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DYNAMICAL LIMIT SETS OF MOTION ON TOPOLOGICAL
STRUCTURE OF SET F(T, X)

NEKI DERVISHI

Abstract. In this paper is proved that, if T is a real line and (Y, V) is a
Hausdorff topological space, then the dynamical limit sets Qg (Az) of the
motion v¥(z, t) are close and invariant on topological structure of the set
F(T, X), related with the relative topology of coordinatewise convergence.

1. PRELIMINARY REMARKS

Let T be a real line, (Y, V)-Hausdorff topological space, andp; : YT — Y, t €T
is the natural projection. If we denote:

VieYT p(f)=f(t), VteT
pit(V)={feYT/f(t)eV}, VteT, VW eV

S=Up V) ={feY"/ft) eV, teT, V eV}
teT
then the family S is the subbase for 7- topologyof coordinatewise convergence on
T. The pair (X, T) - is a Hausdorff topological space, where X = Y7T. Let we
denote R - relative topology of coordinatewise convergence on T, then the pair
(F, R)- is also Hausdorff topological space, where F = F(T, X). Let F(T, X) be
the set of all continuous functions on a topological Hausdorff space T to a topo-
logical Hausdorff space (X, 7) and i : F(T, X) — (X, 7). The subset F(T, X)
we can endow with the relative topology of coordinatewise convergence on T. If
we denote:
Vf € F(T, X), i(f) = f(t) = fi. t €T

W(WV)=i"'(V)={fe F(T,X)/f(t) eV}, Yt T, YV €V
Q= J{f/ft)eV, teT, Vev}

teT
then the family Q is a base for R C P(F (T, X)) - relative topology of coordinate-
wise convergence on 7.

Definition 1. Let be ¢ : H x G — H a general dinamical system on Hausdorff
topological space H. Then for any fix point x € H, the mapping ¥(x, ) : G — H
is called the motion through the point x € H.
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Definition 2. The set of all w(a) - dynamical limit point of the motion
Y(x,) : G — H where x € H is a fix point in H denote with Q, (A,) and it
is called w («) - dynamical limit sets of the motion ¢(x, t).

2. THE RESULT

Let F(T, X) be a set of all continuous functions f : T'— X. The set F(T, X) we
can endow with relative topology of coordinatewise convergence. Let be ¥ (z, t) a
motion through the point € F(T, X). Then the following theorems are satisfied:

Theorem 1. The dynamical limit sets Q, (Az) of the motion ¥(x, t) are close in
F(T, X), related with the relative topology of coordinatewise convergence.

Proof. (for Q). Let y € F(T, X) be an arbitrary point of dynamical limit close
set Qu, y € Q. Then there is a net (y,, a € D) C €2, which tends to a point
y € Q. We can prove that the point y € F(T, X) is w - dynamical limit point of
the motion 9 (x, t), where € F(T, X) is a fix point. Let W, (V') be an arbitrary
open neighborhood of the point y € F(T, X). The net (y,, a € D) C Q, tends
to a fix point y € F(T, X). In this case, there is a point y, € F(T, X) such that
Yo € Weo (V) [y]. Also there is an open neighborhood W(V,) [y.] such that:

W(Ve,) [ya] € W(Ve,) [y]

That is
Yy = 1/)(1', t) = Ya = ’(/J(LL" ta) <~ (1[)(.%‘, ta)7y) € WEO(V) g
S Yo € Weo (V)lyl & (2, ta), y) € Weo (V)
holds for all ¢, > t3. On the other hand

Y, t) € W, (V)[y], Vt > to.

That is to say ¢¥(x, t) = y € Q,. Which is what we set out to prove.

(For A,). Let y € F(T, X) be an arbitrary point of dynamical limit close set
Az, y € A,. Then there is a net (—y,, a € D) C A,, which tends to a point
y € A,. We can prove that the point y € F(T, X) is o - dynamical limit point of
the motion 9 (x, t), where z € F(T, X) is a fix point. Let W, (V') be an arbitrary
open neighborhood of the point y € F(T, X). The net (—y,, a € D) C A, tends
to a fix point y € F(T, X). In this case, there is a point y, € F(T, X) such that

Ya € Weo (V) [y]. Also there is an open neighborhood W (V;,) [ya] such that:
W(Vz)) [yal € W(Veo) 9]

That is
< Yo € We, (V)[y] & (P, ta), y) € We, (V)

holds for all t, < —ty. By suppose y, = ¢(z,t,) — y when the net
(—Ya, @ € D) — —o0. On the other hand

(1/1(%, t) € WEO (V) [y]v vt < —to,

for any arrbitrary moment of time —ty € T. That is to say ¥(z, t) = y € A,.
Which is what we set out to prove. O



DYNAMICAL LIMIT SETS OF MOTION ON TOPOLOGICAL STRUCTURE OF SET ... 75

Theorem 2. The dynamical limit sets Q,, (A,) of the motion i(x, t) are invariant
in F(T, X), related with the relative topology of coordinatewise convergence.

Proof. (For ;). Let us show that the dynamical limit set £, is an invariant.
For this purpose, let y € F(T, X) be an arbitrary point of Q,, y € Q,. Then,
there is a net (¢,, a € D) C T which tends to 400, such that the corresponding
net (Y(x, ty), a € D) C F(T, X) where ¥(x, to) = yq, tends to the point y €
F(T, X). In this case

lim (to +t) =400, VteT

a——+oo

’(/)(Z‘, to + t) = ¢(¢($7 ta)7 t) = ¢(ya7 t) = Ya
That is to say

lim ¢(z, t, +t) = lm Y(Y(x, ty), t) =(z, t) =y
a——+00 a—+00

The last equality shows us that an arbitrary point y € Q,, V¢t € T. From this

follows that

(x, T) C Q.

The last condition shows us that the all trajectory ¥(z, T') of motion ¥ (z, t)
through the fix point € F(T, X) is contained in the dynamical limit set €, .
That is to say, that the dynamical limit set €2, is composed from full trajectories,
that is to say that the set €2, is an invariant set. Which is what we set out to
prove.

(For A; ). We should prove that the dynamical limit set A, is an invariant.
For this purpose, let z € F(T, X) be an arbitrary point of 4, , z €A, . Then,
there is a net (—t,, a € D) C T which tends to —oco, such that the corresponding
net (Y(x, —t,), a € D) C F(T, X) where ¥(z, —t,) = z,, tends to the point
z € F(T, X) . In this case

lim (—t, —t)=—o0, VteT

a——+oo

Y(x, —ta — 1) =Y(b(z, —ta), —t) = (Yo, —t) = 24
That is to say

lim ¢(x, —t, —t) = lim YW(x, —t,), —t) = ¥(z, —t) =2

a—+oo a—+oo

The last equality shows us that an arbitrary point z €A, , Vt € T. From this
follows that

Yz, =T) C A,.

The last condition shows us that the all trajectory ¥ (z, —T') of the motion ¥ (z, t)
through the fix point € F(T, X) is contained in the dynamical limit set A, .
That is to say, the dynamical limit set A, is composed from full trajectories, so
that the set A, is an invariant set. Which is what we set out to prove. O
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JMHAMNWNYKA TPAHUYHU MHOKECTBA HA IBUYKEIHLE BO
TOIIOJIOIIKATA CTPYKTYPA HA MHOKECTBA F(T, X)

Hexku IlepBumu
Peszuwme

Bo oBaa pabGora e moraskano co gBe teopemu nmeka: Ako T e peanHa mpasa
u (Y, V) - Xaycmop$hos TONOJOWEKN IPOCTOP, TOTAII IUHAMUAYKATE TDAHUYHN
MHOKeCTBA 2, (A,) ce 3aTBOPEHN U MHBAPUAHTHY HA TONOJOIIKATA CTPYKTYPa
Ha muo:kxectBa F(T, X), BO BpCKa CO PEJIATUBHA TOIOJOTUja HA KOHBEPIEH-
nuja 1m0 KOOPIUHATU.
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