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GENERALIZED (2m,m)-RECTANGULAR BANDS OF TYPE (3,2)

VALENTINA MIOVSKA AND DONCO DIMOVSKI

Abstract. Notions of generalized left-zero and right-zero (2m, m)—semigroups
of type (3,2) are introduced, and so is the notion of generalized (2m,m)—
rectangular band of type (3,2). Characterizations of generalized left-zero
and right-zero (2m, m)—semigroups of type (3,2) and generalized (2m, m)—
rectangular band of type (3,2) are given.

1. INTRODUCTION

First, we will introduce some notations which will be used further on:

1) The elements of Q*°, where Q® denotes the s-th Cartesian power of @, will
be denoted by zj.

2) The symbol x{ will denote the sequence x;, 2;41,...,2; when ¢ < j, and the
empty sequence when i > j.

3)If 41 = a3 = --- = x, = x, then 27 is denoted by the symbol .

4) The set {1,2,...,s} will be denoted by Nj.

Let Q # @ and n,m are positive integers. If [ ] is a mapping from Q™ into
Q™, then [ | is called an (n,m)—operation. A pair (Q;[ |) where [ ] is an
(n, m)—operation is said to be an (n,m) groupoid. Every (n,m)—operation on
@ induces a sequence [ ]1,[ ]2, .- ., [ ]m of n—ary operations on the set @, such that

(Vi € Np) [27]; = 9i) & [27] = yi"-

Let m > 2,k > 1. An (m + k,m)—groupoid (Q;[ ]) is called an (m +
k, m)—semigroup if for each i € {0,1,2,...,k}

) i+m-+k m+2k m—+k] . m+2k
(21 [0 el = [[o7F ] amiiia] -

Let (A;[]) be an (m + k,m)—groupoid, where [ ] is an (m + k, m)—operation
defined by [;U’I"H“} = z7". Then (A4;[]) is an (m+ k, m)—semigroup and it is called
a left-zero (m + k, m)—semigroup. Dually, a right-zero (m + k, m)—semigroup
(B;[]) is defined by the operation [z]""*] =z}’ ".

The pair (A x B;[]) where [] is an (m + k, m)—operation on A x B defined by:

[1’71”%} =y1" & (5 = (ai, bi),y5 = (aj,bj4%),7 € Nypyr, j € Nypy)

Key words and phrases. generalized left (right) zero (2m, m)—semigroups of type (3,2), gen-
eralized (2m, m)—rectangular band of type (3,2).
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is an (m+k, m)—semigroup and it is a direct product of a left-zero and a right-zero
(m + k, m)—semigroup on A and B, respectively. Such an (m + k, m)—semigroup
is called (m + k, m)—rectangular band.

2. GENERALIZED LEFT (RIGHT) ZERO (2m, m)—SEMIGROUPS OF TYPE (3,2)

First, we will introduced the generalized left-zero (2m, m)—semigroups of type
(3,2).
Definition 2.1. The (2m,m)—semigroup (Q;[]) in which the identities:

(@LZ D) (23], = [y w7 vy ] o 625 € N

@z ) [o7] = [527]
hold, is called generalized left-zero (2m,m)—semigroup of type (3,2).
Proposition 2.2. The generalized left-zero (2m, m)—semigroup of type (3,2) is a
left-zero (2m, m)—semigroup if and only if {Qsﬂ = gg, for each x € Q.
Proof. Cleary, if (Q;]]) is a left-zero (2m, m)—semigroup then [2:?} =7, for each
x € @ is satisfied in (Q;[ ])-

Conversely, let (Q;[]) be a generalized left-zero (2m,m)—semigroup of type
(3,2) in which {%n} = 1, for each z € Q is satisfied. Then

2m (GLZI) [m m 2m m 2m m (GLZII) [2m
0, ] = [ 5],  ], 2 ],
and so [23™] = 27", i.e. (Q;[]) is a left-zero (2m,m)—semigroup. O
In the sequel we will give a characterization of generalized left-zero (2m,m)—
semigroups of type (3,2), using the generalized left-zero semigroups of type (3, 2),
where a generalized left-zero semigroups of type (3,2) is a semigroup (Q; *) that
satisfies the identity x x y * z = x * y, for each x, y, z € Q.

Theorem 2.3. Q = (Q;[]) is a generalized left-zero (2m, m)—semigroup of type
(3,2) if and only if a generalized left-zero semigroup of type (3,2), (Q; %), such
that [x%m]i = Xj % Tigm €XISLS.

Proof. Let Q = (Q; ] ]) be a generalized left-zero (2m, m)—semigroup of type (3, 2).

For a fixed a € Q, let * be an operation defined on @ by = *y = [zmcflymffl}
1

A) Clearly, (Q; ) is a groupoid.
B) Let x,y, 2z € Q. Then:

(z*y)*z= mea Yy a
(GLZI) H m—1 m71:| { m—1 m71:| { m—1 m71:| m1:|
= rayal| ...|lzaya T avy a z a

1 m—1 m 1

m—1 m—1 m-—1
=|r ay az a
1
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(GLZD) [ m—1[ m—1 m—1] m—1

= [x a [y a z a} a} =z (y*2).

1 1

Hence, (Q; *) is a semigroup.

C) Because:

m—1 m—1 m—171 (GLZII) m—1 m—1
x*y*z:{xayaza} = {xaya]:x*y,
1 1

(Q; *) is a generalized left-zero semigroups of type (3,2).

D) Moreover:

(GLZT) -1 -1

[Jc%m]l = [xima - ]1 = * Tigm,
for 3™ € Q*™, i € N,,.

Conversely, suppose that a generalized left-zero semigroup of type (3,2), (Q; *),
exists. We define a (2m, m)—operation on @ by:

E) Clearly, (Q;[]) is a (2m, m)—groupoid.

F) Let 23™ € Q3™ i € N,,,. Then:

[[ﬁm] x%%ﬂ]i = [ﬂﬁm]z * Tompi = (i * Tigom) * Tamei = Ti * T
We will prove that {x{ [xgiim] x?%mHL = T; * Titm, for j € N,,.
F1)Ifi <jtheni+m < j+m. Let i + m = j + A\, where A € N,,,. Then:

[a:]l [mii?m} If%mﬂ}i = x; * [x;ﬁm} =T  (Tjn % Tjprtm) = Tj % Tjpx
=X * Tjtm-
F2)If j <ithen j <m. Let j+r =m, j+ A =1, where A € N, and i+m > j+m.
Then

A o

[37]1 [mﬂlm} $§T2m+1L = [mﬁ'ﬂm] | K Titzman = (Tix ¥ Tjtatm) * Tjtama
= Tj4X ¥ Tj4x4m = Tj * Tidm-
Hence, (Q;[]) is a (2m, m)—semigroup.

G) Let 2™, yi™ € Q™ and z; = yj, Titm = Yj+m for some i, j € N,,,. Then:

i1 jm—1

[217], = @i * Tigm = Y5 * Yjam = [77], = [?J{ ziyl 17 $i+myj2~fm+1L~

Thus, (GLZTI) is satisfied in (Q;[]).

H) Let 3™ € @™, i € N,,,. Then:

for each i € N,,,. So, (GLZII) is satisfied in (Q;[ ]). Hence, (Q;[]) is a generalized
left-zero (2m, m)—semigroup of type (3,2). O

For the corresponding right cases we have:
Definition 2.4. The (2m, m)—semigroup (Q;[]) in which the identities:
(GRZI) [27™], = [y{_1xiy§iyl_1mi+my]2‘fm+1:|j; i,J € Ny,
(GRZ ) [29™] = [a)4]
hold, is called generalized right-zero (2m,m)—semigroup of type (3,2).
Proposition 2.5. The generalized righ-zero (2m,m)—semigroup of type (3,2) is

2
a right-zero (2m, m)—semigroup if and only if [g] = ?cl, for each x € Q.
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Theorem 2.6. Q = (Q;[]) is a generalized right-zero (2m,m)—semigroup of
type (3,2) if and only if a generalized right-zero semigroup of type (3,2) such that
[m%m]l = T; * Tjqy, €TISLS.

3. GENERALIZED (2m,m)—RECTANGULAR BANDS OF TYPE (3,2)

Definition 3.1. The (2m, m)—semigroup (Q;[]) in which the identities:
(GI) [x%ml = [y{flriyﬁi{”*xwmy?fmﬂ E 1,7 € Ny
(G D) [2§™] = [21™a30 4]
(G 1) [x?”]i = [xf%]i, i € Np,

hold, is called generalized (2m,m)—rectangular band of type (3,2).

Proposition 3.2. Let (L;[]') be a generalized left-zero and (R;[]") a generalized
right-zero (2m, m)—semigroup of type (3,2). Then (Q;[]), where @ = L X R, is a
generalized (2m, m)—rectangular band of type (3,2).
Proof. Let (L;[]') be a generalized left -zero, (R;[]") a generalized right-zero
(2m, m)—semigroup of type (3,2) and @ = L x R. Then (Q;[]) is a (2m,m)—
semigroup.

Let (xouya)a(umva) € Q,a € Ny, and (%yz) = (ujavj)a(zi+mayi+m) =
(Wjtm, Vjtm) for some 4, j € N,,,. Then:

m1! m]T m]! m]T

(@1,9) - @2, y2n)l; = ([237]], [137]7) = ([, [037))
= [(ur,v1) .- (ui—1,v5-1) (@i, ¥i) - (Ujrm—15 Vjrm—1)(Tivm, Yirm) - - - (U2m, Vam)] -
So, (GI) is satisfied in (Q;]]).

Let (24,Ya), € Q, @ € N5,p,. Then:

(@1,a) - s om)l, = ([o27]; . [577]7)

[[w?m]lfc?%l]i: [y%m [ygnnlﬂ]r]:) = ([[I?m]lxézﬂ] ) [ygnn}‘rl [ygmﬂ]’”]:)

[ﬁm]lﬂﬁgﬁﬂ}i, [yamy [v3m 4] :) = ({ [x%m]lxgﬁﬂ} [vdm [y§m+1]r]:>
( x:{,m]i’ [?JSZLLH]:) = ([ﬁm]i’ [ygf,’fﬂ]:) = ([az%mxﬁﬁﬂﬂ, [ygnnjrlyg%rl]:)

= ([w%’"z?%ﬁﬁv [l/fmyg’n”;”Jrl]:)

= [(1,91) - - - (T2m: Y2m) (T3m+1, Y3mt1) - - - (Tsm, Ysm)];-

So, (GII) is satisfied in (Q;] ).
Let (za,Ya), € @, a € Ny, Then:

o) ] =[ (1 b)) = ([i0] L [o]
= ([l e ot [yt g ]
_ ( Hximczlmmmal} T [am] 1] ll , [[y%m] [ ] T"’El} 1)

l

i

l

%
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l
m—1 m—1 ! m—1 m—1 ! om I m—1
= Ti O Tipm a [Ty A Tipm A [1’1 }Z a s
1 m 1
r
om17T m—1 m—1 m—1 —1
Wi™], a |yi @ yigm a Y@ Y
1 m]q
l r
m—1 m—1 I m—1 rm—1 m-—1 —1
— 2 2
= ([ajz a Tijym Q [xlm]i a L’“ylm]i a Yi O Yitm "a L)
m—1 m—17! m—1 -1
= i @ Tiym Q x Yi O Yitm a L

= ([x%m] ’ [y%m} :) = [(.’L‘], yl) s ($2m7 y2m)]Z
So, (GIII) is satisfied in (Q;[]). Hence, (Q;[]) is a generalized (2m, m)— rectan-
gular band of type (3,2). O

In the sequel we will give a characterization of generalized (2m, m)—rectangular
bands of type (3,2), using the generalized rectangular bands of type (3,2), where
a generalized rectangular bands of type (3,2) is a semigroup (Q; *) that satisfies
the identities:

ThY*zkUukv=2a*xy*u*xv and

THRYKT kY =T *Y,
for each z, vy, z, u, v € Q.

Theorem 3.3. Q = (Q;[]) is a generalized (2m, m)—rectangular band of type

(3,2) if and only if a generalized rectangular band of type (3,2), (Q; %), such that
[m%m]z = T; % Tjqy €TISS.

Proof. Let Q = (Q;[]) be a generalized (2m, m)—rectangular band of type (3, 2).
For a fixed a € Q, let * be an operation defined on @ by = *y = [aj cflyma 1}

A) Clearly, (Q; *) is a groupoid.

B) Let z,y,z € Q. Then:
m—1 m-—1 m—1 m—1
(x*y)*z:“x ay a} a z a}
1

(GI)|: m 1 m 1 m—1 m—1
),

m—1 m—1 m—1
= Yy a z a

1 m—1 m—1 m—1 m—1 m—1 m—1
:[H[yaza}...[yaza} et |
1 m—1 m|q

GD [ m—=1[ m—1 m—1] m-—1
= [x a {y a z a] a] =x*(y*z).
1

Hence, (Q; *) is a semigroup.

C) Because:

m—1 m—1 m—1 m—1 m—1] (GII)[ m—1 m—1 m—1 m—1
x*y*z*u*v = | a y a z au a v a T a Yy a u a v a
1

=TkYFUKV

and m—1 m—1 m—1 m-—1 m—1 m-—1 m—1 m-—1
m*y*m*y:[xayaxaya} :Hxaya]xaya}
1 1
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(GI) m—1 m—11 m—-1 m—-1 m-—1 m—1 m—1] m—-1[ m—-1 m-1
D ([P35 sy = (e e
1 1 1 1
2m
(GI) m—1 m—1] m-—1 m—1 m—1] m-—1 m—1 m—1
= |:|:x ay a :| a |:Z‘ ay a :| a :| = |:J,' ay a ]
1 1 1 1

(GUD [ m—1 m—1

= [maya} =%y,

1

(Q; *) is a generalized rectangular band of type (3,2).

D) Moreover:
(G1) -1 -1
[fl)%m]z = [l‘ima 131'+mma i|1 =T * Tjtm,
for 22™ € Q?*™, i € N,,.

Conversely, suppose that a generalized rectangular band of type (3,2), (Q; *),

exists. We define a (2m, m)—operation on @ by:

(Vz2™ € Q*™) (Vi € N,,) [xfm}z =T; % Titpm-

E) Clearly, (Q;[]) is a (2m, m)—groupoid.

F) Let 23™ € Q*™, i € N,,,. Then:

[[z2™] x%%H]i = [:c%m]i * Tomri = (Ti % Tism) * Tomai = Ti % Titm * Titom.

We will prove that [x]l [xﬁi?m} mg?j_”QmHL = Tj * Tigm * Titom, J € Ny,

a) Let i < j. Then ¢ + m < j + m. Now, let i +m = j + A, where A € N,,,. Then:

[w]l [z;ifm} a:?szJrl} =% [m;i?m} N Tk (Tj A% Tjprim) = Ti*Tim * Titom-
K3

b) Let j < 4. Then j < m. Now, let j +r =m, j + X =i, where X € N,.. Because

1+m > j+m,so

J|..d+t2m | 3m _ |, dt+2m _
[517 |:1'j+1 } Ij+2m+1L = |:xj+1 L * Tjromir = (T4 * Tipaim) * Tigamia
=X ¥ Tjpm * Ti4+2m-
- 2m 3Im _ J Jj+2m 3m : . 3
Hence, for all i,j € Ny, [[23 ]m2m+1]i = [:c {J;jﬂ } ijFQ’”“L’ ie. (@;]]) is
a (2m, m)—semigroup.
G) Let 3™, y$™ € Q*™ and, for some 4,5 € Ny, T = Yj, Titm = Yj+m. LThen:

2m] _ _ [,2m] _ |,J—1 Jjt+m—1 2m
[$1 ]l =T * Tigm = Yj * Yj4m = [yl L = [% TiYit1  TitmYiim41 i

So, (G I) is satisfied in (@; ] ]).
H) Let 3™ € Q°™, i € N,,,. Then:

[x?m]z = [[ﬁ’m] w?mﬂ]i = (Zi * Tigm * Titom) * Titsm * Titdm

= kLo *Tig3m ¥ Tipam = | (27" xdm | 2w ] = [2imaln ], foralli € Ny,
So, (G II) is satisfied in (Q;[]).
J) Let 23™ € Q®™ and i, j € N,,,. Then:

2m

2m
= [m%mL * [ml ]7 = (T * Tigm) * (Ti % Tispm) = T * Tigpn = [x%m]

o,
j
for all j € N,,,. So, (G II) is satisfied in (Q;[]).

Hence, Q = (Q;[]) is a generalized (2m, m)—rectangular band of type (3,2).
O

't
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OBOMIITEHM (2m,m) — TIPABOATOJIHU JIEHTU O JI TUII (3,2)

Banenruna Muoscka n Jonuo /IumoBcku

Pesuwme

Bo 0BOj TPy, ce BOBeIEHN MOMMUTE 38 OOOIMIITEHNTE JIEBO-HYJITHA U T€CHO-
Hyatu (2m,m)— noayrpymu ox tun (3,2), KaKO X IOUMOT 3a ODONIMITEHU
(2m, m) — npaBoaronun jgeHTH on TUl (3,2). JaneHu ce KapakTepU3anuu 3a
0BONIITEeHNTE JIEBO-HYJITU U NECHO-HYITHU (2m,m) — moayrpynu ox tun (3,2)
u obonmrerute (2m,m) — OIPABOATOJNHU JEHTU OX TUl (3,2).

?ST. CYRIL AND METHODIUS UNIVERSITY”,
FACULTY OF NATURAL SCIENCES AND MATHEMATICS,
INSTITUTE OF MATHEMATICS, P.O. Box 162,
SKOPJE, MACEDONIA

E-mail address: miovska@pmf .ukim.mk

E-mail address: donco@pmf .ukim.mk



