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CONTRIBUTIONS TO MODELING OF 4D FRACTALS

ELENA BABACE!, LJUBISA M. KOCI(C?

Abstract. Affine invariant IFS’s (AIFS) are Iterated Function Systems whose
affine transformations are based on areal coordinates with respect to a cer-
tain simplex. In this note, we consider 4-dimensional generalizations of some
classic and non-classic fractal objects generated by such AIFS and show how
it can be used for modeling purposes. The stress is put on the one of the most
desirable properties in modeling, according to CAGD specialists, convex hull

property.

1. INTRODUCTION

The Affine invariant Iterated Function System (AIFS) introduced and studied
by Kocié¢ and Simoncelli ([4], [5], [6]) has been shown to be a very promising tool
for fractal sets modeling. At first, a brief introduction about the notion of IFS, in
general, and especially of AIFS, will be given.

Let {w;|i =1,2,...,n} be a set of contractive affine mappings defined on the
complete Euclidian metric space (R™,dg) (m > 1)

w;(x) =A;x+b;, xeR™ i=1,2...,n,

where A; are m x m real matrices and b; are m-dimensional real vectors. The
system S = {R™; w1, wa,...,w,}, n >2is called (hyperbolic) Iterated Function
System (IFS). The Hutchinson operator, Wg : H(R™) — H(R™), defined by
Ws(B) = | wi(B),
i=1

and associated to the IF'S, is shown to be a contractive mapping on the complete
metric space (H(R™),h), where H(R™) denotes the space of nonempty compact
subsets of R™ and h is Hausdorff metric induced by dg [2]. Accordingly, Wg has
a unique fixed point, A = Wg(A) € H(R™), called the attractor of the IFS S.
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Definition 1.1. A (non-degenerate) m-dimensional simplex P, is the convex
hull of a set of m+1 affinely independent points p1, p2, ..., Pm+1 in the Euclidean
space of dimension m or higher, P, = conv{p1, P2, - - -, Pm+1}- The vertices of P,
will be denoted by P, and represented by the matrix Py, = [p{ p3 ..., Ph41) r
If the vectors {p;} coincide with the orthonormal basis in R™, e; = [0;]2;, i =

1,2,...,m, the simplex is called standard.

Let S = [sij]zljill be an (m + 1) x (m + 1) row-stochastic real matrix (its rows
sum up to 1).

Definition 1.2. We refer to the linear mapping £ : R™*1 — R™*! such that
L(x) = STx as the linear mapping associated with S.

Definition 1.3. Let P,, be a non-degenerate simplex and let {S;}"_, be a set
of real square nonsingular row-stochastic matrices of order m + 1. The system
Q(f’m) = {f’m; S1,S2,...,S,} is called (hyperbolic) Affine invariant IFS (AIFS),
provided that the linear mappings associated with S; are contractions in (R™, dg)

(4], 5], [6])-

According to CAGD (Computer Aided Geometric Design) literature, any CAGD
mathematical model should have several properties that make it a real free-form
model. The AIFS fractal model possesses several of them: affine invariance prop-
erty (one of the essential properties), convex hull property, continuity property,
interpolation property, symmetry property and finally, numerically stable and sim-
ple algorithm for generating the fractal set. In this paper we will keep our attention
to the convex hull property, later practicing the theory in a very special case, on
the examples of four-dimensional fractals.

2. SWITCHING FROM AIFS TO IFS AND VICE VERSA

In the definition of the AIFS Q(P,,) = {P.n.;S1,Ss,...,S,} the simplex P,,
considers to be a standard one (since any simplex generates an affine space, in
which, the areal (barycentric) coordinates of the vertices of that simplex are (m +
1)-tuples: (1,0,0,...,0),(0,1,0,...,0),...,(0,0,...,0,1)). The standard simplex
will be denoted by T,, = conv{ej,es,...,ems1}. The system Q(T,,) acts on

the affine space V™ = conv{e,es,...,en11} C R™T and all transformations
defined by this system, £; : x — STx, x € V™ i =1,2,...,n are linear. Finding
affine transformation A; : x — A;x+b;, x € V", i=1,2,...,n, that performs

the same mapping as £;, will enable us to bring into play the deeply developed
theory of IF'S and therefore using all advantages of both IFS and AIFS in fractal
modeling.

In [7], it was shown that
AT

(1) = [EBrn @) 1] S(@)"
bT
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AT
J— JR— _ T [
(2) S= |:Em+1 (le) | 1] z;L
bT
take place, where
1 0 0 0
E,, 0 1 0 0
Eerl = - = 5
0 0 1 0 1
0 0 0 0
r L 1 1 1 h
V2 V23 VB4 m(m + 1)
0 2 1 _ 1
3 V34 m(m + 1)
Qm = 0 0 § . _ 1 )
4 m(m + 1)
0 0 0 o
L m+1 J
[ \/5 1 1 1]
1 V12 1.2 V1-2
0 \/§ _1 1
2 v2-3 v2-3
7_n1 = 0 0 é 1
3 V3.4

0 0 0  —

and S is S without its last column. The m x m square matrix A and the
m-dimensional vector b define affine transformation A and the row stochastic
(m+1) x (m+ 1) matrix S defines linear transformation £, that is equivalent
transformation to A.

Two theorems that follow give explicit formulas that connect the items of the
affine transformation A of the hyper-plane V™ with the items of the linear trans-
formation £ of the same hyper-plane.

Theorem 2.1. The explicit formula for the items of the matriz A and vector
b in terms of the items of the matrix S, reads
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1
a;; = — 1Y Spi — Jisj;
J \/ Z+1 \/] ]+1 Z p J
m J—1 m
(3) iSmtti+ DD Spat Z Smilq ] Z Sja | ;
g=1 p=1
b S S =1,
i = T |JSm+1,j Sm+l,q| %) =1,4,...,M
i +1) py
AT
Proof. The formula (1) can be rewritten as = (T:)"- T, where
bT
T
T = |:Em+1( ) |1} and T/, —S(Q ) cLet (TF) Y =[ri7T2 ... Tisi1]
and T, = [Tl Th ... Thoa). Then, a; = (74)7 - 7} and by = (Tpp1)" - 7,
1,7 =1,2,...,m. It checks out without difficulties that
T = L —1,...,—1, % ,0,...,0,—1|,i=1,2,...,m;
v £\ i(i+1) N~~~
i—th
T%-{-l = [0707"~707 1}7
1 m
(T;‘)T = 71 Jsij + Z S1q> JS25 t+ Z 82¢5 -+ JSm+1,j T Z Sm+1,q
j(]+ q=j+1 q=j+1 q=j+1
Taking product yields (3). |

Theorem 2.2. The explicit formula for the items of the matriz S in terms of
the items of the matrices A and vector b is given by

(4)
] 2+
Vi~ Z\/T U

z+
— Qpi + bp
S = P:zj-:i-l\/ p+1 Z\/ CE "

i =m++1;

by
J ’
J + jH17 - JH Vplp+1)

forj=1,2,....m
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Proof. This time the formula (2) is used, S = T}, - Q., , where T, =
AT

[EmH (Q;, ) | 1} and Q/, = I'. Denoting the i-th row of the matrix
bT

T;, by 7 , and the j-th column of Q}, by q;, one gets

()T 11] = 1 T ool i<m

i—th

[(Tjn+1)T|1] = [0707”'707 1];

apl

“ p;l Vpp+1)

q; = / - i L i=1,2,...,m.
1 p=j+1 VP p+1

j m
b /7
L It L p=j+1 VP (p+1)
Taking scalar product s;; = (77)T -qj, gives (4). o
Theorem 2.3. If all elements of the matrices S = [s(.l?)]mfrl k < n, are

ij 1i,5=1
nonnegative, than the AIFS Q(T,,) = {T;SM,8® ... 8 has the convex
hull property.

Proof. For every k=1,2,...,n,and i =1,2,...,m+1, S®Te; = [sgf)];”:‘ﬁl,

i.e. the image of the i-th vertex of the simplex T,, with the k-th linear transfor-
mation £; : x — S¥Tx x € V™, is the point whose coordinates coincide with
the i-th row of the row-stochastic matrix S(). Since all entries of the matrices
S() are nonnegative, the point [s; (k )]’-”_Jr1 fork=12,....,n,1=12,....m+1,
belongs to the convex hull of Tm7 and therefore S(k)TTm belongs to the convex
hull of T,,, k =1,2,...,n. Now,

WQ(T,,,L)(TW) = U SETT  C convT,,, and also,

WS’(ZTM)(T ) C convW o(n= 1)(Tm) C... CeonvWq g )(Tm) C convT,,,
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ie. att(Q(T,,)) = lim WS’ZT )(Tm) C convT,,

O

As a corollary of the theorems 2.2 and 2.3, one can conclude that the sufficient
condition for the convex hull property of the IFS {V";wy,ws, ..., w,}, where

wp(x) = ASM)x +b(S™), xecV™ k=1,2,...,n,

(A(S™) and b(S*)) are obtained as in theorem 2.1), are

=

717;1 VP p+1

()

i—1 (k)

Z /Z+ ol 5™ | -
1 V4 q+1

Z oo \/H all + b
T Valg+1

b

plk) _ Z
]+1] p']+11/ p—|—1

>07 Z7j§m7

=1,2,...,m.

3. EXAMPLES

Let’s imagine a 4D tetrahedron (in fact a 4-simplex). It will be used to define
the AIFS in the both examples that will follow. A regular tetrahedron ABCD
may serve as the base of a 4D — tetrahedron ABC DFE whose apex E is along the
fourth dimension through the centre of ABCD. If E is so chosen that its distances
from A, B,C, D are all equal to the edge AB, we have a regular simplex, which
may be regarded in five ways as a tetrahedron, each vertex in turn serving as the
apex while the remaining four form the base.

Example 1. In the first exz}mple t}}e ATFS that generates the 4D SAierpinski
pyramid will be considered, Q(T4) = {T4;S1,S2,S3,S4,Ss5}, T4 C V4 Ty is the
standard 4-simplex, where

1 0 0 0
05 05 O 0

wn
¥
|

[eg €1 e3ey 65]81 [eg €] eszey 65};
S3 = leserereses|Si[esere;eses);
[ e5]S1| ]
[ ]S1] ]

OO OO

S;=105 0 05 0 Sy = J|eseseze e4e3eqe e5l;
05 0 0 05 4 = 41€3€2€] €5 4 €3€2€] €5;
S; = J|esesezeze; esesezeseq].

05 0 0 0 0.5

It can be noticed that this AIFS satisfies the conditions of the Theorem 2.3,
therefore its attractor belongs to the convex hull of the simplex Ty, as it can be
seen on the Figure 1, left.
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The corresponding IFS is {V*4; wq, we, w3, wa, ws }, wi(x) = A;x+by,i =1,2,3,4,5,
where

A= : =Ary=As5=A,=A;;

1 1 _1 1

NG 2v/2 2/2 24/2 0

v B 2y? o 0
b = o= 22 | by=| 26 | bi=| 2° | bs=|

0 0 7 e

0 0 0 % 0

Example 2. Here, a non-fractal, continuous, four-dimensional attractor will be
considered. We are speaking about 4D Bezier curve, generated by the AIFS Q(Ty)
again endowed with the convex hull property. Q(T4) = {T4;S1,Sz2}, T4 C V4,
where

1 0 0 0 0 1l 1 3 1 1
11 9 0 0 106 i g é 1,16
N S S _ |
S, = 0 0 [; Sy= 0 0 3
13 4 1 i1
P 0§85 § . 090 3 3
Theorem 2.1 explicitly gives the affine mappings,
1 0 V3 _ B 1
2 82 82 ﬁ
13 19 Ji5 By
86 242 18 16 8v3
_5 5 _ 5 1 V5
8v2 86 163 16 8
1 V3 _ VB B
2 8 162 16v/2 0
_ 11 N 1 _ A5 0
wpihp=| WA W OTEVE TR b= | 0
8/6 32 96 T 32v3
VTR A &)Y i 0
8v2 46  32V3 32

that form the corresponding IFS {V#;w;,ws}. The attractor is shown on the
Figure 1, right.
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Figure 1. 4D Sierpinski pyramid and 4D Bezier curve

4. CONCLUSION

Using a direct relationship between the orthonormal basis {e;}, in R™*! and

the m-dimensional hyperplane V™ C R™*! being the affine span of the points
{e;}, the explicit formulae establishing bijective relation between IFS and AIFS
are given. More concrete, the elements of the stochastic matrices of AIFS are given
as functions of the items of the matrix and vector defining the affine transforms
in IFS and vice versa. In addition, the sufficient condition for the AIFS to have
convex hull property is established. Illustrative examples of two 4-dimensional
fractal sets are given: a 4D Sierpinski pyramid and a 4D Bezier curve.
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[MPNJIO3N KOH MOIAEJIMPAILGE
HA YETUPU-AVMEH3MOHAJIHN ®PAKTAJIN

Enena Babaue, Jbyouma M. Komug

Pesume

A}UHO MHBAPUjAHTHUTE UTEPATUBHU (PYHKIUCKU CUCTEMU CE€ UTEPATHUBHU
GYHKIMCKA CUCTeMHU 4Ynu a(uHU TpaHchopManum ce Da3mpaar Ha OapuIleH-
TPUYHI KOODAWHATH BO ONHOC HA OAPENEH cuMILIeKc. Bo oBoj Tpyx pasrie-
nyBame 4-TrMeH3VMOHAJHN OOOIIITYyBama Ha HEKOU KIACHYHU U HEKJIACUYHU
¢pparTasHn 00jeKTU, TeHEPUPAHU CO IIOMOII Ha a(UHO MHBAPUjAHTHU HUTEpPa-
TUBHU (YHKIWCKUA CUCTEMU M IOKaKyBaMe KaKO OBUE CHUCTEMU MOXKAT Ia Ce
KOPHUCTAT 3a MOJEIUpParme. AKIEHTOT € CTABEH Ha €IHO O HAjIOKEIIHUATE
CBOjCTBA BO MOIEJINPAHETO, CBOjCTBOTO HA KOHBEKCHA OOBUBKA.
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