defined as

U(z) — ¥(gz + (1 —q)er)
(I—a)(z—e1)

We say that ¥(z) is g-differentiable on [eq, es] provided ., Dy¥(z) exists for all

x € [e1, eq].

e Dq¥(z) = , T F e, (1.1)

Definition 1.2. Let ¥ : [ej,e3] € R — R be a continuous function. Then g-
integral on [e1, es] is defined as

x
o0

[e0udd=0-ae-e) > av@s+a-ae)  (12)
n=0
e1
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for = € [e1, ea).

For more details on g-calculus and certain g-analogues of classical inequalities, see
11, 131-[51, [7], [10]-[13], [17]- 211, 23]

The following famous identity given in [[9]], is called Montgomery identity:

V()= — /ezw(e)du ! /l-(é—el)\ll’(ﬁ)dﬁ (1.3)

€2 — €1 Je, €2 — €1 Je,

1
€2 — €1

+

/ P 0= )W (0)de,

where the function ¥ () is continuous on [eq, ea] with a continuous first derivative
in (e1,e2).

By changing variable, the Montgomery identity (1.3 could be expressed as
follows:

() — /eZ\II(E)dﬂz(eg—el)/o H O (1= ) ey +les) dl, (1.4)

€9 — €1 e1
where
0 te [o, zoer |,
H() := 2
(-1, Ee(e’g‘f;l,l

We recall now some basic definitions for our study as follows:
Let E be a non—empty set, ¥ : E — R be a continuous functions and ( : EXE — R
be a continuous bifunction.

Definition 1.3. [4] A set E C R is said to be inver with respect to bifunction
C(so)s if
e1+ €(ez,e1) EE, Vej,ea € E, £ €][0,1].

Definition 1.4. [22] A function ¥ : E — R is said to be preinvex with respect to
bifunction ((.,.), if

\Il(el +£C(62,€1)) < (1 — Z)\Il(el) +€\I/(62), Vel,eg S E, le [0, 1]

The notion of strongly convex functions was introduced by Karamardian [6] and
Polyak [T5].

Definition 1.5. A function ¥ : E C R — R is said to be strongly convex with
modulus p > 0, if

T((1—L)ey + Ley) < (1 —0)T(ey) + LU (ep) — pl(1 — £) (e — e1)?
for all e1,ea € E and £ € [0,1].
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In [6], Karamardian noticed that every strongly monotone has a gradient map if
and only if all differentiable function is strongly convex. Higher order strongly
convex functions introduced by Lin et al. in [g], to abridge the research of linear
programming with equilibrium constraints.

Definition 1.6. A function ¥ : E C R — R is said to be strongly convex with
modulus > 0 and order o > 0, if

V(1 —20)er +Llex) < (1—0)T(eq) + £T(ea) — pl(l —¥0)(ea —e1)?
for all e1,e5 € E and € € [0,1].

Recently, Awan et al. in [2], defined the following class of strongly preinvex func-
tions of higher order.

Definition 1.7. A function ¥ : E — R is said to be strongly preinver with
modulus > 0, order o > 0 and with respect to ( : E x E — R, if

U(ey +4C(e2,e1)) < (1 —£)U(er) + LU (e2) — pl(1 — £)C7 (e2, €1) (1.5)
for all e1,e5 € E and € € [0,1].

Motivated by the above literatures, the main objective of this article is to obtain
a generalization of the Montgomery identity given in using the concepts of
g-calculus. From this identity, several new and known g-analogues of integral
inequalities involving strongly preinvex functions of higher order will be obtain.
We also will discuss some new special cases of the main results. Finally, a brief
conclusion will be provided.

2. MAIN RESULTS

Throughout this section, we shall let P = [e1,e; + ((e2,e1)] and P° denote the
interior of P. For the sake of brevity, we define the following function p¢ : P —
[0,1] by

xr —ep

pe(@) =z

, where ((ez,e1) >0, and z€P.
ez, 1)
Lemma 1 (Generalized quantum Montgomery identity). If ¥ : P — R is a
q-differentiable function such that .DyV is quantum integrable on P°, then the
following identity holds:

e1+((e2,e1)
\I/(f) eldqg = 6(62, 61) (2.1)

1
[ Tall) s Daer + £6ea,e0) ot
0

where
at, €€ [0, p¢(x)];
Tq() ==
at =1, L€ (pc(x),1].
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Proof. By using Definitions [I.I] and [I.2] we have

1
C(e2, €1 /Tq erDq¥(er + €C(ea, €1)) odqgl
0

pc(x)
= ((ea, €1) / e, DqU(er + €¢(e2,e1)) odgl+
0
1
+ / (a0 — 1) ¢, Dq¥(er + €¢(e2,€1)) 0dg?
pc(@)
oc()
= ((eq,€1) / Ql e, Dg¥(er + €((e2,€1)) odgl+
0
1 pc (@)
/(qﬂ —1) ¢, Dg¥(e1 + € (e2,€1)) 0dgl — / (al — 1) ¢, Dq¥(er + ¢(e2,€1)) 0dg?
0 0

p¢(x)

1
= C(eg,el) /(qf— 1) equ\Il(el —|—€C(eg,el od 0+ / equ\If e1 —l—éC(eg,el))odqé
0 0

1 1
= ((e2,e1) /qéequ\I/(el +£((e2,e1)) 0dgl — / er Dq¥(e1 + £C(e2,e1)) 0dol
LO 0
pc(z) i
+ / e DgW(er + ((e3, €1)) oyl
0

> q"W(er +q™C(ez2,€1))
q(l —q) 20
— > q"U(er + q" T (e2, 1))

n= O
. Z q" el+q 4(62,61))
e RN =
1—-q 61+qn+1C(82 e1))
Z q" G

n Y(e1+q"pc(x)¢(e2,e1))
1 ngoq q"p¢ (@)
A —a)pc(z) | S g Merraoc@dles en)

n=0 Toc () _




e}
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q"¥(er +q"¢(ez2,€1))
q n=0

— > q"U(er +q (€2, e1))
n=0

io‘l’(el +q"C(e2,e1))

- 20‘1/(61 +q" ¢ (e2,€1))

(o]

U (e1 4+ q"pc(x)¢(e2,e1))
+ n;O

- E::O‘I’ (e1 +a" e (x)C(e2,€1))

i q"¥(er +q"((e2,e1)) ]

o]
3

Q=

=0
> q"¥(er +q"((ez,e1))

n=1

S Wler + q*Clez e1))

— | = n=0

- i_ojl U(er +q"C(e2,€1))

S (61 + 0w (@)C (e, 1)
+ n=0

| - 2 e+ o))

> q"¥(er +q"((e2,e1
=0

_ q[(l—;) ))+w(+<q<>>]]
L —W(e; + 4?52761)) + W (eg + @C($)4(62,€1))

U(z) = (1—q) Y _ q"¥(er +q"((ea, 1))

n=0

) e1+((e2,e1)
=U(x) —

earen) U(0) ¢, dg?.

€1

The proof of our lemma is completed.
Remark 2.1: Taking ¢ — 17 in Lemma |1} we have

) e1t+((ez2,e1)

o¢ ()

1
00 (eq + €C(ez,e1))dl + /

(0 —1)W (e1 + €l(ea,e1))dl
0

pc(x)

Remark 2.2: Taking ((e2,€1) = e — €1 in Lemmal[l] we get [7, Lemma 3]
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Remark 2.3: Taking q — 1~ and ((e2,e1) = e2 —e7 in Lemma we obtain the
Montgomery identity given in ((1.4).

Remark 2.4: Taking z = %(6261) in Remark we get [14, Lemma 3.10].

e1+((e2,e1)

v (261 +C(€27€1)> - 1 / W(0)dl = C(ea, e1)

2 62,61)
3 1

X K\I/’(el +£C(62,61))d€+ (67 1)\11/(61 +E<(62,61))d€
/ /

1
2

Remark 2.5: Taking z = % and ((ez,e1) = e — e in Lemma we obtain
equality (4.1) of [1].

e2
gei + ez 1

v — (L), dyl
(1+Q) 62761/ ()1(1

€1

-

q

q€ equ\I/((l — 5)61 + 862) Odq€

o—F

= (e2 —e1) !
+ f (qg — ].) equ\I/((l — 6)61 + 662) Odqg

1+4+q

Remark 2.6: Taking x = %ﬁe?’el)) in Lemma we have

e1+¢(ez,er)

v (el + q(ei I(Cl(@zvel))) _ C(e; - / W(0) e, dgt

€1

o

ql ey Dq¥(er + €¢(e2, €1)) odql

ok

= <(627 61)
+

S

(qf — 1) equ\Il(el + KC(@Q, 61)) Odqf

1

+

a

Now, using Lemma [1} we can derive our main results for the class of higher order
strongly preinvex functions.

Theorem 1. Let ¥ : P — R be a function such that ., D,V is q-integrable on
P°. If | ¢, DqU|" is strongly preinvex functions of order o > 0 with modulus > 0
on P, then for r > 1 and p~! +r~! = 1, the following inequality holds:
e1+((e2,e1)

V(l) e, dgl| < ql(ez,e1)
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[Ll(qaelaeQMW)]% +

where

p¢(w)

Lilaeneas)i= [ @adef = [oc(o)

Lo(q, e1,e2,2) := / (1 =€) odqt =
0

‘ 51DQ\II(€1)‘TL2(q7 €1, €2, .'L')

‘ €1 DQ\II(BQ)‘TL?)(CL €1, €2, x)_
—uC? (e, e1)Pi(q, €1, €2, )
|equ\I/(el)lrL5(Qa617627$)

1
+[L4(q7 €1, e2>$)]p +| 61Dq\11(62)|rL6(Qa 61762733)7

—/J,CU(€27 el)PQ(qa €1, €2, fE)

1—qgptl’
1 2
@C(x) - ﬁq[@((@] )

1
L3(q761762ax) = / godqéz [pc(’r)]27
0

La(q e1,e2,) = / <£ - (11),, odel = (1-aq) > (o=

r

133

P ’
oc (@) = (@) - 7)
1
Laa,eneaa)i= [ (1= odal = o = (o) 4 1o loc(o)l
) 5 ) q 1 n 1 + )
pc(z)
h 1
L = =—(1-— 2
e(q,€1,€2,$) / Zodqg 1+ q ( [pC(x” ) )
p¢(z)
and
p¢(z) ) )
P = 1 —_ e — 2 _ 3
acerena) = [ 01 -Oudef = o loco) - ol
0
1
1 3
Ps(q,er1,e9,2) := / (1 = 1) odyl = Le(q, €1, €2, %) — Trqrq (1= [p¢(@)]) -

pc(x)

Proof. Using Lemma [1} strongly preinvexity of order ¢ > 0 with modulus ¢ > 0
of |, Dq¥|" and Holder’s inequality, we get

e1+((ez,e1)

€1

U(0) ¢, dg?
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pc(x)
J alle,Dq¥(er + £ (€2, €1))| 0dgl
SC(eQael) 10
+ | (@l —1)]e,Dq¥(er + £ (e2,€1))] odg!
L pc(=)
oc(x) P pe(a) G
< Clener) / (@0)? ody / e Da¥(er + (e, 1)) ool
0 0
1 % 1 %
+ / (af — 1)P ody! / e Da¥(e1 + £ (e2 e0))]” ool
oc(x) ¢(x)
pc(x) P
<qClene){ | [ odat
0
pc(x) pc(x)
<Dl [ (= 00dt + [ Dl [ todat -
0 0
pc(z) v 1 b

pc(x)
1
1 1 v
+ [es Dq¥(e2)|" / Lodgl — puc? (2, e1) / €1 = £) odgt }
pc (@) p¢ ()
The proof of Theorem [I]is completed. O

We point out some special cases of Theorem [f}

Corollary 1.1. 1. Takingq — 1~ in Theorem we have
e1+((e2,e1)
\IJ(E)CM S C(€2,61)

1

Y@ - He e
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D=

Lrtersen o [ PN Eeren ) H B Lalersen)= ]

—uC7 (2, e1) P3(e1, e2, )
| W' (e1)|"Li1(e1, e2,2) + | (e2)|" Liz(e1, €2, 2)—
—uG7 (e2,e1)Py(er, e2, )

3=

+[L10(61, €2, 1‘)}% |:

where

Lafer,eas) i= [ (=0t = pc(a) = Sl @),
0

Lo(er, e, 7) = / tde = Lipe()2,

+1
L10(€1,627I)::/(1_£)pd£: 1 (61+C(€2,61)x>p |

/) p+1 ((ez,e1)
pel@
1
+(eze) —a 1
Lii(e1,e2,2) = / (1-20)dt = a CC((S; :11)) T B (1- [pc(l‘)]z) ,
pc(x)

1

Lisfer,eae) i= [ tat =3 (1= [pc(@)P)

p¢ ()
and
pc (@) ) )
Prlenseaa)i= [ 010t = Sloc(o)? - Floc(o)l”
0

1
Prlereaa)i= [ 1= 0dt = Linfer,eao) - 3 (1= [ (@)
()

II. Taking q — 1=, u — 0% and z = %@61) in Theorem |1, we get [16],
Theorem 6].

e1+((ez,e1)

v (261 +<(ez,el)) = 1 / U(0)de

C(€27€1) 62761)

€1

1

< Sleae) (4) [BIW (1) 4T (e2)[") + (1 ()30 (e2)") 7]

=16 p+1
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III Taklng xr = 5 /l — () and C eg, e = €3 — € Zn Thel” em we ()btaln
[]. The()rem 18

€

2
p(date) 1 /\I/(e) odot] <
1+q e — e
e1
1
1 (1 - Q) (q2 + 2q)| equ\II(el)V + q2| €1Dq\II(62>|7-:| T +
(1+q)ptt 1 —qgrtt (1+q)? (1+q)?

1

Q(€2 - 61)

[ (=2) ] [ aielt g pacar)

1

+a

where

J () mee e (2]

p
1 1 1
~Tra goq (q (m) - a)

: _ ertaertllener)) ;
1V. Taking u — 0" and x = lqafq“ in Theorem we get

e1+¢(ez,e1)

e1 +aler +((e2,e1)) 1
Y < I+q ) (e, en) / V() erdat| < dlezen)

el

< (( ) ) [(q?’ + ¢+ )l Da¥len)l” q2|e1Dq‘1’(e2)|7'r

1+q)ptt 1 —qgrt! (1+q)? (1+q)?

1
P

1 1
1\” @Ple Dq¥(e)” | (142q)¢, Dq¥(ea)|"]"
0— =) odyt a4 o4 - } ;
* /( q) ot { (1+q)? (1+q)? }
Tta
where
o) p
1 1 » Z qn (qn_é)
n=0
/ (e_q> Odq£: (1_q) 9 o n n q 1 p
= T T4q z:: ! (q (m) - E)

Theorem 2. Let ¥ : P = R be a function such that ., D,V is q-integrable on
P°. If | ., DyU|" is strongly preinvex functions of order o > 0 with modulus > 0
on P, then for r > 1, the following inequality holds:
e1+((ez,e1)

U(l) eydql| < ((e2,€1)

e
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- 1
1 ‘61D \Il(el)|r*]2(qvelae2am) '
[Jl(qveheQ?x)]l_; +‘61D \11(62)|TJ3((],€1,€2,$)_
—p¢7 (e, €1)Q1(q, €1, €2, @)
| TeaDa¥len)l"Js(as €1, €2, )
+[J4(q,€1,62,l‘)]1_7 +|61D \IJ(GZ)‘TJG(q €1,€2,T )
—/},C (62761)Q2( q,€1,€2,T )

3=

where
¢(®)
q
Jl(q7 €1, 6271') = / qﬂodqé = ﬁq[pf(x)]Za
0

S

¢(z)

<

J2(q7617627x) = qg qe Odq‘gzJl(q7617627x)_JB(qvelueQVm)v

AO\

I

q 3
J = =
s(aser,es,) /’wo%e el

[}

1

2
J4(q7 61,62,%‘) = / (qf )Od 6= 1+ (61 +§((:22’:11)) - 1:> ,

p¢(x)
1

JS(q7ela627m) = / (1_q€_€+q€2)0dq€:J4(q7617627$)_Jﬁ(qael7627x)7

o¢ ()
1

Jﬁ(qvelae%x) = / (qu 76) qu£ =

o¢(x)
— 1 1 2 q
- T~ TR+ e @l
and
pc(x)
Q1(q,e1,e2,) == q€2 1—20)odyl =
[
_ _ # 2 4
_1+q+q[pC( )]3 1+q+q2+q3[pC( )]7
1
Q2(q, e1,e2,2) 1= / Ul —1)(1 = £) gdgl = —rlq (1= [pe(2))*) +
pc(x)
1 4
+LQ)2 (1 — [pq(x)]3) _ m (1 — [pc(a:)] ) .

1+q+q
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Proof. Using Lemma [I] strongly preinvexity of order o > 0 with modulus p > 0
of | ¢, Dq¥|" and the well known power mean inequality, we have

e1+¢(e2,e1)

1
U(z) — U(0) o, dyl
( ) 4(62,61) ( ) q
i p¢(z)
f q€| el‘Dq\I](el + £<(e27 61))| Odqg
< C(e%el) 1O
+ [ (@l —=1)] e, Dq¥(er +£((e2,e1))] 0dql
L oc(x)
pe (@) =5 /o) G
<Clenen) || [ atodat [ atleiDatier + tofea el dat
0 0
1—1 1
1 " 1 "
+ / (qé — ].) odqf / (q£ — 1)| equ\I/(el + EC(627 61))|T Odqg
¢ () ¢(x)
pc(z) -5
SC(€27€1){ / ql odgl
0
pe(@) pc (@)
<\l Datenl” [ af(t = 0odat + o DaWlea)l” [ af? adaf - uc”(ez,e1)
0 0
pc(z) - 1 -5
al?(1 =€) odgt | + (qf — 1) odyt
0

¢(z)

1 1

<[l Dl [ (@t =1) (= Oodat + [, Dl [ (= 1) fodt

pc(x) p¢ ()

1
e enen) [ £Gal=1) (1 Ood]
e (@)
The proof of Theorem [2]is completed.

3=

We point out some special cases of Theorem
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Corollary 2.1. 1. Taking r =1 in Theorem[3, we have

e1+((e2,e1)

L U(0) ¢, dgl| < ((ea,e1)%

C(ez,e1)

{ le; DqV(er)| [J2(a,e1,e2,2) 4+ Js5(q, e1, e2, )] + ]

U(z) —

=31

+ | equ\I/(62)|[r]3(q, €1, 627'1:) + J6(q7 €1, 627I)]_
—pC7 (e2,e1) (Qu(q, e1, 2, 2) + Q2(q, €1, €2, 7))
I1. Taking r =1 and q — 1~ in Theorem [, we get

e1+((ez,er)

! W(0)de] < (e, e1)x

C(ez,e1)

[ |U'(e1)| [J7(e1,e2,x) + Jo(er, ez, z)]+ ]

U(z) -

€1

+|P'(e2)|[Js (€1, €2, x) + Jip(e1, €2, x)]—
—1iC% (e, 1) (Q3(er, €2, 2) + Qaler, €2, 7))
where
oc(x)
Terenz)i= [ 61-0dt = Soc@) - Floc@),
0

p¢ ()
Js(er, e0,7) 1= / dl = %[pg(&?)]?’,
0
Taersena) = [ (1= 204+ @) = 3 = pcla) + [oc(@) - Floc@),
pc ()
1 1 1 1
Jio(er, ez, ) := / (0 —0*)dt = i g[pc(x)P + g[@c(x)}sa
p¢(z)
and
pc(z) ) )
Qulerena) = [ (1= 0t = gloc@] - Jloc(o)"
0

Qale1, e2,7) 1= / 00 —1)(1—0)de

— 5 (L= @) + 5 (1= [oc@P*) - 7 (1 = @)
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II1. Takingq — 17, p — 0% and z = %@261) in Theorem@, we obtain [16],
Theorem 8|.

e1+((e2,e1)

o <2€1 +C(62761)> -2 1 / U(0)de

C(€2,€1) 62,61)

€1

<2|\1ﬂ(el)|r+\1ﬂ(e2)|r)3~ N <|\If’(el)l7“+2|@’(ez>lr>i] ,

< Slezen)
3 3

- 8

IV. Takingr =1,q =17, u — 0T and v = %M in Theorem@ we get [16],
Theorem 5].
e1+((ez,e1)

2e1 + ((e2,€1) B 1 M o ‘.
‘I’( ((e2,e1) ) ((ez,e1) V(O)de) < == [1¥"(er)|+[¥"(e2)]] -

el

IV. Taking u — 0% and x = % and ((ea,e1) = ex—eq in Theorem@, we have
the following inequalities, for more details, see [T].

ez
ge1 + ez 1
— < —
\Il< 174 > 62_61/\Il(€)eldq€ < (eq —e1)x

el

1

1 r ?(1+q) r v
T2 3[|61Dq‘1’(€1)| Trare g T e Da¥(e2)] m} +
1

3—2 1
9 " r (@®+a*+q> -2 r 2 T
(125) 7 [leDaWenl S 20 4| Do ea)|” rprtireay]

V. Takingr = 1, p — 0%, z = % and ((ea,e1) = ea — e in Theorem@ we
obtain [I, Theorem 13].

€

gei + e 1 ;
v - v < (eg —
( 1+q ) 62—61/ (€) eydol| < (e2 —e1)x

ey
(@ +q* +2¢° + q* — 2q)
(1+q+ag?)(1+q)?

3q
s D ()] ] .

[equ\Ij(em (1+q+a®)(1+q)?

VI. Taking u — 0" and x = %ﬁf%ﬁ)) in Theoreml%, we get

e1+((e2,e1)

e1 +qler +¢(e2,e1)) 1
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3. CONCLUSION

It is expected that from the results obtained, and following the methodology ap-
plied, additional special functions may also be evaluated. Future works can be
developed in the area of numerical analysis and even contributions using quantum
algorithms, using the theorems and corollaries presented. Finally, our results can
be applied to derive some inequalities using special means and error estimations.
The authors hope that the ideas and techniques of this paper will inspire interested
readers working in this fascinating field.
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