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Abstract. After the year of 2000 it is noticed a huge trend in the intensity
of the papers which are dealing with valuation of the zeros of the complex
differential equations, especially the equation of the ”complex oscillations”
d>w
AW =0, [1], 2]
z
For the Vekua type equations
dw —
= = A(z,Z2)W + B(z,2)W + F(z, 2)
3

which are similar to them, but in the space of two complex variables z, zZ we
have not noticed such trend in the study of the zeros of the solutions. In this
paper we are giving theorems for existence of the zeros of the special Vekua
equation:
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1. INTRODUCTION

In 1909, while he was solving a problem from the theory of elasticity, G.V.Kolosov
[4] introduced the expressions

1 @-l-@-i-l @_% —dﬂandl @_@4_@' @_’_@ —diw
2 |0x Oy or oy)| dz 2 |0x Oy or  Ody)| dz

known as operator derivatives of the complex function W = W (2) = u (z,y) +
+iv (z,y) from the complex variable z = x 4+ 4y and Z = x — iy, corresponding.
The operating rules for these derivatives are completely given in the monograph
of I". H. Honosxwuit [5] (pagel8-31). In the mentioned monograph are also defined
so cold operator integrals

/Af(z)dz and /Af(z)di

from z = x+iy and Z = x —iy, corresponding, from the complex function f = f(z)
in the area D C C. Here their operating rules are proved (page 32 - 41).
Let u = u(x,y) and v = v (x,y) are two real differentiable functions from real
variables x and y and let « 4+ iy = z. Usually the complex function W = W (z)
29
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is introduced as a linear combination of the functions v and v, i.e. W =W (2) =

u(z,y) +iv(z,y). .
Using the formulas z = 252 and y =

2=z
21

. z+2z z—2 . (z2+Z2 z2—Z _
W—u(m,y)—l—w(sc,y)—u( 5 5 >+w( 5 o )—W(z7z)

It means that the function W generally doesn’t depend only from z but from Z, as
well, so it seems that more correct is to write W = W (2, 2) = u (z,y) + +iv (z,y).
For the functions z = x + iy and Z = z — iy we have the condition

we have

0= 0
or 0 .
Jdxr 0Oy

which means that they are independent one from the other. This expression of
the function is completely justified, [6], so we will use it in this paper.

dw oW dw oW

It can be shown that — = —— and — = ——, i.e. the operator derivative

coincides with the partial glerivatilee of thg qunctiog W by the variables z and Z,
corresponding. As for the operator integrals, here we have to mention that for
example for the operator integral by z, the variable Z is acting as a constant and
vice versa.

2. QUADRATURES [.N.VEKUA.

The simplest Vekua equation
ow
— = F(z,2), 1
= F(,2) (1)
where F' is a continuous differentiable function from two independent complex
variables z and Zz, is solved as it is known ([7], [8]) through generalized quadratures:

A

W@@:/F@@&+a@ (2)

where:
A

1° [ F (2, z) dz means that it is integrated by z, while z is considered as a constant.

20 Here the integration ”constant” C(z) is not a common complex number, but it is

a generalized constant” - an arbitrary analytic function from z,
C(z) = a(z,y) +iB(z,y), where o, = 3, and oy = —3;.
If we put

F(z,2) = f(z,y) +ig(z,y), dz=dz—idy
then for the solution (2) we have
A

W(z,z) :/(f+ig)(d:c —idy) + a +1if :/[(fda?+gdy) +i(gdx — fdy)] + a+ip
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and for its zeros we have the following system:

[ 15wz + gl p)dy) = ~alwy) and [ lgGe,w)dz = fla,w)dy) = ~B(z.0).
L L

Here L is an arbitrary smooth line which bonds two spots My(zo, yo) and M (z1,y1)
in the considered area D. Since f and g are not parts of an analytic function,
that‘s why this integrals depend of L, but they always determine some continuous
functions ® and V:

(D(‘r7y):_a(x7y)’ \I/(x,y)z—ﬁ(x,y)
If we solve the new equations explicitly by y, according to the theorem for existence
of an implicit function, then with small restrictions we get

Lity=9(x), Laiy=x(z). (3)
The first line L; is continuous and smooth line by which © = ReW = 0 and there
for it is called a line of the u-zeros. The second line L is similar to the first, but
for u = ReW = 0 and it is called a line of the v-zeros.
The zeros of W = u + iv shall belong to the intersection of the lines I.; and Ls.
Since the intersection of two smooth lines is some row of spots, we have:

Theorem 1: The zeros of the solution of the Vekua equation (1) are in the inter-
section L1 N Lo of the smooth curves Ly and Lo, and their number and character-
istics are depending from the continuous function F'(z,%) and from the analytic
function C(z).

Example 1. The function W = z 4 e* is a particular solution of the Vekua

equation 25 = 1. According to the procedure mentioned before we have the
Z

system
u=-e"cosy+x=0
v=e*siny —y=20
Ehmmatmg y we get transcendent equation by =
e— = cos v/ e2® — x2 for the abscissas of the zeros of the solution W = z +e? of the

ow
Vekua equation 27 = 1. If we solve the transcendent equation graphically, we
z

get typical Sturm zeros of the oscillatory equation y; = ys, where y; = ze %, yo =
os ve2® — x2. Finally, the considered solution of the equation in this example has
countless zeros and all of them are isolated.
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Example 2. The function W = z — 22 is a particular solution of the same

equation from example 1. From W = 0 we get system for the zeros

r—224+9y*=0
2zy+y =0

whose solution are the four isolated zeros M; (0,0), My (1,0), Ms(—

1
M4(f§, 7? ). We see that:

I. Finding the zeros of the solutions of an areolar equation is not a trivial task.
II. The zeros depend from the coefficients, which is natural, but from the integra-
tion constant C'(z), too and it is an essential dependence.

ol%

1
27

ow
II1. The zeros may be isolated or not. For example, one of the solutions of — = z

0z
is W = |z|> — 1 and the zeros are on the circle |z| = 1.
Areolar linear homogenous differential equation from I order. It is the
equation

%—2/ =A(z,z2) W (4)
It is known that it can be solved with quadratures:

oWy, _
% =A(z,2),

A

/aaz(lnw(z,z))dz:/AA(z,Z)dZ

where from we get

fA(z,Z)dE
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Here C = C(z) is an arbitrary analytic function in the role of an integrating
A

constant and with [ A (z,Z)dz we denote one operatory primitive function from

z of the function A = A (z,2).

Next we have an important

Theorem 2: The zeros of the solutions of the equation (4) (i.e. the common zeros
of u(z,y) = ReW =0 and v (z,y) = ImW = 0) are in:

19. The zeros of the analytic function C(z), whose determination will depend
from given boundary conditions.

20, Eventually in the zeros of the second multiplier

fA(z,E)di

e (6)

Lets now explore the second part 2°. It is essential to separate the real from
imaginary part:

A

I:/A(Z,Z) dz = /(a—i—ib) (dz —idy) = /([adx—i—bdy] + i [bdx — ady)).

For (6) we have:

fAA(z,E)dE | ladz+bdy]
e =er

f ladz+bdy] |:
er

J ilbdz—ady]
er =

cos [ [bdx — ady] + isin [ [bdx — ady]} =0.
r r

Since exp [ [adz + bdy] > 0, we have that the zeros of (6) can be looked in the
r
system

cos [ [bdz — ady] =0

r
sin [ [bdz — ady] =0 (7)
r
From (7) we get
bdr —ady = 2k —1)Th, k=1,2,3,... (8)
bdr —ady =nm, n=0,1,2,3,... (9)

Since the left sides in this system are equal, and the right sides are either odd
number multiplied with 7/5, or whole number by 7 - they are always different. So
we have that (7) doesn‘t have solutions for any a and b.

Theorem 3: The function A = A(z, z) from two complex variables doesn‘t give
zeros in the solution (5) of the basic Vekua equation (4).
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ow
Example 3. Lets explore the Vekua equation 27 = 22W. According to the
z

Theorem 3 the function A = A (z, 2) = 22 doesn‘t give zeros in the solution
B fzzdi _ 2 z(z2+ 2) i (zz-i- 2)
Wi(z,z)=C(z)e =C (2)e*¥?) =C (2) el =C (2)e v ey =
= =(a"+) o (2) [cosy (z? + y?) + isiny (z? + y?)]
of the considered equation. We get the following conclusions:
1. The zeros of the solution W = W (z, 2) are in the zeros of the analytic
function C' = C(z) and they are isolated.

29, For the u-zeros of the solution W = W (2, z) we have cosy (22 + y?) = 0,
where from we get a family of cubic curves

vy =02k —1)Th, k=1,2,3,...

and they are not isolated; Similar, for the wv-zeros of the solution we have
siny (x2 + y2) = 0 i.e. not isolated zeros determined with the equation

v} 4yx =nw, n=0,1,23,....

Zeros of the solutions of the no homogenous linear Vekua equation
from T order. Let be given the Vekua equation in the next shape

%:A(Z,Z)W—FF(%E) (10)

(so to be precise without W). We can see that the zeros shall depend from three
sources: an analytic function C'(z) and continuous not analytic coefficients A (z, z)
and F (z, 2).

It is known that ([5], page 39-40) the equation (10) has the following general
solution

B fA(z,E)dE B ' z B
W(z,z)=e C(z)+ /F(z,z)e dz| . (11)

As for the zeros, we already know that the multiplier e A doesn‘t have zeros,
the only zeros are those of its real or its imaginary part. More valuable in the sense
of the zeros is the second multiplier in (11), where figures the general analytic
function C'(z). That‘s why in (11) we should consider the both aspects together.

If we mark

(z,y) +ib(x,y); a,b — continous

y) +ig(z,y); f,g — continous (12)
+if(x,y) — analytic, with the
= ‘7/47 a;; = _ﬂ/z
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then with a little technique, separating the real and the imaginary part from (11),
we get the conditions for u-zeros and for the v-zeros:

— [ (adz+bdy)
cos [ (bdz — ady) - [ {e r [(fdx + gdy) cos [ (bdx — ady) —
r r r

~ (gdz — fdy)sin [ (bdz — ady) } -
r

. — [ (adx
—sin [ (bdx — ady) - [ {e r
r

+bdy) {
r

(gdz — fdy) cos [ (bdx — ady) + (13)
r

+ (fdz + gdy)sin [ (bdz — ady)_ } =
r

= B(z,y)sin [ (bdz — ady) — a(z,y) cos [ (bdx — ady)
r r
and
s1nf bdr — ady) - f{
r

— (gdz — fdy)sin [ (bdz — ady) } }
r

7. (adz+bdy)
[(fdx + gdy) cos [ (bdx — ady) —
r

—l—cosf (bdx — ady) - f{ 7f (adebdy) {(gdac — fdy) cos [ (bdx — ady) + (14)
r

+ (fdx + gdy) sin Ff (bdx — ady)} } =

= —a(z,y) sian (bdx — ady) — B(z,y) coslf (bdx — ady)

This equations (13) and (14) represent continuous bonds between six different real
functions given with (12) from two real independent variables (z,y). So (13) and
(14) are plane continuous curves:

1—‘1 (xvy;a';bvagvavﬁ):() (131)

) (:va;aabvagva7ﬁ) =0 (141)
and each of them is a geometric place of the zeros: (13.1) for the zeros of u = ReW
and (14.1) for the zeros of v = ImW. We have
Theorem 4: The equations for the zeros of the real and imaginary part of the
solution (11) of the equation (10), are given with (13.1) and (14.1), corresponding.
Here this zeros are not isolated.

Common zeros
The curves (13.1) and (14.1) generally are different and they may intersect, but
it is not necessary. According to this the function W (z,2) = u + v, determined
with (11), will have zeros, if u(z,y) = 0 and v(x,y) = 0 at the same time.
Geometrically, this means that there exists intersection of the curves

Iy (z,y;a,b, f,9,0,8) =0NTy (2,y;0a,b, f,g,0,3) =0 (15)



36 SLAGJANA BRSAKOSKA, BORKO ILIEVSKI AND DRAGAN DIMITROVSKI

or shortly 'y = 0N Ty = 0. These are spots (z;,y;), which will depend from
(a,b; f, g; a, B) and the operations in (13) and (14).

So, let (13) and (14) are fulfilled for some choice of (a, b; f, g;, 8) : I'1 = 0 and
I'; = 0. We are asking which are the common zeros of u(z,y) = ReWW = 0 and
of v(z,y) = ImW = 0. In mathematics there isn‘t unanimous response to this
and similar questions, because it depends of many functions and conditions for
them. That is why we form various sufficient conditions for the common zeros, for
example the functions u + v, u - v, Vu? + vZ, Au + P, ..., which equalled to zero,
are satisfied separately for u = 0 and for v = 0; but at the same time they contain
much more spots, which aren‘t zeros.

From the intersection (15) we have, if we form new function

[ +Ty=0 (16)
as a sum of two continuous curves, it is continuous and satisfied from the zeros of
I’y =0 and from the zeros of I'y = 0, but here in (16) there are much more spots

than there are common zeros of I'y or of I's.
The geometric interpretation is given in the picture below.

u-line

u-line

v-line

\ /
0 ¥ ¥
Common zeros

Theorem 5: One of the many sufficient conditions for the common zeros is ful-
filling the condition which is a sum of the formulas (13) and (14) for the zeros only
of u(x,y) and only of v(z,y).

Since this condition depends of many other conditions, we won‘t write about it
generally, but we will consider some special cases.
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Special cases
I. A(2,2) =0
If A=0, i.e. a =0 and b = 0, then the conditions (13) and (14) are simplified

in great deal. We get:
L. for the zeros of u(x,y) = 0 a relation

/ (fdz + gdy) = —a (2, ) (17)
I

II. for the zeros of v(z,y) = 0 a relation

/ (gdz — fdy) = B (z,y) (18)
I

and according to (16), sufficient condition for the common zeros

m [+ g dot (o= 1) dy) =~ (a+ ) (19)
r
From (19), using the Cauchy-Riemann conditions for C(z) = a +i8; a, = 3,
B, = —ay, and the theorem of Laplace for finding the differential under the sign
of line integral, we get only a special theorem:

Theorem 6: In order the special Vekua equation a—VY = F'(z,Z) to have a solu-

0z

tion W which has zeros, it is sufficient
1) the function F(z,Z) to be real, i.e. g(x,y) =0,

2) and f (z,y) = a; —al

From this kind of theorems with small generality (and highly specialized), we
can‘t be satisfied. That is why we don‘t use the intersection (15) in analytic form
(13)4+(14), but we will work only the separate zeros; i.e. only with (17) and (18).
If we use again the Laplasians oo = 0 and A8 = 0, and the theorem for finding
the differential under the sign of the integral, we have much more general:

ow
Theorem 7: In order the solution W (z, Z) of the Vekua equation 55 = F(z,z)=

= f + ig to have zeros it is sufficient f and g to be harmonic functions.

II. F(2,2) =0
In this case the Vekua equation (10) is reduced to the areolar homogeneous differ-
ential linear equation (4). For this equation we have the Theorem 3.

ITI. Relations between a and b which make possible solving the
equation with quadratures

From the relations (13) and (14) which contain the expression e~/ (ad+bdy) jt
is obvious that we will work much more simplified if we have

a(z,y)dr + b(z,y)dy =0 (20)
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If this equation has quadrature solution in the next shape:
y=o(x,0C) (21)

which will be the case if (20) is a differential equation in total differential i.e. if
it‘s valid the condition:

da  Ob
9~ on (22)

then the solution of (20) is implicitly determined with:

/a(a:,y)dm +/ {b(x, y) — ;;J/a(a:,y)dm] dy = Const. = C (23)

and we have

Theorem 8: If the equation (20) is an equation with total differential, i.e. if it is
valid (22), and if from (23) the implicitly determined function y = y(x) is written
in explicit shape (21), then from (13) and (14) is possible explicit separation of
common u-zeros and v-zeros of the solution of the Vekua equation (10).

IV. Zeros only of u and only of v

From (13) and (14) we can see that the integral

v = /(bda: — ady) (24)
r
has a big influence over the zeros and it is the argument of the function sin ¢ and
cos . If we put
b(x, y)dz — a(x,y)dy =0 (25)
then cosp = 1, sinp = 0 and the conditions for the zeros of u(z,y) = 0 and
v(z,y) =0 are

— | (adz+bdy)
/e r (fdx + gdy) = —a(z,y) (26)
r
— [ (adz+bdy)
[t (gdz — fdy) = ~Blz.y) (27)
r
If the equation (25) is solvable with quadratures, i.e. its general solution is
y=v(z,C) (28)

than with the help of this solution we will form the equation for location of the
common zeros. Here

b 240?
adz + bdy = adx + b—dx = ot dz (29)
a a
and from (26) and (27) we get
_ o oa?ae? g
/e [0 e + gdy] = —alz, y) (30)

r
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/ff e [gdx — fdy] = —B(x,y) (31)
I

If we put total differential in (30) and (31) and if we equal the expressions in front
of dz and dy, corresponding, we get

exp (— [ 24b? g f=—a

a
(32)
exp(— [ az;"bzd;v g = —a,
and
(12Jrl72 _ /
exp | — —dr ) -g= -0,
J (33)

2 2
exp (- [ “Etdz) - (—f) = -1,
From the both systems, if we divide the equations we get quotients which according
to the Cauchy-Riemann conditions for « and 3, are equal to =. For f and g which
g

depend from a = a(z,y) and b = b(x,y) we have:

a2+b2 dx

f(xay) = ﬁ;ef ¢

2 2
a“+b
——dx

g(x,y) = Bel
In this case we get equations for abscissas of the zeros specially for u = ReW
and for v = ImW

f(z(2) - B, <x,¢)exp/a (z,9 () + 0% (2,9 (x))

a(z, )

de=0  (34)

and , ,
/ a” (z,¢ () + b° (z, ¢ (2))
(e, (@) = 2, (e, v)exp [ S
Theorem 9: In order the solution (11) of the Vekua equation (10) to have separate
u-zeros and separate v-zeros of the solution W = u + dv, and with that the possi-
bility for common zeros, under the condition that the coefficient A(z,z) = a + ib
is a solution of the differential equation (25), it is necessary that the second coef-
ficient F'(z,z) = f + ig to be determined from the formulas (32) and (33). Here
a 4118 = C(z) is an arbitrary analytic function. The locations of the zeros are
given with the equations (34) and (35).

V. Appearance of harmonic oscilations

dr=0  (35)

The expressions cos [ (bdz — ady) and sin [ (bdz — ady) in the conditions (13)
r r

and (14) for separate zeros define complex oscillatory functions from two indepen-
dent variables (z,y) . From theoretic and useful reasons it is important the case
when they determine simple harmonic oscillations. Obviously, for that we must
have

bdx — ady = Mdx, A\ = const (36)
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/(bd:c —ady) = /)\dz =z

because then

and so we would have harmonic oscillations cos Az, sin Az with a period T = 2%,
)
But, (36) is one differential equation:
dy _ b(z,y) — A
hal A 37
&~ ay) 87)
(for A = 0 we have the previous case IV.) The conditions (13) and (14) are
a2 2
cos Az - [ {e‘f - dz [(fdx + gdy) cos Az — (gdxz — fdy) sin )\33]}—
r
—sin Az - [ {e* | [((gdz — fdy) cos Az + (fdx + gdy) sin )\x]} - (38
r
= B(z,y)sin \x — a(x,y) cos Az
and
a2 2
sin\z - [ {e‘ JeFde [(fdz + gdy) cos \x — (gdz — fdy) sin )\x]}—l-
r
+cos Az - {e’ J [((gdz — fdy) cos Az + (fdx + gdy) sin /\z]} - (39
r
= —a(z,y)sin Az — B(z,y) cos Az
We have:

Theorem 10: If for the coefficient A (z,Z) = a+ib in the Vekua equation (10) is
valid the differential equation (37), where A is a real constant, then the conditions
(13) for u-zeros and (14) for v-zeros, contain harmonic functions cos Az, sin Az and
they are given with (38) and (39). If (f,g) and («, 3) satisfy this conditions, than
the conditions (38) and (39) are also equations for determining of the locations of
the zeros only of u and only of v, where from we would find the common zeros
as well. Here in (38) and (39) we have to switch the solution y = ®(x, C) of the
equation (37).

Similar attitudes can be formulated for various selections of the six functions
(a,b),(f,9), (a, B) or for various relations between them.
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