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GENERALIZED (2m,m)−RECTANGULAR BANDS OF TYPE (3, 2)

VALENTINA MIOVSKA AND DONČO DIMOVSKI

Abstract. Notions of generalized left-zero and right-zero (2m, m)−semigroups
of type (3, 2) are introduced, and so is the notion of generalized (2m, m)−
rectangular band of type (3, 2). Characterizations of generalized left-zero
and right-zero (2m, m)−semigroups of type (3, 2) and generalized (2m, m)−
rectangular band of type (3, 2) are given.

1. Introduction

First, we will introduce some notations which will be used further on:
1) The elements of Qs, where Qs denotes the s-th Cartesian power of Q, will

be denoted by xs
1.

2) The symbol xj
i will denote the sequence xi, xi+1, . . . , xj when i ≤ j, and the

empty sequence when i > j.
3) If x1 = x2 = · · · = xs = x, then xs

1 is denoted by the symbol
s
x.

4) The set {1, 2, . . . , s} will be denoted by Ns.
Let Q �= Ø and n, m are positive integers. If [ ] is a mapping from Qn into

Qm, then [ ] is called an (n, m)−operation. A pair (Q; [ ]) where [ ] is an
(n,m)−operation is said to be an (n,m) groupoid. Every (n,m)−operation on
Q induces a sequence [ ]1, [ ]2, . . . , [ ]m of n−ary operations on the set Q, such that

((∀i ∈ Nm) [xn
1 ]i = yi) ⇔ [xn

1 ] = ym
1 .

Let m ≥ 2, k ≥ 1. An (m + k, m)−groupoid (Q; [ ]) is called an (m +
k, m)−semigroup if for each i ∈ {0, 1, 2, . . . , k}[

xi
1

[
xi+m+k

i+1

]
xm+2k

i+m+k+1

]
=

[[
xm+k

1

]
xm+2k

m+k+1

]
.

Let (A; [ ]) be an (m + k, m)−groupoid, where [ ] is an (m + k, m)−operation
defined by

[
xm+k

1

]
= xm

1 . Then (A; [ ]) is an (m+k, m)−semigroup and it is called
a left-zero (m + k, m)−semigroup. Dually, a right-zero (m + k, m)−semigroup
(B; [ ]) is defined by the operation

[
xm+k

1

]
= xm+k

k+1 .
The pair (A×B; [ ]) where [ ] is an (m+ k, m)−operation on A×B defined by:[

xm+k
1

]
= ym

1 ⇔ (xi = (ai, bi), yj = (aj , bj+k), i ∈ Nm+k, j ∈ Nm)

Key words and phrases. generalized left (right) zero (2m, m)−semigroups of type (3, 2), gen-
eralized (2m, m)−rectangular band of type (3, 2).
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is an (m+k, m)−semigroup and it is a direct product of a left-zero and a right-zero
(m + k,m)−semigroup on A and B, respectively. Such an (m + k, m)−semigroup
is called (m + k,m)−rectangular band.

2. Generalized left (right) zero (2m,m)−semigroups of type (3, 2)

First, we will introduced the generalized left-zero (2m, m)−semigroups of type
(3, 2).

Definition 2.1. The (2m,m)−semigroup (Q; [ ]) in which the identities:
(GLZ I)

[
x2m

1

]
i
=

[
yj−1
1 xiy

j+m−1
j+1 xi+my2m

j+m+1

]
j
, i, j ∈ Nm

(GLZ II)
[
x3m

1

]
=

[
x2m

1

]
hold, is called generalized left-zero (2m,m)−semigroup of type (3, 2).

Proposition 2.2. The generalized left-zero (2m, m)−semigroup of type (3, 2) is a

left-zero (2m,m)−semigroup if and only if
[
2m
x

]
=

m
x, for each x ∈ Q.

Proof. Cleary, if (Q; [ ]) is a left-zero (2m,m)−semigroup then
[
2m
x

]
=

m
x, for each

x ∈ Q is satisfied in (Q; [ ]).
Conversely, let (Q; [ ]) be a generalized left-zero (2m,m)−semigroup of type

(3, 2) in which
[
2m
x

]
=

m
x, for each x ∈ Q is satisfied. Then

[
x2m

1

]
i

(GLZ I)
=

[
m
xi

m
xi+m

]
1

=
[[

2m
xi

]
m

xi+m

]
1

=
[
2m
xi

m
xi+m

]
1

(GLZ II)
=

[
2m
xi

]
1

= xi,

and so
[
x2m

1

]
= xm

1 , i.e. (Q; [ ]) is a left-zero (2m,m)−semigroup. �
In the sequel we will give a characterization of generalized left-zero (2m,m)−

semigroups of type (3, 2), using the generalized left-zero semigroups of type (3, 2),
where a generalized left-zero semigroups of type (3, 2) is a semigroup (Q; ∗) that
satisfies the identity x ∗ y ∗ z = x ∗ y, for each x, y, z ∈ Q.

Theorem 2.3. Q = (Q; [ ]) is a generalized left-zero (2m,m)−semigroup of type
(3, 2) if and only if a generalized left-zero semigroup of type (3, 2), (Q; ∗), such
that

[
x2m

1

]
i
= xi ∗ xi+m exists.

Proof. Let Q = (Q; [ ]) be a generalized left-zero (2m,m)−semigroup of type (3, 2).

For a fixed a ∈ Q, let ∗ be an operation defined on Q by x ∗ y =
[
x

m−1
a y

m−1
a

]
1
.

A) Clearly, (Q; ∗) is a groupoid.
B) Let x, y, z ∈ Q. Then:

(x ∗ y) ∗ z =
[[

x
m−1
a y

m−1
a

]
1

m−1
a z

m−1
a

]
1

(GLZ I)
=

[[
x

m−1
a y

m−1
a

]
1
. . .

[
x

m−1
a y

m−1
a

]
m−1

[
x

m−1
a y

m−1
a

]
m

z
m−1
a

]
1

=
[
x

m−1
a y

m−1
a z

m−1
a

]
1

=
[
x

m−1
a

[
y

m−1
a z

m−1
a

]
1
. . .

[
y

m−1
a z

m−1
a

]
m−1

[
y

m−1
a z

m−1
a

]
m

]
1
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(GLZ I)
=

[
x

m−1
a

[
y

m−1
a z

m−1
a

]
1

m−1
a

]
1

= x ∗ (y ∗ z).

Hence, (Q; ∗) is a semigroup.
C) Because:

x ∗ y ∗ z =
[
x

m−1
a y

m−1
a z

m−1
a

]
1

(GLZ II)
=

[
x

m−1
a y

m−1
a

]
1

= x ∗ y,

(Q; ∗) is a generalized left-zero semigroups of type (3, 2).
D) Moreover:[
x2m

1

]
i

(GLZ I)
=

[
xi

m−1
a xi+m

m−1
a

]
1

= xi ∗ xi+m,

for x2m
1 ∈ Q2m, i ∈ Nm.

Conversely, suppose that a generalized left-zero semigroup of type (3, 2), (Q; ∗),
exists. We define a (2m,m)−operation on Q by:

(∀x2m
1 ∈ Q2m) (∀i ∈ Nm)

[
x2m

1

]
i
= xi ∗ xi+m.

E) Clearly, (Q; [ ]) is a (2m,m)−groupoid.
F) Let x3m

1 ∈ Q3m, i ∈ Nm. Then:[[
x2m

1

]
x3m

2m+1

]
i
=

[
x2m

1

]
i
∗ x2m+i = (xi ∗ xi+m) ∗ x2m+i = xi ∗ xi+m.

We will prove that
[
xj

1

[
xj+2m

j+1

]
x3m

j+2m+1

]
i
= xi ∗ xi+m, for j ∈ Nm.

F1) If i ≤ j then i + m ≤ j + m. Let i + m = j + λ, where λ ∈ Nm. Then:[
xj

1

[
xj+2m

j+1

]
x3m

j+2m+1

]
i
= xi ∗

[
xj+2m

j+1

]
λ

= xi ∗ (xj+λ ∗ xj+λ+m) = xi ∗ xj+λ

= xi ∗ xi+m.
F2) If j < i then j < m. Let j+r = m, j+λ = i, where λ ∈ Nr and i+m > j+m.
Then:[

xj
1

[
xj+2m

j+1

]
x3m

j+2m+1

]
i
=

[
xj+2m

j+1

]
λ
∗ xj+2m+λ = (xj+λ ∗ xj+λ+m) ∗ xj+2m+λ

= xj+λ ∗ xj+λ+m = xi ∗ xi+m.
Hence, (Q; [ ]) is a (2m,m)−semigroup.

G) Let x2m
1 , y2m

1 ∈ Q2m and xi = yj , xi+m = yj+m for some i, j ∈ Nm. Then:[
x2m

1

]
i
= xi ∗ xi+m = yj ∗ yj+m =

[
y2m
1

]
j

=
[
yj−1
1 xiy

j+m−1
j+1 xi+my2m

j+m+1

]
j
.

Thus, (GLZ I) is satisfied in (Q; [ ]).
H) Let x3m

1 ∈ Q3m, i ∈ Nm. Then:[
x3m

1

]
i
= xi ∗ xi+m =

[
x2m

1

]
i
,

for each i ∈ Nm. So, (GLZ II) is satisfied in (Q; [ ]). Hence, (Q; [ ]) is a generalized
left-zero (2m,m)−semigroup of type (3, 2). �

For the corresponding right cases we have:

Definition 2.4. The (2m,m)−semigroup (Q; [ ]) in which the identities:
(GRZ I)

[
x2m

1

]
i
=

[
yj−1
1 xiy

j+m−1
j+1 xi+my2m

j+m+1

]
j
, i, j ∈ Nm

(GRZ II)
[
x3m

1

]
=

[
x3m

m+1

]
hold, is called generalized right-zero (2m,m)−semigroup of type (3, 2).

Proposition 2.5. The generalized righ-zero (2m,m)−semigroup of type (3, 2) is

a right-zero (2m, m)−semigroup if and only if
[
2m
x

]
=

m
x, for each x ∈ Q.
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Theorem 2.6. Q = (Q; [ ]) is a generalized right-zero (2m, m)−semigroup of
type (3, 2) if and only if a generalized right-zero semigroup of type (3, 2) such that[
x2m

1

]
i
= xi ∗ xi+m exists.

3. Generalized (2m,m)−rectangular bands of type (3, 2)

Definition 3.1. The (2m,m)−semigroup (Q; [ ]) in which the identities:
(G I)

[
x2m

1

]
i
=

[
yj−1
1 xiy

j+m−1
j+1 xi+my2m

j+m+1

]
j
, i, j ∈ Nm

(G II)
[
x5m

1

]
=

[
x2m

1 x5m
3m+1

]
(G III)

[
2m[

x2m
1

]
i

]
=

m[
x2m

1

]
i
, i ∈ Nm

hold, is called generalized (2m,m)−rectangular band of type (3, 2).

Proposition 3.2. Let (L; [ ]l) be a generalized left-zero and (R; [ ]r) a generalized
right-zero (2m,m)−semigroup of type (3, 2). Then (Q; [ ]), where Q = L×R, is a
generalized (2m,m)−rectangular band of type (3, 2).

Proof. Let (L; [ ]l) be a generalized left -zero, (R; [ ]r) a generalized right-zero
(2m,m)−semigroup of type (3, 2) and Q = L × R. Then (Q; [ ]) is a (2m,m)−
semigroup.

Let (xα, yα), (uα, vα) ∈ Q,α ∈ N2m and (xi, yi) = (uj , vj), (xi+m, yi+m) =
(uj+m, vj+m) for some i, j ∈ Nm. Then:

[(x1, y1) . . . (x2m, y2m)]i =
([

x2m
1

]l

i
,
[
y2m
1

]r

i

)
=

([
u2m

1

]l

j
,
[
v2m
1

]r

j

)
= [(u1, v1) . . . (uj−1, vj−1)(xi, yi) . . . (uj+m−1, vj+m−1)(xi+m, yi+m) . . . (u2m, v2m)] .
So, (G I) is satisfied in (Q; [ ]).

Let (xα, yα),∈ Q,α ∈ N5m. Then:
[(x1, y1) . . . (x5m, y5m)]i =

([
x5m

1

]l

i
,
[
y5m
1

]r

i

)
=

([[
x3m

1

]l
x5m

3m+1

]l

i
,
[
y2m
1

[
y5m
2m+1

]r]r

i

)
=

([[
x3m

1

]l
x4m

3m+1

]l

i
,
[
y2m

m+1

[
y5m
2m+1

]r]r

i

)

=
([[

x2m
1

]l
x4m

2m+1

]l

i
,
[
y3m

m+1

[
y5m
3m+1

]r]r

i

)
=

([[
x2m

1

]l
x3m

2m+1

]l

i
,
[
y3m
2m+1

[
y5m
3m+1

]r]r

i

)
=

([
x3m

1

]l

i
,
[
y5m
2m+1

]r

i

)
=

([
x2m

1

]l

i
,
[
y5m
3m+1

]r

i

)
=

([
x2m

1 x4m
3m+1

]l

i
,
[
y2m

m+1y
5m
3m+1

]r

i

)
=

([
x2m

1 x5m
3m+1

]l

i
,
[
y2m
1 y5m

3m+1

]r

i

)
= [(x1, y1) . . . (x2m, y2m)(x3m+1, y3m+1) . . . (x5m, y5m)]i.
So, (G II) is satisfied in (Q; [ ]).

Let (xα, yα),∈ Q,α ∈ N2m. Then:[
2m

[(x1, y1) . . . (x2m, y2m)]i

]
j

=

[
2m([

x2m
1

]l

i
,
[
y2m
1

]r

i

)]
j

=

⎛
⎝[

2m[
x2m

1

]l

i

]l

j

,

[
2m[

y2m
1

]r

i

]r

j

⎞
⎠

=
([[

x2m
1

]l

i

m−1
a

[
x2m

1

]l

i

m−1
a

]l

1
,
[[

y2m
1

]r

i

m−1
a

[
y2m
1

]r

i

m−1
a

]r

1

)

=

([[
xi

m−1
a xi+m

m−1
a

]l

1

m−1
a

[
x2m

1

]l

i

m−1
a

]l

1

,

[[
y2m
1

]r

i

m−1
a

[
yi

m−1
a yi+m

m−1
a

]r

1

m−1
a

]r

1

)
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=

([[
xi

m−1
a xi+m

m−1
a

]l

1
. . .

[
xi

m−1
a xi+m

m−1
a

]l

m

[
x2m

1

]l

i

m−1
a

]l

1

,[[
y2m
1

]r

i

m−1
a

[
yi

m−1
a yi+m

m−1
a

]r

1
. . .

[
yi

m−1
a yi+m

m−1
a

]r

m

]r

1

)

=
([

xi
m−1
a xi+m

m−1
a

[
x2m

1

]l

i

m−1
a

]l

1
,
[[

y2m
1

]r

i

m−1
a yi

m−1
a yi+m

m−1
a

]r

1

)

=
([

xi
m−1
a xi+m

m−1
a

]l

1
,
[
yi

m−1
a yi+m

m−1
a

]r

1

)
=

([
x2m

1

]l

i
,
[
y2m
1

]r

1

)
= [(x1, y1) . . . (x2m, y2m)]i.

So, (G III) is satisfied in (Q; [ ]). Hence, (Q; [ ]) is a generalized (2m,m)− rectan-
gular band of type (3, 2). �

In the sequel we will give a characterization of generalized (2m, m)−rectangular
bands of type (3, 2), using the generalized rectangular bands of type (3, 2), where
a generalized rectangular bands of type (3, 2) is a semigroup (Q; ∗) that satisfies
the identities:

x ∗ y ∗ z ∗ u ∗ v = x ∗ y ∗ u ∗ v and
x ∗ y ∗ x ∗ y = x ∗ y,

for each x, y, z, u, v ∈ Q.

Theorem 3.3. Q = (Q; [ ]) is a generalized (2m,m)−rectangular band of type
(3, 2) if and only if a generalized rectangular band of type (3, 2), (Q; ∗), such that[
x2m

1

]
i
= xi ∗ xi+m exists.

Proof. Let Q = (Q; [ ]) be a generalized (2m,m)−rectangular band of type (3, 2).

For a fixed a ∈ Q, let ∗ be an operation defined on Q by x ∗ y =
[
x

m−1
a y

m−1
a

]
1
.

A) Clearly, (Q; ∗) is a groupoid.
B) Let x, y, z ∈ Q. Then:

(x ∗ y) ∗ z =
[[

x
m−1
a y

m−1
a

]
1

m−1
a z

m−1
a

]
1

(G I)
=

[[
x

m−1
a y

m−1
a

]
1
. . .

[
x

m−1
a y

m−1
a

]
m−1

[
x

m−1
a y

m−1
a

]
m

z
m−1
a

]
1

=
[
x

m−1
a y

m−1
a z

m−1
a

]
1

=
[
x

m−1
a

[
y

m−1
a z

m−1
a

]
1
. . .

[
y

m−1
a z

m−1
a

]
m−1

[
y

m−1
a z

m−1
a

]
m

]
1

(G I)
=

[
x

m−1
a

[
y

m−1
a z

m−1
a

]
1

m−1
a

]
1

= x ∗ (y ∗ z).

Hence, (Q; ∗) is a semigroup.
C) Because:

x ∗ y ∗ z ∗ u ∗ v =
[
x

m−1
a y

m−1
a z

m−1
a u

m−1
a v

m−1
a

]
1

(G II)
=

[
x

m−1
a y

m−1
a u

m−1
a v

m−1
a

]
1= x ∗ y ∗ u ∗ v

and
x ∗ y ∗ x ∗ y =

[
x

m−1
a y

m−1
a x

m−1
a y

m−1
a

]
1

=
[[

x
m−1
a y

m−1
a

]
x

m−1
a y

m−1
a

]
1
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(G I)
=

[[
x

m−1
a y

m−1
a

]
1

m−1
a x

m−1
a y

m−1
a

]
1

=
[[

x
m−1
a y

m−1
a

]
1

m−1
a

[
x

m−1
a y

m−1
a

]]
1

(G I)
=

[[
x

m−1
a y

m−1
a

]
1

m−1
a

[
x

m−1
a y

m−1
a

]
1

m−1
a

]
1

=

⎡
⎣ 2m[

x
m−1
a y

m−1
a

]
1

⎤
⎦

1
(G III)

=
[
x

m−1
a y

m−1
a

]
1

= x ∗ y,

(Q; ∗) is a generalized rectangular band of type (3, 2).
D) Moreover:[
x2m

1

]
i

(G I)
=

[
xi

m−1
a xi+m

m−1
a

]
1

= xi ∗ xi+m,

for x2m
1 ∈ Q2m, i ∈ Nm.

Conversely, suppose that a generalized rectangular band of type (3, 2), (Q; ∗),
exists. We define a (2m,m)−operation on Q by:

(∀x2m
1 ∈ Q2m) (∀i ∈ Nm)

[
x2m

1

]
i
= xi ∗ xi+m.

E) Clearly, (Q; [ ]) is a (2m,m)−groupoid.
F) Let x3m

1 ∈ Q3m, i ∈ Nm. Then:[[
x2m

1

]
x3m

2m+1

]
i
=

[
x2m

1

]
i
∗ x2m+i = (xi ∗ xi+m) ∗ x2m+i = xi ∗ xi+m ∗ xi+2m.

We will prove that
[
xj

1

[
xj+2m

j+1

]
x3m

j+2m+1

]
i
= xi ∗ xi+m ∗ xi+2m, j ∈ Nm.

a) Let i ≤ j. Then i + m ≤ j + m. Now, let i + m = j + λ, where λ ∈ Nm. Then:[
xj

1

[
xj+2m

j+1

]
x3m

j+2m+1

]
i
= xi∗

[
xj+2m

j+1

]
λ

= xi∗(xj+λ∗xj+λ+m) = xi∗xi+m∗xi+2m.

b) Let j < i. Then j < m. Now, let j + r = m, j + λ = i, where λ ∈ Nr. Because
i + m > j + m, so[
xj

1

[
xj+2m

j+1

]
x3m

j+2m+1

]
i
=

[
xj+2m

j+1

]
λ
∗ xj+2m+λ = (xj+λ ∗ xj+λ+m) ∗ xj+2m+λ

= xi ∗ xi+m ∗ xi+2m.
Hence, for all i, j ∈ Nm,

[[
x2m

1

]
x3m

2m+1

]
i

=
[
xj

1

[
xj+2m

j+1

]
x3m

j+2m+1

]
i
, i.e. (Q; [ ]) is

a (2m,m)−semigroup.
G) Let x2m

1 , y2m
1 ∈ Q2m and, for some i, j ∈ Nm, xi = yj , xi+m = yj+m. Then:[

x2m
1

]
i
= xi ∗ xi+m = yj ∗ yj+m =

[
y2m
1

]
j

=
[
yj−1
1 xiy

j+m−1
j+1 xi+my2m

j+m+1

]
j
.

So, (G I) is satisfied in (Q; [ ]).
H) Let x5m

1 ∈ Q5m, i ∈ Nm. Then:[
x5m

1

]
i
=

[[
x3m

1

]
x5m

3m+1

]
i
= (xi ∗ xi+m ∗ xi+2m) ∗ xi+3m ∗ xi+4m

= xi∗xi+m∗xi+3m∗xi+4m =
[[

x2m
1 x4m

3m+1

]
x5m

4m+1

]
i
=

[
x2m

1 x5m
3m+1

]
i
, for all i ∈ Nm.

So, (G II) is satisfied in (Q; [ ]).
J) Let x2m

1 ∈ Q2m and i, j ∈ Nm. Then:[
2m[

x2m
1

]
i

]
j

=
[
x2m

1

]
i
∗ [

x2m
1

]
i
= (xi ∗ xi+m) ∗ (xi ∗ xi+m) = xi ∗ xi+m =

[
x2m

1

]
i
,

for all j ∈ Nm. So, (G III) is satisfied in (Q; [ ]).
Hence, Q = (Q; [ ]) is a generalized (2m,m)−rectangular band of type (3, 2).

�
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12 VALENTINA MIOVSKA AND DONČO DIMOVSKI

OBOPXTENI (2m,m)− PRAVOAGOLNI LENTI OD TIP (3, 2)

Valentina Miovska i Donqo Dimovski

R e z i m e

Vo ovoj trud, se vovedeni poimite za obopxtenite levo-nulti i desno-
nulti (2m,m)− polugrupi od tip (3, 2), kako i poimot za obopxteni
(2m,m)− pravoagolni lenti od tip (3, 2). Dadeni se karakterizacii za
obopxtenite levo-nulti i desno-nulti (2m,m)− polugrupi od tip (3, 2)
i obopxtenite (2m,m)− pravoagolni lenti od tip (3, 2).
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