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DISCRETE FLOW ON UNIFORM STRUCTURE
OF SET F(T, X)

NEKI DERVISHI

Abstract. In this paper is proved that, if T is a discrete topological abelian
group, and if X is a Hausdorff uniform space, then the mapping p(f, t) = fi,
defines a general discret flow on uniform structure of the set F(T, X) related
to the relative uniformity of pointwise convergence.

1. PRELIMINARY REMARKS

Let T be a Hausdorff topological abelian group, (Y, V)-Hausdorff topological
space, and p; : YT — Y, t € T natural projection. If we denote:

het (Y2 S Y2 WteT
v(f, 9) € (VT2 ht(f,? (f(t), 9(t)), (f(2), 9(t)) € Y?

V)= 9) e YTPI(f(1). g(t) €V} VEET, YV €V
S=U{hi(V)|Vevicu
teT

than the family S is the subbase for a uniformity «4 C P((Y71)?), (in Y7), and
the pair (Y7, U) is Hausdorff uniform space (because, the product of Hausdorff
spaces is a Hausdorff space). If we denote

g =ngxng,ng: XL - X, VteT
a; "(B) ={(f, 9) € X?|(fi(s), g:(s)) € B}, Vt,s € T,YB €V
M={q '(B)|t,seT, B€V} or
M= U{g'(B)|seT,BeEV}CN
teT

than the family M is a subbase for auniformity A” C P((X7T)?), (in X7), and
the pair (X7, N), is Hausdorff uniform space (because, the product of Hausdorff
uniform space is a Hausdorff space).

Let F(T, X) be the set of all continuous functions on a topological Hausdorff
space T to a uniform Hausdorff space (X7, N) and i : F(T, X) — XT. We can
endow the subset F(T, X) with the relative uniformity of pointwise convergence
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on T. If we denote:

>
—

H(F(T, X))? — (XT)?

= (ft(5)7 gt(s))a (f(s)v g(S)) €B

N X)?=W(B),VBeN

(F(T, X))?| (fi(s), g:(s)) € B}, Vt,s € T,YB €V
B={W(B)|BeN}CP

than the family B is a base for a uniformity P C P(F(T, X))?, (in F(T, X))
which is called the relative uniformity of pointwise convergence, and the pair
(F(T, X), P) is a Hausdorff space (because, each subspace of a Hausdorfl space,
is a Hausdprfl space).

Definition. Let H be a topological space and S is a discrete topological group. The
mapping ¥ : H x S — H is said to be a general discrete flow on H, if satisfying
the following axioms:
(a1) (Identity property)
Y(xz,0) =z, Ve € H
(where 0 is the identity of S).
(a2) (Group property)
Y((x, t), s) =Yz, tds), Ve e H & Vi,s €S,
(where @ is the group operation of S).
(a3) (Continuity property)
The mapping ¥ : H x G — H s continuous in H. In other words, for each
neighborhood N of point 1(x, t), there exists a neighborhood E of x € H such that
Y(E, t) C N.

2. THE RESULT

Let F(T, X) be a set of all continuous functions f : T — X. The subset
F(T, X) we can endow with the relative uniformity of pointwise convergence on
T. If the mapping p: F' x T'— F' is defined by:

v(fv t) EFXTa M(fa t) :ft
where fi(s) = f(t ®s),Vt,s € T, then are satisfied the theorems:

Theorem. Let T be a discrete topological abelian group and F(T, X) is a Haus-
dorff topological space. The mapping p(f, t) = fi, defines a general discret flow
on uniform structure of set F(T, X) related to the relative uniformity of pointwise
convergence.

Proof. We shall prove the axioms of discret flow:
(a1) (Identity property). By the definition

u(f(s), t) = fils) = f(t®s),Vt,s €T
w(f(s), 0) = fo(s) = fF(0O®s) = f(s),VseT
u(f, 0) = f, vV fe F(T, X)
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(az2) (Group property). For each ¢, s € T and for each f € F(T, X). By the
definition

u(f(s), t) = fils) = f(t®s), Vi, s €T,
,u(u(f(s), t)v m) = .UJ(ft(S)’ m) = N(f(t@ 5)7 m) = fm(t69 S)
fm(t@s)=f(tds®m)= figs(m)
M(M(f(s)v t)v m) = ft@s(m)ﬂ VvmeT

or

( (f’t)’s):ft s

(a3) (Continuity property). Now let us show that the mapping p: F x T — F
is continuous in uniform structure of set F'(T, X). Assume that the set F (T, X)
has the P relative uniformity of pointwise convergence on 7. That is

AcePeoA={feMnFT, X)|fi(s) eV} s,teT, VeV, MeM.

Let f € F(T, X) be an arbitrary point and let Ay be the family of all open neigh-
borhoods of point f related to the relative uniformity of pointwise convergence.
The family Ny can be directed with the binary relation (<) C Ny x N} as follows:

VAl, AQ ENf,Al §A2<:>A1 QAQ

Than, the ordering pair (NVy, <) becomes a directed family. Indeed, for two each
open neighborhoods Ay, A € Ny of the point f € F(T, X), their intersection
A3 = A1 N Ay € Ny is also an open neighborhood of the point f such that:
Ay < A3, Ay < Az. The mapping ¢ : Ny — F(T, X) which is defined by:

VA ENfa g(A) =4a

defines the net (g4, A € Ny) C F(T, X) which converges at the unique point
f € F(T, X). In other words, there exist an open neighborhood Ay € N} of the
point f € F(T, X) such that, for each open neighborhood A € N} of the point
f e F(T, X) is fulfilled:

AZAongEAgAO

related to the P C P(F(T, X)) relative topology of uniform pointwise convergence.
The point f is unique, because the ordering pair (F (T, X), P), is a Hausdorff
space, related to the relative topology of uniform pointwise convergence. For
continuity of the mapping p: F x T — F in F(T, X), it will be sufficient to show
that the corresponding net (u(ga, to), A € Ny), (where to € T is a fixed point),
converges to a unique point u(f, to) € F(T, X) related to the relative topology of
uniform pointwise convergence.

Suppose the contrary, that the corresponding net (u(ga, to), A € Ny) C F(T, X)
converges to a unique point u(f, tg) € F(T, X), but the mapping p: F x T — F
is discontinuous at the point f € F(T, X). In other words, there exists an open
neighborhood Ag € N4, ¢, of the point u(f, to) in F(T, X) such that, for each
open neighborhood A € Ny in F(T, X) that satisfies the condition:

(Ele ENH(fJO))(VA GNf) }
M(A, tO) §Z AO
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On the other hand, the net (1(ga, to), A € Ny) C F(T, X) converges to a unique
point u(f, to) € F(T, X) relative to the P C P(F(T, X)) topology of uniform
pointwise convergence. This means that, there exist an open neighborhood Ay €
Nou(s,0) of the point u(f, to) € F(T, X) such that u(ga, to) € Ag. Hence, we
have:
1(ga, to) € p(A, to) ¢ Ao.

Consequently,

(3 Ay € Nu(f,to))(VW S Nu(f,to)) }

WZAO:>[L(A0, to)¢W§AO

The last condition shows that the net (u(ga, to), A € Ny) C F(T, X) does

not converge to a unique point u(f, to) € F(T, X), which is impossible. This
contradiction shows that the mapping p : F X T — F is continuous in F(T, X),
related to the relative uniformity of pointwise convergence. (]
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NVCKPETEH TEK BO PAMHOMEPHATA CTPYKTYPA HA
MHOKECTBA F(T, X)

HEKW NJEPBUIIN

Pesuwme

Bo oBaa pabora mora:kano e meka, ako 1 e muckperHa abeyioBa TOIOJIOLIKA
rpyna, n ako X e paMHOMepeH XaycaoppoB IPOCTOP, TOTAMI IPECIUKYBAHETO
u(f,t) = fi ompenyBa eneH reHepajleH NUCKDETEH TEK BO DPaMHOMeDHATA
cTpykrypa Ha MHOkecTtBara F(T, X), BO BpCKa CO pejaTuBHATA YHUPOPMHA
KOHBEPTEHIMja IO TOYKU.
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