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INDEPENDENCE OF CHARACTERIZING PROPERTIES OF
(m+ k,m)~-RECTANGULAR BANDS

VALENTINA MIOVSKA AND DONCO DIMOVSKI

Abstract. An (m + k,m)—semigroup (Q;[]) which is a direct product of
a left-zero (m + k, m)—semigroup and a right-zero (m + k, m)—semigroup is
called an (m + k, m)—rectangular band. The class of (m + k, m)—rectangular
bands is characterized by the following identities:

k ji—1 i+k—1 k .
ey {q;;rw ]Z = {y{ xz'y;j;l xi+ky]T;;+1]j7 2,7 € N

+2k] [ m+2k] .
(ID [I;n :|7, - {ximﬁk‘*l]i’

m+k m
x =x.

(I11)

Here, the independence between these identities is proved.

1. PRELIMINARIES

For a set Q and a positive integer s, Q° denotes the s-th Cartesian power of Q.
We use the notation x{ for the elements of Q®. If 1 = 23 = --- = x5 = z, then
x7 is denoted by the symbol .

Let n, m be positive integers. An (n, m)—groupoid is a pair (Q; [ ]) where Q # @

and [] is an (n,m)—operation i.e. a map []: Q™ — Q™. Every (n, m)—operation
on @ induces a sequence [ ]1,[ ]2, .., [ ]m of n—ary operations on the set @, such
that

(Vi € Ny) [27]; = ui) & [27] = y7".

Let m > 2,k > 1. An (m + k,m)—groupoid (Q;[ ]) is called an

(m + k, m)—semigroup if for each i € {0,1,2,...,k}
i i k k k] ,.m-+2k
[#1 [ ] 2] = [0 e

Let A = (A,[]) be an (m + k, m)—groupoid, where the (m + k, m)—operation
[]is defined by [#7""*] = 7. Then A is an (m 4k, m)—semigroup and it is called
a left-zero (m + k, m)—semigroup.

Dually, a right-zero (m + k, m)—semigroup B = (B, [ ]) is defined by the oper-

ation [27"TF] = :ckm_ﬂk
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The pair (A x B;[]), where [ ] is an (m + k, m)—operation on A x B defined by

[qunij} = y{n g (xl = (ai;bi)’yj = (ajvbj—i-k)vi € Nm+kaj € Nm)
is an (m + k, m)—semigroup and it is a direct product of a left-zero (A) and a
right-zero (B) (m + k, m)—semigroup. Such an (m + k, m)—semigroup is called
(m + k, m)—rectangular band.

2. CHARACTERIZATION OF (m + k, m)—RECTANGULAR BANDS

A characterization of (2k, k)—rectangular band is given in [3] and a characteri-
zation of (m + k, m)—rectangular band when k < m is given in [4]. Here we will
give a characterization of (m + k, m)—rectangular band in general.

Theorem 2.1. An (m+k, m)—semigroup Q = (Q, [ ]) is an (m+k, m)—rectangular
band if and only if the following conditions are satisfied in Q:

s e
(1) [ ], = [y{ 1301‘?/?11 1xi+,€y;’fk’il R € N
() (24, = (o],

1T k+1
(111) {mfk} =

Proof. Suppose that the (m + k, m)—semigroup satisfies (I), (II) and (III), and a
is a fixed element of Q.

(A) Denote by L the subset of Q, L = { [m er(fl} |z € Q}.
1

Let {xz a71 € L, 7€ Nyyg. Then:

1
m—+k—1 m—+k—1 1 m+k—1 k—1 m-+k—1 m—1
T a e | Tk @ =l|lx; a a |Ziyr Q a
1 144 1 1 1

1 H m+k1:| k1|: m+k1:| [ m+k1:| { m+k1:| ]
= ZT; a a |Titk a Tit+k a e [ Titk a
1 1 2 md1
[ erkl:l k—1 m+k1:| 11 H m+k1:| m+k1:|
=|lz; a a Tiyk O =||lz; a a
L 1 i 1 1 1
1 [m—1 |:m1 k—1 k-1 ]
= a r; a a a a
L 4m m

I m—1 k-1 m—1 k—1 m—1 k-1 k-1
= a r; a al ... a r; a a a x; a a a a
1 m—1

L _ m
m—1 k—1 k-1 II |m—1 k—1 1 k—1 m-—1 m+k—1

= a r; a a a a = a xr; a a =\|Tr; a a = |Z; a .

m 1 1

So, (L,[]) is a left-zero (m + k, m)—semigroup.

(B) Let D = { [m%c_lz] |z e Q} and z; € Q,% € Ny, . Then:

m+k—1 m+k—1 I |m—1|m+k-—1 k—1 [m+k—1
a 1 . a Tm+k = a a ZT; a a Titk
m md g m mdm
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I m—+k—1 m—+k—1 m+k—1 k—1 |m+k—1
= a ZT; a ZT; a ZT; a a Titk
1 m—1 m m
m+k—1 k=1 |m+k—1 II |mk—1|m+k—1
a xT; a a Titk =l|la a a Titk
mdm mdm

1 k—1 k—1 m—1| m—1
=la a |a a gk a a

1 1
I k—1 k—1 m—1 k—1 m—1 k—1 m—1
=la a |a a Ty a a a4 Tiyr a oo |a a Tipp G

1 2 md1

k—1 k-1 m—1 11 k—1 m—1 I |m—1 k-1
=|a a a a Tirp a a a T a = a a a Tiig =
1 m

1
So, (D,[]) is a right-zero (m + k, m)—semigroup.
(C) We define a map ¢ : L x D — @ with:

m+k—1 m+k—1 k—1 m-—1
el |z a , a y =|lray a ,
1 m 1

for all [x m+c§€_1] , [m+clzc_1y} e LxD.
1 m

(C1) We will prove that ¢ is a well-defined map.
Let l::li m+ak_1} = {u m+c’L€_1] , [m-'—cf_l y] = [m+oll€_1 U:| . Then:
1 1 m m

(CL.1) [xmﬂf‘l} - {umﬁf‘l}
1 1
|:m—1|: m+k—1:| k—1 ]
a |z a a x
1 m

m—1|m—1 k-1 k—1
a a r a a a x
m m

m—1 k-1
a Tr a a
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m—1 k-1
So,z=|a uw a x| .
m

rafi] [
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m 1
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1 m—1 k-1 m—1 k-1 m—1 k-1 k—1 m—1 k-1 k-1

= a u a x| ... a u a x a u a x a v = a u a xr a v
L 1 m—1 m m

II {[m—1 k-1 1 k—1 m—1

= a u a v =lu a v a

Therefore, ngs a well-defined map.
(C2) We will prove that ¢ is an injection.

m+k—1 m+k 1 m+k—1 m+k—1
Let ¢ [x a } { } =@ {u a } ,{ a v} ,
1

m
. k—1 m-—1 -1 m-1
ie. {xay a} :{uav a] Then:
1 1
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m—+k k=1 m-—1
[, = e
1 1

Then
m+k—1 m+k—1 k—1 m—1 1 k—1 k—1 m-—1 m—1
a y| = a yav a =la a |y av a a
1dm 1 1
1 k—1 k=1 m-—1 k—1 m-—1 k=1 m-—1 k=1 k—1 m-—1
=laa |lyava yav a Ly e voa =laayav a
1 2 md 1 1
[ k=1 m—1] I [m-1 k-1 |:m+k1
=l|la a v a = a a a v =
1 m m
m—+k—1 m+k—1 m-+k—1 m+k—1 . . .
So, , Y = U a , v , l.e. @ is an in-
1 m 1 m
jection.

(C3) We will prove that ¢ is an surjection.
Let x € Q. Then [m m+cltc_l] €L, {mﬂf_lx} € D and
1 m

m+k—1 m+k—1 k=1 m-—1 I |m+k| III
ol |z a , a x =|r ax a =| x =z.
1 m 1 1

(C4) We will prove that ¢ is an (m + k, m)—homomorphism.

Let a; = < [xz m+c’ic_1] , [m-‘_(f_lyi} ) € LxD,i €Ny 4.
1 m

Then:
o +4],

(] L] ) (o] [ ] )]
(O S e R R
(] )

and

+Ek—1 +Ek—1 k—1 —1
<P([041n+k]i) = <P< {xim a ] ) {m a yi-Hc} > = |:33i a Yit+k "a } .
1 m 1

On the other hand, p(a;) = go( {zz m+c]f_1} , {m—kc]f_lyi} ) = [a:l kalyi mcfl] .
1 m 1
Then:
k—1 m—1 k—1 m—1
o). plampnll = | 22" 8| o " |
1 11
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1 k=1 m-—1| k-1 k—1 m—1| m—1
= T a vy a a |:xi+k a Y+ Q :| a :l

LL J1 1 1
I k=1 m—-1| k-1 k—1 m—1 k—1 m—1
= |:$Z a y;, a :| a |:$i+k @ Y+ a :| . |:xi+k a Yi+r a :| :|

=L 11 1 md 1

k=1 m—-1| k-1 k—1 m—1 11 k=1 m—-1| k-1 m—1
= Ty a y; a a Tivr A Yi+k Qa :| = |:|:Iz a y;, a :| a Yi+r a :|
1 1 1

1

m—1 k—1 —
a Yit+k

a a x; a Yy,
L m m

m—1 k—1 m—1 k—1 k—1
i ce a x; a y; a x; a y;
1 m—1 m

a Yitk

.

m—1 k=1 k=1 I [m—1 k=1 I k=1 m—1
= a x ay a Y|l —| @ T 0 Y| T |Ti @ Yipp @ .
L m m 1
So, w([a?+k]i) = [p(a1) ... p(amir)]; i-e. @ is an (m + k, m)—homomorphism.

Hence, Q is a direct product of a left-zero and a right-zero (m+k, m)—semigroup,
i.e. Qis an (m + k, m)—rectangular band.
Conversely, let Q is an (m + k, m)—rectangular band.

(D) Let ($a7ya>7(uﬁ?yﬁ) S Q7 ($i7yi) = (Uj,’l)j), (l‘i+k7yi+k) = (uj+k7vj+k?)7
a,B € Nptk, 4,7 € Ny, Then:
[(@1,91) - (@mtkes Ymetr)]; = (i Yin) = (w5, 05400) = (w1, v1) - - (Ungk, Vintn)] -
Hence, Q satisfies (I).

(E) Let (q,Ya) € @, @ € Ny yop. Then:

[(x1,91) - - (T2, Ymaak)];
=[[(x1,91) - - - (ks Ymak)] Tkt 1, Ymorkt1) - - (Tmt2k; Yme2k)];
= [(@1,Y14%) - (T Yt k) (T k15 Ykt 1) - - (Tms2k, ym+2k)b

= (331‘7 yi+2k) = [(901, yl) cee (331‘7 yi)($i+k+17 yi+k+1) cee (xm+2/€7 ym+2k)]i :
Hence, Q satisfies (IT).

In the sections 3, 4 and 5 we will construct three examples of vector valued
semigroups that satisfy exactly two of the identities (I), (IT) and (III). This way
we prove the independence of the characterizing properties.

m+k
(z,9)

m+k
(z,y)

(z,7).
O

7

(F) Let (z,y) € Q, i € N,,,. Then [
Hence, Q satisfies (I1I).

= (z,y), ie. {

3. INDEPENDENCE BETWEEN (III) AND THE IDENTITIES (I) AND (II)

Example 3.1.
is defined by:
LY,

_ ) Oy,

oy =4
00,

Let ({0,1,2};[]) be (3,2)—groupoid, where the (3,2)—operation

xF#2,yF#2
x=2,y#2
x£2,y=2

r=y=2
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Let x,y,z,a € {0,1,2}. Because

[xya], x#2,y#2 zy, vF2,y#2

_ ) Oya], z=2y#2 ) 0y, z=2y+#2
([zyzla] = [x0a], z#2,y= ) 20, x#2,y=2
[00a], z=y=2 00, z=y=2

[yz], y#2,27#2 vy, TF2YyF2

[z[yzal] = [y0], y#2,z=2 ) 20, z#2,y=2
[z00], y=z= 00, w=y=2

we obtain that ({0,1,2};[]) is a (3, 2)—semigroup.
Here (I) holds since for each z,y, z,a € {0, 1,2}

r=2 0, y=2
T #
Tr =
For x,y,z,a € {0,1,2} we have
[xyza]; = { g: zig = [zza], and [ryzal, = { ZO/: zig
So, (IT) is satisfied in ({0,1,2};[]).
Since [222] = 00, (IIT) is not satisfied in ({0,1,2};[]).

[xyz]; = { g’ v 72 = [zyaly, [zyz]s = { v, Y72 = [ayz]s and
€z,

[zyz]: = { 0. ; = [azy]s.

= [zyal,.

Let assume that ({0,1,2};]]) is a (3,2)—rectangular band. Then it is isomor-
phic to a direct product of one left-zero (3,2)—semigroup A = (4;[]*) and one
right-zero (3,2)—semigroup B = (B;[]?). Since |{0,1,2}| = |A x B| = |A| - |B|,
we obtain that either |A| = 3, |[B| =1 or |A] = 1,|B| = 3. Let A = {a,b,c} and
B = {d}. Then [(z,d)(y,d)(z,d)]**® = (2,d)(y,d) and from here ({0,1,2};[]) is
a left-zero (3, 2)—semigroup, which is false since [222] = 00. Similar, in the second
case we obtain that ({0,1,2};[]) is a right-zero (3,2)—semigroup, which is false
([222] = 00).

Therefore, identity (III) is independent of identities (I) and (II).

4. INDEPENDENCE BETWEEN (I) AND THE IDENTITIES (II) AND (III)

The next example shows independence of identity (I) and the rest of the iden-
tities.

Example 4.1. Let ({0,1};[]) be (3,2)—groupoid, where the (3,2)—operation is
defined by:
00, z=0
[Iyz]{ 1, z=1"
Let x,y,2,a € {0,1}. Then

vl ={ el 220 {0 727 ~Ebea)

[1la], =1 11, z=1 ’
here for ({0,1};]]) is a (3, 2)—semigroup.
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Let z,y,2,a € {0,1}. Using
0, z=0
[xyzal, = L z=1 = [xza], and [zyzal, = { 1
it follows that (II) holds in ({0,1};[])-
Since [000] = 00 and [111] = 11, (III) is also satisfied in ({0, 1};[ ]). But identity
(I) does not hold in ({0,1};[]), since [011], = 0 # 1 = [111],.

Tr =
r=1

’ = [zyal,

)

Let assume that ({0,1};[]) is a (3, 2)—rectangular band. Then it is isomorphic
to a direct product of one left-zero (3,2)—semigroup A = (4;[]4) and one right-
zero (3, 2)—semigroup B = (B; [ ]B). Since [{0,1}| = |A x B| = |A|-|B|, we obtain
that either |A| = 2, |B| =1 or |A| = 1,|B] = 2. Let A = {a,b} and B = {c}.
Then [(a:,c)(y,c)(z,c)]AXB = (x,¢)(y,c), and therefore ({0,1};[]) is a left-zero
(3, 2)—semigroup, which is false since [011] = 00. Similar, in the second case we
obtain that ({0,1};[]) is a right-zero (3, 2)—semigroup, which is false ([011] = 00).

5. INDEPENDENCE BETWEEN (II) AND THE IDENTITIES (III) AND (I)

Example 5.1. Let ({0,1};[]) be (3,2)—groupoid, where the (3,2)—operation is

defined by:
[010] = [011] = [101] = [110] = [111] = 11; [000] = 00; [001] = 01 and

[100] = 10.

Since
[[000] 0] = [000] = 00 = [000] = [0 [000]]
[[000] 1] = [001] = 01 = [001] = [0 [001]]
[[001] 0] = [010] = 11 = [011] = [0[010]]
[[001]1] = [011] = 11 = [011] = [0[011]]
[[010] 0] = [110] = 11 = [010] = [0 [100]]
[[010]1] = [111] = 11 = [011] = [0[101]]
[[011]0] = [110] = 11 = [011] = [0[110]]
[[011]1] = [111]) = 11 = [011] = [0 [111])
[[100] 0] = [100] = 10 = [100] = [1 [000]]
[[100] 1] = [101] = 11 = [101] = [1 [001]]
[[101]0] = [110] = 11 = [111] = [1[010]]
[[101]1] = [111] = 11 = [111] = [1 [011]]
[[110] 0] = [110] = 11 = [110] = [1[100]]
[[110]1] = [111]) = 11 = [111] = [1[101]]
[[111]0] = [110] = 11 = [111] = [1[110]]
[[111]1] = [111] = 11 = [111] = [1[111]],

it follows that ({0,1};[]) is a (3, 2)—semigroup.
Here (I) holds since

[000], = [001], = [000], = [100], = 0
010], = [011], = [001], = [101], =1
[100], = [101], = [010], = [110], = 1
[ [

110], = [111], = [011], = [111], = 1.
Also, the identity (IIT) holds because [000] = 00 and [111] = 11, but (II) is not
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true because [0100], = 1 # 0 = [000], .

The (3, 2)—semigroup ({0,1};[]) is not (3, 2)—rectangular band, because if it is
(3,2)—rectangular band then it is isomorphic to a direct product of
one left-zero (3,2)—semigroup A = (A;[]#) and one right-zero (3,2)—semigroup
B = (B;[]?), where either |A| = 2, |[B| = 1 or |A| = 1,|B| = 2. In that case
either ({0,113 (1) 2 (45 }4) or ({0,1};[ ) = (B[ ]7), which is false, ({0, 1}; ]
is not a left-zero (3,2)—semigroup ([001] = 01) and right-zero (3,2)—semigroup
([110] = 11).

Therefore identity (II) is independent of identities (III) and (I).
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HE3ABVCHOCT HA KAPAKTEPU3UPAUKUTE CBOJCTBA HA
(m + k,m)-IIPABOATOJIHU JIEHTU

Banentuna Mwuoscka, Touuo JluMmoBCEM
Pe3zuwme

(m + k,m)-monyrpynara (Q;[]) Koja e OMpeKTeH HPOU3BOJL HA €IHA JIEBO-
myara (m -+ k,m)—noayrpyna u enHa mecHo-uyata (m -+ k,m)—mnoayrpyna ce
HapekryBa (m-+k, m)—upasoaronna genra. Kiaacara Ha (m+k, m)—npasoarod-
HU JICHTU C€ KapaKTEePU3UPa CO CJIEIHUBE UICHTUTETHU:

m j— j+k— m T
(I) [ajl +k]i = |:y{ 1%3/}11 1Z‘i+/€yj+—i]_g]i1:|j7 1, ] € Ny, 5
(1) [27"**"], = [wiaf P20 ]
(I11) [mﬁ] -

Bo oBoj tpym, e mokakaHa HE3aBUCHOCTA HA UIECHTUTETUTE.
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