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APPLICATION OF ANALYTIC REPRESENTATION OF
DISTRIBUTION IN THE COMPLEX ANALYSIS

V. REČKOSKI AND V. MANOVA ERAKOVIĆ

Abstract. Our aim in this paper is to present how the analytic repre-
sentation of distributions can be applied in some problems in the theory
of complex analysis. In fact we give two theorems in this direction.

1. Introduction

It is known that for every Schwartz distribution T ∈ D′ there exists a
complex function f , analytic on the complex plane C unless some closed
subset of R, whish is the support of T and

f (x + iy) − f (x − iy) → T in D′ as y → 0+.

The function f is called analytic representation of the distribution T . The
analytic representation is determined up to an entire function. Of course
every entire function is the analytic representation of the zero distribution
([1]).

A class of distributions whose analytic representation is determined by
the Cauchy kernel function

t → 1
2πi (t − z)

,

is very well known

(1)
∧
T (z) =

1
2πi

< Tt,
1

t − z
>, z ∈ C \ supp T

and in that case the analytic representation is also called a Cauchy repre-
sentation of the given distribution ([1]).
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Here we will consider analytic functions defined by integrals as, for ex-
ample, is the Gamma function

Γ (z) =

∞∫

0

tz−1 exp (−t) dt for Re z > 0

which can be analyticly extended on the domain Ω = C\(−Z+) where

Z+ = {0, 1, . . . } by the formula Γ (z) =
Γ (z + m)

z (z + 1) ... (z + m − 1)
. In the

point −m,m ∈ Z+, Γ has a simple pole with Res (Γ,−m) =
(−1)m

m!
.

The Gamma function is the analytic representation of the following dis-

tribution T = 2πi
∞∑

m=0

(−1)m+1

m!
δ−m where δ−m is the Dirac distribution at

the point −m ([1]).

It is clear that supp T = {0,−1, . . . ,−m, . . . } i.e. it consits of the points
in which the Gamma function has the singularities.

2. Two theorems concerning application of analytic

representation of distribution in the complex analysis

The fact that a given function is the analytic representation for some
distribution T can be of interest in the study of this function with the aid
of the properties of the analytic representation. For example, to determine
the domain of analyticity, or the jump as z crosses through any point x ∈ R,
from the upper half plane to the lower half plane of the complex plane C.

Let us consider

g (z) =

∞∫

0

dt

exp t − z
, z ∈ C \ [1,∞)

We will determine the domain of analyticity and the jump as z crosses
the real line at the point x from the upper half plane Π+ to the lower half
plane Π−.

Of course, this problem is the ordinary one in the complex analysis, but
we will consider it by the means of the analytic representation.
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To do this, we first make the change u = exp t and obtain

g (z) =

∞∫

1

1
u

du

u − z
, z ∈ C \ [1,∞).

Now we consider the function u → 1
u

H (u − 1), where H is the Heaviside

function, as a regular distribution T whose suppT = [1,∞). This distribu-
tion has a Cauchy representation

∧
T (z) =

1
2πi

∞∫

1

1
u

H (u − 1)

u − z
du, z ∈ C \ [1,∞)

Since suppT = [1,∞) from the analytic representation we conclude that

the function
∧
T is analytic in the domain Ω = C \ [1,∞).

Since
∧
T (x + iy)− ∧

T (x − iy) → 1
x

H (x − 1), as y → 0+ in the distribution

sense, this fact suggest us that
1
x

H (x − 1) is the jump of
∧
T as z crosses x ∈

(1,∞) and then it is easy to verify this. Since g = 2πi
∧
T , we can conclude

that the function g is analytic function on the domain Ω = C \ [1,∞) and

that in x ∈ (1,∞), it has jump
2πi

x
and the jump is 0 at x < 1.

In the following part we present, in the form of theorems, a more com-
plicated cases.

Theorem 2.1. If f and g are continuous real valued functions defined on
an interval [a, b] and if f ′ > 0 is also continuous on (a, b), then

(2) F (z) =

b∫
a

g (t) dt

f (t) − z

is analytic in C\[c, d], c = f(a), d = f(b) and the jump is g
(
f−1 (x)

) (
f−1 (x)

)′,
x ∈ [c, d].

Proof. From the integral which defines the function, it is not clear where
this function is analytic and what is its jump at x ∈ R. We will use the
analytic representation, and in order to do so we first, make a change of
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variable , and give the function in the form

F (z) =

d∫
c

g
(
f−1(t)

) (
f−1(t)

)′
t − z

dt

where c = f(a) and d = f(b).

Now we consider the function

(3) h (t) = g
(
f−1 (t)

)
(f−1 (t))′H (t − c) H (d − t) .

This function determines a regular distribution with support [c, d] and thus
has the Cauchy representation

∧
h (z) =

1
2πi

∞∫

−∞

g
(
f−1 (t)

)
(f−1 (t))′H (t − c) H (d − t)

t − z
dt.

The function
∧
h (z) as a Cauchy representation is analytic on the domain

C \ [c, d]. Further, since
∧
h (x + iy) − ∧

h (x − iy) → h (x) as y → 0+ in

distribution sense, this suggest us that the jump of
∧
h (z) at x ∈ (c, d) is

equal to g
(
f−1 (x)

)
(f−1 (x))′, which is not difficult to prove. Now since

F (z) = 2πi
∧
h(z), we conclude that F (z) is analytic on C \ [c, d] with the

jump 2πig
(
f−1 (x)

)
(f−1 (x))′ for x ∈ (c, d) and zero for x < c.

Theorem 2.2. Let g(t) be a continuous function on the interval (r,∞),
r > 0 and g(t) = 0 for t ≤ r and let g(t) be a locally integrable which satisfies
g (t) = O

(
|t|β

)
as |t| → ∞ for β < 0. Then the function

(4)
∧
g (z) =

1
2πi

∞∫

−∞

g (t)
t − z

dt, Imz �= 0

is analytic in the domain Ω = C \ [r,∞) and is an analytic continuation of
a power series whose coefficients are determined by the function g.

Proof. The function g with the given properties is a regular distribution
which has the Cauchy representation given by the formula (4). After the
change of variable we have that

∧
g (z) =

1
2πi

∞∫

−∞

g (exp t) exp t

exp t − z
dt =

1
2πi

∞∫

ln r

g (exp t)
1 − z exp (−t)

dt.
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For |z| < r we have

∧
g (z) =

1
2πi

∞∫

ln r

g (exp t)
∞∑

n=0

zn exp (−nt)dt =
∞∑

n=0

anzn

where

an =
1

2πi

∞∫

ln r

g (exp t) exp (−nt) dt.

Since
∧
g (z) is an analytic function in the domain Ω = C \ [r,∞) it follows

that the radius of convergence of the power series is equal to r and in the

point r has a singularity. The function
∧
g (z) is analytic extension in the

domain Ω for the power series.

Of particular interest are the functions of the form (t − a)β H (t − a) for
−1 < β < 0 which are regular distributions and whose derivatives are the
distributions βPV (t − a)β−1H(t − a) where PV is the principal value in
the sense of Adamard.

Note. In some cases we have the opposite task: to determine the analytic
continuation of a given power series.

References

[1] Bremerman G., Raspredelenija , kompleksnije permenenije i preobrazovanija Furie,
MIR; Moskva 1968.

[2] Carmichael R. D., Mitrovic D., Distributions and analytic functions, John Wiley and
Sons ; Inc. New York 1989.

[3] Carmichael R. D., Kaminski A., Pilipović S., Boundary values and Convolution in
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