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Abstract. This paper looks at and goes through Lorenz system and his 

dual system of differential equations. Within analytics we have come to 

some commonalities in both systems. 

 

 

 

1. INTRODUCTION 

 

Here we have the Lorenz system: 
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In literature [1, 7, 8] it is known that system (1) has three singularities (fixed 

point, equilibrium point) in the points 

       1 2(0,0,0), ( 1 ,  1 ,  1), ( 1 ,  1 ,  1)O O b r b r r O b r b r r         

for 1r  , and one singularity in point (0,0,0)O , for 0 1r  . 

In accordance with the theory of stability [1, 2, 3, 5, 7, 8], due to importance 

system (1) stability examination for singularities we calculate appropriate 

characteristic equations. 

The characteristic equation, for system (1), is given with 

 2( )[ 1 (1 )] 0b r          ,              (2) 
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for 0r   in singularity (0,0,0)O . 

The characteristic equation is given with 

     3 21 2 1 0b b r b r            ,            (3) 

for  1r   in singularities 

   1( 1 ,  1 ,  1)O b r b r r   ,     2( 1 ,  1 ,  1)O b r b r r     .  

 

Lemma 1. Let an algebraic equation of third degree is given 

3 2
1 2 3 1 2 30,    , ,x a x a x a a a a    R . 

This equation has two conjugated pure imaginary roots if following condition is 

met [1] 

1 2 3а а а .           (4) 

 

2. MAIN RESULT  

 

Let us bring transformation shift defined with 

1 2 1 2 1 2 ,   , x x ix y y iy z z iz                           (5) 

where 1 2 1 2 1 2,  ,  ,  ,  , x x y y z z   are real functions from real argument t, 2 1i   .  

With direct substitute (5) in (1) we get system of differential equations 
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        (6) 

 

Lemma 2. The system of differential equations (6) has three singularities in  

(0, 0, 0, 0, 0, 0)O ,    1(0, 0,   1,  1 ,  1 , 0)O r b r b r   , 

   2(0, 0,  1,  1 ,  1 , 0)O r b r b r      , 

for 0 1r   , and three singularities 
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   *
1(0, 0, 0, 0, 0, 0), ( 1 ,  1  ),  1, 0, 0, 0),O O b r b r r    

   *
2( 1 ,  1 , 1, 0,0 ,0)O b r b r r     , 

for  1r    . 

Proof. By solving the algebraic equations system  
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we get the coordinates of singularities. 

 

Lemma 3. For a system of differential equations (6) in common singularity 

(0, 0, 0, 0, 0, 0)O  appropriate characteristic equation is given with 

                                       
22 2 1 (1 ) 0b r         

 
,                 (7)    

 for 0r  , and in remaining singularities 

       

       

1 2

* *
1 2

(0, 0,   1,  1 ,  1 , 0), (0, 0,  1,  1 ,  1 , 0),

( 1 ,  1  ),  1, 0, 0, 0), ( 1 ,  1 , 1, 0,0 ,0)

O r b r b r O r b r b r

O b r b r r O b r b r r

       

       
 

appropriate characteristic equation is given with 

                    
2

3 21 2 1 0b b r b r            
 

,              (8) 

in both cases 0 1r   and  1r  .  

Proof. Within calculating the matrix of Jacobi 

 

 

0   0     0     0   

1 0 0   0     0   

0 0   0     0     0   
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and the corresponding determinant 
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 , 

 

in common singularity (0, 0, 0, 0, 0, 0)O , for 0r  , we get characteristic 

equation (7). 

With calculating the matrix of Jacobi *
1( )Ј O    
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and the corresponding determinant  
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in singularity    *
1 ( 1 ,  1  ),  1, 0, 0, 0)O b r b r r   , for 1r  , we get character-

ristic equation (8). 

With calculating the matrix of Jacobi Ј     
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and the corresponding determinant 
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in singularity  

   1(0, 0,   1,  1 ,  1 , 0)O r b r b r   , 

for 0 1r  , we get characteristic equation (8). We get the same equation (8) in 

other singularities  

   *
2( 1 ,  1 , 1, 0,0 ,0)O b r b r r     , 

for 1r  , and 

   2(0, 0,  1,  1 ,  1 ,0)O r b r b r      , 

for 0 1r  . 

 

Note 1. Let us note that the characteristic equations (7) and (8) are in fact 

squares of the characteristic equations (2) and (3) for the Lorenz system.  
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3. DUAL SYSTEM OF THE LORENZ SYSTEM 

 

Let us now look at the system 

 2 2

2 2 1 2

2 2

.

2

.

2

.

11

y x

rx x z y

x y bz

x

y

z

 

  

  

         (9) 

gotten from the system (6) as his subsystem for 1 1 20,   0,   0x y z   .  

 

Definition. The system (9) is called a dual system of the Lorenz system. 

 

Theorem 1. The system (9) has three singularities in the points 

       1 2(0,0,0), ( 1 ,  1 ,  1), ( 1 ,  1 ,  1)O O b r b r r O b r b r r        , 

when limitation is 0 1r  , and one singularity in point (0,0,0)O , when 

limitation is 1r  .  

Proof. From the algebraic equations system  

 2 2

2 2 1 2

2 2 1

0,

0,

0,

y x

rx x z y

x y bz

  

  

  

 

we get singularities coordinates. 

 

Theorem 2. For system (9), appropriate characteristic equation in singularity  

(0,0,0)O  is given with 

                          2( )[ 1 (1 )] 0b r          ,                   (10) 

for 0r  . For 0 1r   all roots of this equation (10) are negative. The 

characteristic equation in other singularities 

       1 2( 1 ,  1 ,  1), ( 1 ,  1 ,  1)O b r b r r O b r b r r         

is given with  

                      3 21 2 1 0b b r b r            ,             (11) 

for 0 1r  . The characteristic equation (11) does not have purely imaginary 

roots. 

Proof. The matrix of Jacobi of system (9) in singularity          is 
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( ) 1 0

0 0

J O r
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  
 

 
 
  

 . 

 

This means that the characteristic equation (10) is achieved with calculation of 

the determinant 

 

0

( ) 1 0
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Ј O Е r
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  





 

   
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 . 

 

Equation of the roots (10) are 

     
2

1 1 4 1

1 2,3 2
, 

r
b

  


    
     

For 0 1r   we get 

 4 1 0r    , 

where from we have that all three roots are negative. 

The Jacobi matrix of the system (9) in the singularity 

   1( 1 ,  1 ,  1)O b r b r r    , 

is 

 1

0

1 1 (1 )

(1 ) (1 )

J O b r

b r b r b

  
 

    
 
     

 . 

 

This means that the characteristic equation (11) is achieved with calculation of 

the determinant 

 

 1

0

1 1 (1 )

(1 ) (1 )

Ј O Е b r

b r b r b

  





 

     

     

 . 

 

We get the same equation (11) as well in the other singularity 
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   2( 1 ,  1 ,  1)O b r b r r      . 

According to the Lemma 1 and the condition (4), with application of the 

characteristic equation (11) we get the condition 

 

     1 2 1b b r b r        . 

 

Due to the limitation 0 1r  , the condition is not satisfied because the left side 

is always a positive number, and the right side is always a negative number. 

 

Note 2. Let us note that characteristic equations (10) and (11) are the same with 

appropriate characteristic equations (2) and (3) for Lorenz system (1). Along 

with this it is important to point that for this characteristic equation the 

condition 0 1r   is valid, while for them at Lorenz system the condition 1r    

is valid. 
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