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Abstract. The aim of this paper is to construct a functor Deck; and we
study the group of covering transformations through a functor Deck,. Let
Deckz(f() denote the set of all covering transformations of a covering p :
(X,%) — (X,z0), where (X,z0) is the arcwise connected, locally arcwise
connected pointed topological space.

In this paper we also study the group Deckz(X') through the fundamental
group functor 7.

In this paper we show that:

i) If (X1,21) and (Xg,&2) are equivalent covering of (X,zo) then the
groups Decky(X1) and Deckz(X2) are homomorphic;

ii) Decky is a contravariant functor;

iii) Let (X1,Z1) and (X2, Z2) are equivalent universal covering of (X,zo),
where X is a connected manifold, then Decky (X1)/f*m1(X1,21) & Deckz(X2)

1. INTRODUCTION

Throughout this paper we assume that (X,z() is a pointed topological space
and maps are base point preserving continuous surjective maps . For simplicity
we write X in place of (X,zg).

Now we recall the following definitions and statements:-

Definition 1.1. Letp: X > X bea covering map. A covering transformation is
amap f: X — X such that po f = p

Definition 1.2. Let X and X are connected topological spaces and p : X, — X
is a covering map. p : X — X is called universal covering of X if it satisfies the
following universal property:

For every covering map q : Xo — X,with X5 is connected and every choice of
point &1 € X1, %9 € Xo with p(Z1) = q(Z2),there exists exactly one fibre- preserving
mapping f : X, — X, such that f(@1) = Za.
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Definition 1.3. Suppose X and X are connected Hausdroff spaces and p : X — X
is a covering map. The covering is called Galois if for every pair of points Zo, %1 €
X with p(Zg) = p(Z1),there exists a covering transformation f:X — X such that

f(Zo) = 1.

Definition 1.4. Let py : (X1,%1) — (X, x0) and py : (Xa, %) — (X, 20) are two
covering of (X,xq),are called equivalent covering, if there is a homeomorphism

g (X1,81) — (X2, 32) satisfying

i) g(71) = T2

ii) p2 o g =p1

Lemma 1.5. Let f be a covering transformation. if f(Zo) = Z1,then there is at
most one covering transformation f such that f(Zo) = &1.

Lemma 1.6. Let X be a connected manifold and p : (X,%) — (X,x0) is a
universal covering, then p is a Galois and Deck,(X) = m(X).

Lemma 1.7. 7 is a covariant functor from the homotopy category of pointed
topological spaces to the category of groups and homomorphisms, m is called the
fundamental group of functor.

Lemma 1.8. If f: X — Xis a Galois covering then
i)f * (m1(X, %)) is a normal subgroup of mi (X, x) and
ii)m (X)) f = (m(X,2)) & Deck,(X)

In section 2, we construct and investigate functors and also construct the group
of covering transformations of a covering and we study this group with the functors
Decky and 7

2. THE GROUP OF COVERING TRANSFORMATIONS AND FUNCTORS

Let p: (X,Z) — (X,z0) be a covering and Deck,(X) = set of all covering
transformations; then we have the following Theorems:

Theorem 2.1. Deck, (X') forms a group under the composition of functions.

Proof. 1t is straight forward to check that the set of deck transformations is
closed under composition and the operation of taking inverses.Therefore the set
Deck,(X) forms a group. O

Theorem 2.2. Let (X1, #1) and (X2, &2) be two coverings of (X,xo).If g : (X1,%1) —
(X2, Z2) is a homeomorphism,then g induces g*: Deck,(X2) — Deck,(X1) is a
group homomorphism.
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Proof. Let us define g : Deck,(Xy) — Decky(X1) by

g*(f) = g7 fg9,Vf € Deck,(Xs).

Next let Ay, ho € Deckx(f(g) be such that

hi =hy = h1g = hag = g~ hig = g~ "hag = g*(h1) = g (h2)
¢* is well defined.

Next we show that for hi, hy € Deck,(Xs),

g*(hih2) = g*(h1)g" (h2)

Now
g*(hiha) = g ' (hiha)g, by def.
= g Y(higg~'ha)g
= (97'Mg)(g " hag)
= g"(h1)g*(h2)
Thus g*(hih2) = g*(h1)g*(h2)

= g*is a group homomorphism.
O

Corollary 2.3. If ()~(1,§:1) and (f(g,if:g) are equivalent coverings of (X,xo),then
the groups Deck,(X1) and Deck,(Xz) are homomorphic.

Proof. Using the definition 1.4 and the theorem 2.2,this follows. O

Proposition 2.4. Let p; : (XZ,:EZ) — (X, x0) be a covering maps,i=1,2,... .Then
Deck,(X;) and this group homomorphisms forms a category. This category is de-
noted by 'Cgrp’.

Proof. We take all the groups, of the group of covering transformations of the cov-
ering from (X,x() as the set of objects and the set of all covering group homomor-
phisms,the set of homomorphisms and the composition is the usual composition
of mappings. O

Let 'Cov’ denote the category of covering spaces of (X,zg)and their homeomor-
phisms and 'Cgrp’ denote the category of the group of covering transformations
and their homomorphisms.

Then we have the following theorem:

Theorem 2.3. For each pointed topological spaces X, there exists a contravariant
functor
Deck, : Cov — Cgrp

Proof. Using the theorems 2.1 and 2.2, Deck, ()~() is a group for each coverings of
X and also for g : (X1,#) — (Xa,#2) is a homeomorphism in Cov,
g* : Deck,(Xo) — Deck,(X1) by g*(f) = 9" fg,Vf € Deck,(Xs).

Let (Xl,fl),(f(gjg) and (Xg,fg) are coverings of (X,zg) and « : X — Xo
and 8 : X5 — X3 are homeomorphisms,then S : X; — X3 is also a homeomor-
phism.
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Thus (B)* : Deck,(X3) — Decky(X1) by
(Ba)*(h) = (Ba)'h(Ba),¥h € Decky(Xs)

(™' B7H)h(Ba)

a B hp)a

a”'(B*(h))o

a* (8 (h))

(aG7)(h)

Thus ¥ h € Deck,(X3), (Ba)* =a*f*.

Also, for identity covering transformation

I; - X — X, I% : Deck,(X) — Deck,(X)
by .
I;(f) = Ii: fli = f = IDeckm(X')’

thus Deck, 1is a contravariant functor. O

Now using Lemma 1.6 and 1.8, we have the following Theorem:

Theorem 2.6. Let ()~(1, #1) and (X5, Z2) be two equivalent coverings of (X,z0),
where X is a connected manifold, then

Decky(X1)/f s m1 (X1, #1) = Deck,(X3)

Proof. Using Definitions 1.2 , 1.4 and Lemmas 1.6 , 1.8 and the fundamen-
tal theorem of homomorphism, this theorem follows. O
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