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ON GENERALIZED FRACTIONAL INTEGRAL INEQUALITIES

FOR FUNCTIONS OF BOUNDED VARIATION WITH TWO

VARIABLES

ARTION KASHURI1, HÜSEYIN BUDAK2, ROZANA LIKO1, MUHAMMAD AAMIR ALI3,
AND KUBILAY ÖZÇELIK2

Abstract. In this paper, authors establish some identities for generalized
fractional integrals. Utilizing these identities, some Ostrowski and Midpoint
type inequalities for generalized fractional integrals for functions of bounded
variation with two variables are obtained. Moreover, some new inequalities
involving k�Riemann�Liouville fractional integrals are presented as special
cases of our main results.

1. Introduction and preliminaries

The study of various types of integral inequalities has been the focus of great
attention for well over a century by a number of mathematicians, interested both
in pure and applied mathematics. One of the many fundamental mathematical
discoveries of A. M. Ostrowski [26] is the following classical integral inequality
associated with the di�erentiable mappings:

Theorem 1. Let σ : [a, b]→ < be a di�erentiable mapping on (a, b) whose deriv-
ative σ′ : (a, b) → < is bounded on (a, b) , i.e. ‖σ′‖∞ := sup

t∈(a,b)

|σ′(t)| < ∞. Then

we have the following inequality:∣∣∣∣∣∣σ(x)− 1

b− a

b∫
a

σ(t)dt

∣∣∣∣∣∣ ≤
[

1

4
+

(
x− a+b

2

)2
(b− a)

2

]
(b− a) ‖σ′‖∞ ,

for all x ∈ [a, b].

Ostrowski inequality has applications in quadrature, probability and optimization
theory, stochastic, statistics, information and integral operator theory.
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We recall some basic de�nitions as follows:

De�nition 1.1. Let σ ∈ L1 ([a, b]) . The Riemann�Liouville fractional integrals
J αa+σ and J αb−σ of order α > 0 with a ≥ 0 are de�ned by

J αa+σ(x) =
1

Γ(α)

x∫
a

(x− t)α−1
σ(t)dt, x > a

and

J αb−σ(x) =
1

Γ(α)

b∫
x

(t− x)
α−1

σ(t)dt, x < b,

respectively. Here, Γ(α) is the Gamma function and J0
a+σ(x) = J0

b−σ(x) = σ(x).

De�nition 1.2. [22] Let σ ∈ L1 ([a, b]) . The k�Riemann�Liouville fractional in-
tegral Iαa+,kσ, and Iαb−,kσ of order α > 0 with a ≥ 0 are de�ned by

Iαa+,kσ(x) =
1

kΓk (α)

∫ x

a

(x− t)
α
k−1

σ(t)dt, x > a,

Iαb−,kσ(x) =
1

kΓk (α)

∫ b

x

(t− x)
α
k−1

σ(t)dt, x < b,

where

Γk (α) =

∫ ∞
0

tα−1e−
tk

k dt, Re(α) > 0.

Hadamard fractional integrals of a function with two variables can be given as
follows:

De�nition 1.3. [19] Let σ ∈ L1 ([a, b]× [c, d]) . The k�Riemann�Liouville frac-

tional integrals kIαa+,c+σ, kI
α,β
a+,d−σ, kI

α,β
b−,c+σ and kIα,βb−,d−σ of order α, β, k > 0

with a, c ≥ 0 are de�ned by

kIαa+,c+σ(x, y) =
1

k2Γk(α)Γk(β)

x∫
a

y∫
c

(x− t)
α
k−1

(y − s)
β
k−1

σ(t, s)dsdt,

x > a, y > c,

kIα,βa+,d−σ(x, y) =
1

k2Γk(α)Γk(β)

x∫
a

d∫
y

(x− t)
α
k−1

(s− y)
β
k−1

σ(t, s)dsdt,

x > a, y < d,
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kIα,βb−,c+σ(x, y) =
1

k2Γk(α)Γk(β)

b∫
x

y∫
c

(t− x)
α
k−1

(y − s)
β
k−1

σ(t, s)dsdt,

x < b, y > c

and

kIα,βb−,d−σ(x, y) =
1

k2Γk(α)Γk(β)

b∫
x

d∫
y

(t− x)
α
k−1

(s− y)
β
k−1

σ(t, s)dsdt,

x < b, y < d,

respectively.

For more details about Riemann-Liouville fractional integrals, see [20, 22, 24, 27].
Moreover, one can �nd some recent Hermite�Hadamard inequalities for function

of one and two variables via Riemann�Liouville fractional integrals, see [1, 8, 18,
21, 23, 25], [28]-[40].

In [29], Sarikaya et al. de�ne a new left-sided and right-sided generalized frac-
tional integrals as follows:

a+Iφσ(x) =

∫ x

a

φ(x− t)
x− t

σ(t)dt, x > a (1.1)

and

b−Iφσ(x) =

∫ b

x

φ(t− x)

t− x
σ(t)dt, x < b, (1.2)

respectively, where φ : [0,+∞) −→ [0,+∞) is a function which satis�es∫ 1

0

φ(t)

t
dt < +∞.

Furthermore, they noticed that these generalized fractional integrals may con-
tain some types of fractional integrals such as Riemann�Liouville fractional in-
tegral, k�Riemann�Liouville fractional integral, Katugampola fractional integral,
conformable fractional integral, etc., with some special choices. Inspired by this
de�nition, Yildirim et al. in [35] give the following de�nitions:

De�nition 1.4. Let σ ∈ L1 ([a, b]× [c, d]) . The Generalized Riemann�Liouville
integrals a+,c+Iφ,$, a+,d−Iφ,$, b−,c+Iφ,$ and b−,d−Iφ,$ are de�ned by

a+,c+Iφ,$σ(x, y) =

x∫
a

y∫
c

φ(x− t)
x− t

$(y − s)
y − s

σ(t, s)dsdt, x > a, y > c, (1.3)
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a+,d−Iφ,$σ(x, y) =

x∫
a

d∫
y

φ(x− t)
x− t

$(s− y)

s− y
σ(t, s)dsdt, x > a, y < d, (1.4)

b−,c+Iφ,$σ(x, y) =

d∫
x

y∫
c

φ(t− x)

t− x
$(y − s)
y − s

σ(t, s)dsdt, x < b, y > c (1.5)

and

b−,d−Iφ,$σ(x, y) =

d∫
x

d∫
y

φ(t− x)

t− x
$(s− y)

s− y
σ(t, s)dsdt, x < b, y < d, (1.6)

where φ,$ : [0,+∞) −→ [0,+∞) are functions which satisfy

∫ 1

0

φ(t)

t
dt < +∞

and

∫ 1

0

$(s)

s
ds < +∞, respectively.

Functions of bounded variation of one variable are of great interest and useful-
ness and they have been much studied because of their valuable properties, such
as particularly with respect to additivity, decomposability into monotone func-
tions, continuity, di�erentiability, measurability, integrability and so on. There are
many of papers on inequalities for functions of bounded variation of one variable,
see [2]-[4],[9],[14]-[16]. Moreover, Dragomir obtained some fractional inequalities
involving functions of bounded variation, see [11]-[13].

Functions of bounded variation with two variables are de�ned as follows:

De�nition 1.5. [10] Assume that σ(x, y) is de�ned over the rectangle Q = [a, b]×
[c, d]. Let P be a partition of Q with

P : a = x0 < x1 < . . . < xn = b, and c = y0 < y1 < . . . < ym = d;

and for all i, j let

∆11σ(xi, yj) = σ(xi−1, yj−1)− σ(xi−1, yj)− σ(xi, yj−1) + σ(xi, yj).

The function σ(x, y) is said to be of bounded variation if the sum

n−1∑
i=0

m−1∑
j=0

|∆11σ(xi, yj)|

is bounded for all nets.

Therefore, one can de�ne the concept of total variation of a function of variables,
as follows.

Let σ be of bounded variation on Q = [a, b] × [c, d], and let
∑

(P ) denote the

sum
n∑
i=1

m∑
j=1

|∆11σ(xi, yj)| corresponding to the partition P of Q. The number
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∨
Q

(σ) :=

b∨
a

d∨
c

(σ) := sup
{∑

(P ) : P ∈ P(Q)
}
,

is called the total variation of σ on Q.

There are also a few papers on fractional inequalities for functions of bounded
variation with two variables, see [5]-[7]. However, there is a few papers fractional
integral inequalities for functions of bounded variation with two variables. The

aim of this paper is to establish some fractional Ostrowski and Midpoint type
inequalities for functions of bounded variation with two variables. The remainder
paper is organized as follows: In Section 2, we present some identities for gen-
eralized fractional integrals. In Section 3, some Ostrowski type inequalities for
generalized fractional integrals will be obtained for functions of bounded variation
with two variables. In Section 4, we give some inequalities for k�Riemann�Liouville
fractional integrals as special cases of our main results. In Section 5, a brief con-
clusion is provided as well.

2. Some identities for Generalized Fractional Integrals

Firstly, we de�ne the following functions which will be used throughout this paper:

Φ1(x) =

∫ x

a

φ(x− t)
x− t

dt, x > a, Φ2(x) =

∫ b

x

φ(t− x)

t− x
dt, x < b, (2.1)

Φ3(x) =

∫ b

x

φ(b− t)
b− t

dt, x < b, Φ4(x) =

∫ x

a

φ(t− a)

t− a
dt, x > a, (2.2)

and

Ψ1(y) =

∫ y

c

$(y − s)
y − s

ds, y > c, Ψ2(y) =

∫ d

y

$(s− y)

s− y
ds, y < d, (2.3)

Ψ3(y) =

∫ d

y

$(d− s)
d− s

ds, y < d, Ψ4(y) =

∫ y

c

$(s− c)
s− c

ds, y > c. (2.4)

Here we have Φ3(a) = Φ4(b) and Ψ3(c) = Ψ4(d).

Now we prove the following equalities:

Lemma 1. If σ : ∆ = [a, b] × [c, d] → < is integrable on ∆, then we have the
following identity:

σ (x, y)− 1
Ω(x) [a+Iφσ(x, y) + b−Iφσ(x, y)]− 1

Λ(y) [c+I$σ(x, y) + d−I$σ(x, y)]

+ 1
Ω(x)Λ(y)×
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×
[
a+,c+Iφ,$σ(x, y) + a+,d−Iφ,$σ(x, y) + b−,c+Iφ,$σ(x, y) + b−,d−Iφ,$σ(x, y)

]
=

1

Ω(x)Λ(y)

4∑
k=1

Ik, (2.5)

where

I1 =

x∫
a

y∫
c

φ(x− t)
x− t

$(y − s)
y − s

[σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)] dsdt,

I2 =

x∫
a

d∫
y

φ(x− t)
x− t

$(s− y)

s− y
[σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)] dsdt,

I3 =

b∫
x

y∫
c

φ(t− x)

t− x
$(y − s)
y − s

[σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)] dsdt,

I4 =

b∫
x

d∫
y

φ(t− x)

t− x
$(s− y)

s− y
[σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)] dsdt

and

Ω(x) = Φ1(x) + Φ2(x), Λ(y) = Ψ1(y) + Ψ2(y)

are de�ned from (2.1) and (2.3), for all (x, y) ∈ ∆.

Proof. By the De�nition 1.4, we have

I1 =

x∫
a

y∫
c

φ(x− t)
x− t

$(y − s)
y − s

[σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)] dsdt (2.6)

=a+,c+ Iφ,$σ(x, y) −Ψ1(y) a+Iφσ(x, y) − Φ1(x) c+I$σ(x, y)+

+Φ1(x)Ψ1(y)σ(x, y).

Similarly, we get

I2 =a+,d− Iφ,$σ(x, y) −Ψ2(y) a+Iφσ(x, y) − Φ1(x) d−I$σ(x, y) +

+Φ1(x)Ψ2(y)σ(x, y), (2.7)

I3 =b−,c+ Iφ,$σ(x, y) −Ψ1(y) b−Iφσ(x, y) − Φ2(x) c+I$σ(x, y) +

+Φ2(x)Ψ1(y)σ(x, y) (2.8)

and
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I4 =b−,d− Iφ,$σ(x, y) −Ψ2(y) b−Iφσ(x, y) − Φ2(x) d−I$σ(x, y) +

+Φ2(x)Ψ2(y)σ(x, y). (2.9)

If we add the equalities (2.6)�(2.9) and then divide the result by Ω(x)Λ(y), we
obtain the required identity (2.5). �

Lemma 2. If σ : ∆ = [a, b] × [c, d] → < is integrable on ∆, then we have the
following identity:

σ (x, y)− 1
Ω∗(x) [x+Iφσ(b, y) + x−Iφσ(a, y)]

− 1
Λ∗(y)

[
y+I$σ(x, d) + y−I$σ(x, c)

]
+ 1

Ω∗(x)Λ∗(y)×

×
[
x+,y+Iφ,$σ(b, d) + x+,y−Iφ,$σ(b, c) + x−,y+Iφ,$σ(a, d) + x−,y−Iφ,$σ(a, c)

]
=

1

Ω∗(x)Λ∗(y)

8∑
k=5

Ik, (2.10)

where

I5 =

b∫
x

d∫
y

φ(b− t)
b− t

$(d− s)
d− s

[σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)] dsdt,

I6 =

b∫
x

y∫
c

φ(b− t)
b− t

$(s− c)
s− c

[σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)] dsdt,

I7 =

x∫
a

d∫
y

φ(t− a)

t− a
$(d− s)
d− s

[σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)] dsdt,

I8 =

x∫
a

y∫
c

φ(t− a)

t− a
$(s− c)
s− c

[σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)] dsdt

and

Ω∗(x) = Φ3(x) + Φ4(x), Λ∗(y) = Ψ3(y) + Ψ4(y)

are de�ned in (2.2) and (2.4), for all (x, y) ∈ ∆.

Proof. By the De�nition 1.4, we have

I5 =

b∫
x

d∫
y

φ(b− t)
b− t

$(d− s)
d− s

[σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)] dsdt (2.11)
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=x+,y+ Iφ,$σ(b, d) −Ψ3(y) x+Iφσ(b, y) − Φ3(x) y+I$σ(x, d)+Φ3(x)Ψ3(y)σ(x, y),

and similarly

I6 =x+,y− Iφ,$σ(b, c) −Ψ4(y) x+Iφσ(b, y) − Φ3(x) y−I$σ(x, c) + (2.12)

Φ3(x)Ψ4(y)σ(x, y),

I7 =x−,y+ Iφ,$σ(a, d) −Ψ3(y) x−Iφσ(a, y) − Φ4(x) y+I$σ(x, d) + (2.13)

Φ4(x)Ψ3(y)σ(x, y)

and

I8 =x−,y− Iφ,$σ(a, c) −Ψ4(y) x−Iφσ(a, y) − Φ4(x) y−I$σ(x, c) + (2.14)

Φ4(x)Ψ4(y)σ(x, y).

If we add the equalities (2.11)�(2.15) and then divide the result by Ω∗(x)Λ∗(y),
we obtain the required identity (2.10). �

Lemma 3. If σ : ∆ = [a, b] × [c, d] → < is integrable on ∆, then we have the
following identity:

σ(a, c) + σ(a, d) + σ(b, c) + σ(b, d)

4
Φ3(a)Ψ3(c) (2.15)

−Φ3(a)

4
[c+I$σ(b, d) + d−I$σ(b, c) + c+I$σ(a, d) + d−I$σ(a, c)]

−Ψ3(c)

4
[a+Iφσ(b, d) + b−Iφσ(a, d) + a+Iφσ(b, c) + b−Iφσ(a, c)]

+
1

4

[
a+,c+Iφ,$σ(b, d) + a+,d−Iφ,$σ(b, c) + b−,c+Iφ,$σ(a, d) + b−,d−Iφ,$σ(a, c)

]
=

1

4

12∑
k=9

Ik,

where

I9 =

b∫
a

d∫
c

φ(b− t)
b− t

$(d− s)
d− s

[σ(t, s)− σ(t, d)− σ(b, s) + σ(b, d)] dsdt,

I10 =

b∫
a

d∫
c

φ(b− t)
b− t

$(s− c)
s− c

[σ(t, s)− σ(t, c)− σ(b, s) + σ(b, c)] dsdt,

I11 =

b∫
a

d∫
c

φ(t− a)

t− a
$(d− s)
d− s

[σ(t, s)− σ(t, d)− σ(a, s) + σ(a, d)] dsdt,
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I12 =

b∫
a

d∫
c

φ(t− a)

t− a
$(s− c)
s− c

[σ(t, s)− σ(t, c)− σ(a, s) + σ(a, c)] dsdt

for all (x, y) ∈ ∆.

Proof. By the De�nition 1.4, we have

I9 =

b∫
a

d∫
c

φ(b− t)
b− t

$(d− s)
d− s

[σ(t, s)− σ(t, d)− σ(b, s) + σ(b, d)] dsdt (2.16)

=a+,c+ Iφ,$σ(b, d) − Ψ3(c) a+Iφσ(b, d) − Φ3(a) c+I$σ(b, d) +

Φ3(a)Ψ3(c)σ(b, d),

and similarly

I10 =a+,d− Iφ,$σ(b, c) − Ψ4(d) a+Iφσ(b, c) − Φ3(a) d−I$σ(b, c) + (2.17)

Φ3(a)Ψ4(d)σ(b, c),

I11 =b−,c+ Iφ,$σ(a, d) − Ψ3(c) b−Iφσ(a, d) − Φ4(b) c+I$σ(a, d) + (2.18)

Φ4(b)Ψ3(c)σ(a, d)

and

I12 =b−,d− Iφ,$σ(a, c) − Ψ4(d) b−Iφσ(a, c) − Φ4(b) d−I$σ(a, c) + (2.19)

Φ4(b)Ψ4(d)σ(a, c).

If we add the equalities (2.16)�(2.19) and then divide the result by 4, we obtain
the required identity (3.8). �

3. Some Ostrowski type inequalities for Generalized Fractional

Integrals

In this section, Ostrowski type inequalities involving generalized fractional inte-
grals are obtained for functions of bounded variation with two variables.

Theorem 2. If σ : ∆ → < is of bounded variation on ∆, then we have the
following inequalities:∣∣∣σ (x, y)− 1

Ω(x)
[a+Iφσ(x, y) + b−Iφσ(x, y)]− 1

Λ(y)
[c+I$σ(x, y) + d−I$σ(x, y)] +

(3.1)
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+
1

Ω(x)Λ(y)
×
[
a+,c+Iφ,$σ(x, y) + a+,d−Iφ,$σ(x, y) + b−,c+Iφ,$σ(x, y) +

+ b−,d−Iφ,$σ(x, y)
] ∣∣∣

≤ 1

Ω(x)Λ(y)

 x∫
a

y∫
c

φ(x− t)
x− t

$(y − s)
y − s

x∨
t

y∨
s

(σ) dsdt

+

x∫
a

d∫
y

φ(x− t)
x− t

$(s− y)

s− y

x∨
t

s∨
y

(σ) dsdt

+

b∫
x

y∫
c

φ(t− x)

t− x
$(y − s)
y − s

t∨
x

y∨
s

(σ) dsdt +

b∫
x

d∫
y

φ(t− x)

t− x
$(s− y)

s− y

t∨
x

s∨
y

(σ) dsdt



≤ 1

Ω(x)Λ(y)

[
Φ1(x)Ψ1(y)

x∨
a

y∨
c

(σ) +Φ1(x)Ψ2(y)

x∨
a

d∨
y

(σ)+Φ2(x)Ψ1(y)

b∨
x

y∨
c

(σ)

+Φ2(x)Ψ2(y)

b∨
x

d∨
y

(σ)

]

≤ 1

Ω(x)Λ(y)
max {Φ1(x),Φ2(x)}max {Ψ1(y),Ψ2(y)}

b∨
a

d∨
c

(σ)

for all (x, y) ∈ ∆.

Proof. By using modulus in the Lemma 1, we get

(3.2)∣∣∣σ (x, y)− 1

Ω(x)
[a+Iφσ(x, y) + b−Iφσ(x, y)]− 1

Λ(y)
[c+I$σ(x, y) + d−I$σ(x, y)]

+
1

Ω(x)Λ(y)

×
[
a+,c+Iφ,$σ(x, y) + a+,d−Iφ,$σ(x, y) + b−,c+Iφ,$σ(x, y) + b−,d−Iφ,$σ(x, y)

] ∣∣∣
≤ 1

Ω(x)Λ(y)
×

 x∫
a

y∫
c

φ(x− t)
x− t

$(y − s)
y − s

|σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)| dsdt

+

x∫
a

d∫
y

φ(x− t)
x− t

$(s− y)

s− y
|σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)| dsdt
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+

b∫
x

y∫
c

φ(t− x)

t− x
$(y − s)
y − s

|σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)| dsdt

+

b∫
x

d∫
y

φ(t− x)

t− x
$(s− y)

s− y
|σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)| dsdt


= A(x, y).

Since σ is of bounded variation on ∆, we have the following inequalities

|σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)| ≤
x∨
t

y∨
s

(σ) ≤

≤
x∨
a

y∨
c

(σ) for (t, s) ∈ [a, x)× [c, y) , (3.3)

|σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)| ≤
x∨
t

s∨
y

(σ) ≤

≤
x∨
a

d∨
y

(σ) for (t, s) ∈ [a, x)× [y, d] , (3.4)

|σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)| ≤
t∨
x

y∨
s

(σ) ≤

≤
b∨
x

y∨
c

(σ) for (t, s) ∈ [x, b]× [c, y) (3.5)

and

|σ(t, s)− σ(t, y)− σ(x, s) + σ(x, y)| ≤
t∨
x

s∨
y

(σ) ≤

≤
b∨
x

d∨
y

(σ) for (t, s) ∈ [x, b]× [y, d] . (3.6)

By substituting the inequalities (3.3)-(3.6) in (3.2), we obtain

A(x, y) ≤ 1

Ω(x)Λ(y)
×

 x∫
a

y∫
c

φ(x− t)
x− t

$(y − s)
y − s

x∨
t

y∨
s

(σ) dsdt

+

x∫
a

d∫
y

φ(x− t)
x− t

$(s− y)

s− y

x∨
t

s∨
y

(σ) dsdt
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+

b∫
x

y∫
c

φ(t− x)

t− x
$(y − s)
y − s

t∨
x

y∨
s

(σ) dsdt

+

b∫
x

d∫
y

φ(t− x)

t− x
$(s− y)

s− y

t∨
x

s∨
y

(σ) dsdt


≤ 1

Ω(x)Λ(y)

[
Φ1(x)Ψ1(y)

x∨
a

y∨
c

(σ) + Φ1(x)Ψ2(y)

x∨
a

d∨
y

(σ)

+Φ2(x)Ψ1(y)

b∨
x

y∨
c

(σ) +Φ2(x)Ψ2(y)

b∨
x

d∨
y

(σ)

]
.

This completes the proof of the �rst and second inequality in (3.1). The last
inequality is obvious from the maximum properties. The proof of Theorem 2 is
completed. �

Theorem 3. If σ : ∆ → < is of bounded variation on ∆, then we have the
following inequalities:∣∣∣σ (x, y)− 1

Ω∗(x)
[x+Iφσ(b, y) + x−Iφσ(a, y)]− (3.7)

− 1

Λ∗(y)

[
y+I$σ(x, d) + y−I$σ(x, c)

]
+

1

Ω∗(x)Λ∗(y)
×

×
[
x+,y+Iφ,$σ(b, d) + x+,y−Iφ,$σ(b, c) + x−,y+Iφ,$σ(a, d) + x−,y−Iφ,$σ(a, c)

] ∣∣∣
≤ 1

Ω∗(x)Λ∗(y)

 b∫
x

d∫
y

φ(b− t)
b− t

$(d− s)
d− s

t∨
x

s∨
y

(σ) dsdt +

+

b∫
x

y∫
c

φ(b− t)
b− t

$(s− c)
s− c

t∨
x

y∨
s

(σ) dsdt

+

x∫
a

d∫
y

φ(t− a)

t− a
$(d− s)
d− s

x∨
t

s∨
y

(σ) dsdt+

x∫
a

y∫
c

φ(t− a)

t− a
$(s− c)
s− c

x∨
t

y∨
s

(σ) dsdt
]

≤ 1

Ω∗(x)Λ∗(y)

[
Φ3(x)Ψ3(y)

b∨
x

d∨
y

(σ) + Φ3(x)Ψ4(y)

b∨
x

y∨
c

(σ) +

+Φ4(x)Ψ3(y)

x∨
a

d∨
y

(σ) +Φ4(x)Ψ4(y)

x∨
a

y∨
c

(σ)

]
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≤ 1

Ω(x)Λ(y)
max {Φ1(x),Φ2(x)}max {Ψ1(y),Ψ2(y)}

b∨
a

d∨
c

(σ)

for all (x, y) ∈ ∆.

Proof. By using modulus in the Lemma 2, we get∣∣∣σ (x, y)− 1

Ω∗(x)
[x+Iφσ(b, y) + x−Iφσ(a, y)]− 1

Λ∗(y)

[
y+I$σ(x, d) + y−I$σ(x, c)

]
+

1

Ω∗(x)Λ∗(y)
×
[
x+,y+Iφ,$σ(b, d) + x+,y−Iφ,$σ(b, c) +

+ x−,y+Iφ,$σ(a, d) + x−,y−Iφ,$σ(a, c)
] ∣∣∣

≤ 1

Ω∗(x)Λ∗(y)

 b∫
x

d∫
y

φ(b− t)
b− t

$(d− s)
d− s

t∨
x

s∨
y

(σ) dsdt +

+

b∫
x

y∫
c

φ(b− t)
b− t

$(s− c)
s− c

t∨
x

y∨
s

(σ) dsdt

+

x∫
a

d∫
y

φ(t− a)

t− a
$(d− s)
d− s

x∨
t

s∨
y

(σ) ds +

x∫
a

y∫
c

φ(t− a)

t− a
$(s− c)
s− c

x∨
t

y∨
s

(σ) dsdt


≤ 1

Ω∗(x)Λ∗(y)

[
Φ3(x)Ψ3(y)

b∨
x

d∨
y

(σ) + Φ3(x)Ψ4(y)

b∨
x

y∨
c

(σ) +

+Φ4(x)Ψ3(y)

x∨
a

d∨
y

(σ) + Φ4(x)Ψ4(y)

x∨
a

y∨
c

(σ)

]
.

The proof of Theorem 3 is completed. �

Theorem 4. If σ : ∆ → < is of bounded variation on ∆, then we have the
following inequalities:∣∣∣σ(a, c) + σ(a, d) + σ(b, c) + σ(b, d)

4
Φ3(a)Ψ3(c) (3.8)

−Φ3(a)

4
[c+I$σ(b, d) + d−I$σ(b, c) + c+I$σ(a, d) + d−I$σ(a, c)]

−Ψ3(c)

4
[a+Iφσ(b, d) + b−Iφσ(a, d) + a+Iφσ(b, c) + b−Iφσ(a, c)]

+
1

4

[
a+,c+Iφ,$σ(b, d) + a+,d−Iφ,$σ(b, c) + b−,c+Iφ,$σ(a, d) + b−,d−Iφ,$σ(a, c)

] ∣∣∣
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≤ 1

4

 b∫
a

d∫
c

φ(b− t)
b− t

$(d− s)
d− s

b∨
t

d∨
s

(σ)dsdt +

b∫
a

d∫
c

φ(b− t)
b− t

$(s− c)
s− c

b∨
t

s∨
c

(σ)dsdt

+

b∫
a

d∫
c

φ(t− a)

t− a
$(d− s)
d− s

t∨
a

d∨
s

(σ)dsdt +

b∫
a

d∫
c

φ(t− a)

t− a
$(s− c)
s− c

t∨
a

s∨
c

(σ)dsdt


≤ Φ3(a)Ψ3(c)

b∨
a

d∨
c

(σ)

for all (x, y) ∈ ∆.

Proof. By using modulus in the Lemma 3, we get

∣∣∣σ(a, c) + σ(a, d) + σ(b, c) + σ(b, d)

4
Φ3(a)Ψ3(c)

−Φ3(a)

4
[c+I$σ(b, d) + d−I$σ(b, c) + c+I$σ(a, d) + d−I$σ(a, c)]

−Ψ3(c)

4
[a+Iφσ(b, d) + b−Iφσ(a, d) + a+Iφσ(b, c) + b−Iφσ(a, c)]

+
1

4

[
a+,c+Iφ,$σ(b, d) + a+,d−Iφ,$σ(b, c)

+b−,c+Iφ,$σ(a, d) + b−,d−Iφ,$σ(a, c)
] ∣∣∣

≤ 1

4

 b∫
a

d∫
c

φ(b− t)
b− t

$(d− s)
d− s

|σ(t, s)− σ(t, d)− σ(b, s) + σ(b, d)| dsdt (3.9)

+

b∫
a

d∫
c

φ(b− t)
b− t

$(s− c)
s− c

|σ(t, s)− σ(t, c)− σ(b, s) + σ(b, c)| dsdt

+

b∫
a

d∫
c

φ(t− a)

t− a
$(d− s)
d− s

|σ(t, s)− σ(t, d)− σ(a, s) + σ(a, d)| dsdt

+

b∫
a

d∫
c

φ(t− a)

t− a
$(s− c)
s− c

|σ(t, s)− σ(t, c)− σ(a, s) + σ(a, c)| dsdt

 .
We also have

b∫
a

d∫
c

φ(b− t)
b− t

$(d− s)
d− s

|σ(t, s)− σ(t, d)− σ(b, s) + σ(b, d)| dsdt (3.10)
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≤
b∫
a

d∫
c

φ(b− t)
b− t

$(d− s)
d− s

b∨
t

d∨
s

(σ)dsdt

≤
b∨
a

d∨
c

(σ)

b∫
a

d∫
c

φ(b− t)
b− t

$(d− s)
d− s

dsdt

= Φ3(a)Ψ3(c)

b∨
a

d∨
c

(σ).

Similarly, we obtain

b∫
a

d∫
c

φ(b− t)
b− t

$(s− c)
s− c

|σ(t, s)− σ(t, c)− σ(b, s) + σ(b, c)| dsdt (3.11)

≤
b∫
a

d∫
c

φ(b− t)
b− t

$(s− c)
s− c

b∨
t

s∨
c

(σ)dsdt

≤ Φ3(a)Ψ4(d)

b∨
a

d∨
c

(σ),

b∫
a

d∫
c

φ(t− a)

t− a
$(d− s)
d− s

|σ(t, s)− σ(t, d)− σ(a, s) + σ(a, d)| dsdt(3.12)

≤
b∫
a

d∫
c

φ(t− a)

t− a
$(d− s)
d− s

t∨
a

d∨
s

(σ)dsdt

≤ Φ4(b)Ψ3(c)

b∨
a

d∨
c

(σ)

and

b∫
a

d∫
c

φ(t− a)

t− a
$(s− c)
s− c

|σ(t, s)− σ(t, c)− σ(a, s) + σ(a, c)| dsdt (3.13)

≤
b∫
a

d∫
c

φ(t− a)

t− a
$(s− c)
s− c

t∨
a

s∨
c

(σ)dsdt

≤ Φ4(b)Ψ4(d)

b∨
a

d∨
c

(σ).
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If we substitute the inequalities (3.10)-(3.13) in (3.9), we obtain the required
inequality (3.8). �

Corollary 4.1. If we take x = a+b
2 and y = c+d

2 in Theorem 2 and Theorem 3,
then we obtain some midpoint type inequalities, but the details are not presented
here.

Remark 3.1: If we choose φ(t) = tα

Γ(α) , t ∈ [a, b] and $(s) = sβ

Γ(β) , s ∈ [c, d] ,

α, β > 0 in Theorem 2, Theorem 3 and Theorem 4, then we obtain some Ostrowski
type inequalities for Riemann�Liouville fractional integrals which were proved by
Erden et al. in [17].

4. Some inequalities for k�Riemann�Liouville Fractional Integrals

Firstly, we de�ne the following functions:

M(a, b;x) := (x− a)
α
k + (b− x)

α
k

and

N (c, d; y) := (y − c)
β
k + (d− y)

β
k

for (x, y) ∈ [a, b]× [c, d] .

By choosing φ(t) = t
α
k

kΓk(α) , t ∈ [a, b] and $(s) = s
β
k

kΓk(β) , s ∈ [c, d] , α, β, k > 0 in

Theorem 2, Theorem 3 and Theorem 4, we have the following theorems.

Theorem 5. If σ : ∆ → < is of bounded variation on ∆, then we have the
following inequalities for k-Riemann�Liouville fractional integrals:∣∣∣σ (x, y)− Γk(α+ k)

M(a, b;x)

[
Iα,ka+ σ(x, y) + Iα,kb− σ(x, y)

]
−

Γk(β + k)

N (c, d; y)

[
Iβ,kc+ σ(x, y) + Iβ,kd− σ(x, y)

]
+

Γk(α+ k)Γk(β + k)

M(a, b;x)N (c, d; y)

×
[
kIαa+,c+σ(x, y) + kIαa+,d−σ(x, y) + kIαb−,c+σ(x, y) + kIαb−,d−σ(x, y)

] ∣∣∣
≤ αβ

k2M(a, b;x)N (c, d; y)

×

 x∫
a

y∫
c

(x− t)αk−1(y − s)
β
k−1

x∨
t

y∨
s

(σ) dsdt

+

x∫
a

d∫
y

(x− t)αk−1(s− y)
β
k−1

x∨
t

s∨
y

(σ) dsdt
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+

b∫
x

y∫
c

(t− x)
α
k−1(y − s)

β
k−1

t∨
x

y∨
s

(σ) dsdt

+

b∫
x

d∫
y

(t− x)
α
k−1(s− y)

β
k−1

t∨
x

s∨
y

(σ) dsdt

 ≤
≤ 1

M(a, b;x)N (c, d; y)
×

[
(x− a)

α
k (y − c)

β
k

x∨
a

y∨
c

(σ) +(x−a)
α
k (d−y)

β
k

x∨
a

d∨
y

(σ)+(b−x)
α
k (y−c)

β
k

b∨
x

y∨
c

(σ)

+(b− x)
α
k (d− y)

β
k

b∨
x

d∨
y

(σ)

]

≤ 1

M(a, b;x)N (c, d; y)

[
1

2
(b− a) +

(
x− a+ b

2

)]α
k

[
1

2
(b− c) +

(
y − c+ d

2

)] β
k

b∨
a

d∨
c

(σ)

for all (x, y) ∈ ∆.

Theorem 6. If σ : ∆ → < is of bounded variation on ∆, then we have the
following inequalities for k�Riemann�Liouville fractional integrals:∣∣∣σ (x, y)− Γk(α+ k)

M(a, b;x)

[
Iα,kx+ σ(b, y) + Iα,kx− σ(a, y)

]
−

Γk(β + k)

N (c, d; y)

[
Iβ,ky+ σ(x, d) + Iβ,ky− σ(x, c)

]
+

Γk(α+ k)Γk(β + k)

M(a, b;x)N (c, d; y)

×
[
kIαx+,y+σ(b, d) + kIαx+,y−σ(b, c) + kIαx−,y+σ(a, d) + kIαx−,y−σ(a, c)

] ∣∣∣
≤ αβ

k2M(a, b;x)N (c, d; y)
×

 b∫
x

d∫
y

(b− t)αk−1(d− s)
β
k−1

t∨
x

s∨
y

(σ) dsdt+

b∫
x

y∫
c

(b−t)αk−1(s−c)
β
k−1

t∨
x

y∨
s

(σ) dsdt

+

x∫
a

d∫
y

(t−a)
α
k−1(d−s)

β
k−1

x∨
t

s∨
y

(σ) dsdt+

x∫
a

y∫
c

(t−a)
α
k−1(s−c)

β
k−1

x∨
t

y∨
s

(σ) dsdt
]
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≤ 1

M(a, b;x)N (c, d; y)

[
(b− x)

α
k (d− y)

β
k

b∨
x

d∨
y

(σ) + (b− x)
α
k (y − c)

β
k

b∨
x

y∨
c

(σ)

+(x− a)
α
k (d− y)

β
k

x∨
a

y∨
c

(σ) + (x− a)
α
k (y − c)

β
k

x∨
a

y∨
c

(σ)

]
≤

≤ 1

M(a, b;x)N (c, d; y)

[
1

2
(b− a) +

(
x− a+ b

2

)]α
k

·

·
[

1

2
(b− c) +

(
y − c+ d

2

)] β
k

b∨
a

d∨
c

(σ)

for all (x, y) ∈ ∆.

Theorem 7. If σ : ∆ → < is of bounded variation on ∆, then we have the
following inequalities for k�Riemann�Liouville fractional integrals:

∣∣∣σ(a, c) + σ(a, d) + σ(b, c) + σ(b, d)

4

(b− a)
α
k (d− c)

β
k

Γk(α+ k)Γk(β + k)

− (b− a)
α
k

4Γk(α+ k)

[
Iβ,kc+ σ(b, d) + Iβ,kd− σ(b, c) + Iβ,kc+ σ(a, d) + Iβ,kd− σ(a, c)

]

− (d− c)
β
k

4Γk(β + k)

[
Iα,ka+ σ(b, d) + Iα,kb− σ(a, d) + Iα,ka+ σ(b, c) + Iα,kb− σ(a, c)

]

+
1

4

[
kIαa+,c+σ(b, d) + kIαa+,d−σ(b, c) + kIαb−,c+σ(a, d) + kIαb−,d−σ(a, c)

] ∣∣∣
≤ 1

4k2Γk(α)Γk(β)
×

 b∫
a

d∫
c

(b− t)αk−1(d− s)
β
k−1

b∨
t

d∨
s

(σ)dsdt+

b∫
a

d∫
c

(b−t)αk−1(s−c)
β
k−1

b∨
t

s∨
c

(σ)dsdt+

b∫
a

d∫
c

(t−a)
α
k−1(d−s)

β
k−1

t∨
a

d∨
s

(σ)dsdt +

b∫
a

d∫
c

(t− a)
α
k−1(s− c)

β
k−1

t∨
a

s∨
c

(σ)dsdt


≤ (b− a)

α
k (d− c)

β
k

Γk(α+ k)Γk(β + k)

b∨
a

d∨
c

(σ)

for all (x, y) ∈ ∆.
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5. Conclusion

In this paper, we established some identities for generalized fractional integrals.
Utilizing these identities, some Ostrowski and Midpoint type inequalities for gen-
eralized fractional integrals for functions of bounded variation with two variables
are obtained. Moreover, some new inequalities involving k�Riemann�Liouville
fractional integrals are presented as special cases of our main results. Since func-
tions with bounded variation with two variables have large applications in many
mathematical areas, our results can be applied to obtain several new fascinating
inequalities in convex analysis, special functions, quantum mechanics, related opti-
mization theory, mathematical inequalities and also may stimulate further research
in di�erent areas of pure and applied sciences.

Con�ict of interest. All the authors declares that they have no con�ict of
interest with anyone.
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