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ON INEQUALITIES COMPLEMENTARY TO JENSEN’S
INEQUALITY

M. KLARICIC BAKULA, M. MATIC, AND J. PECARIC

Abstract. In this paper we give generalizations of two complementary in-
equalities proved by Pecari¢ and Mesihovié. We also show that a general-
ization of Niculescu’s inequality obtained by M. Dinca, S. Radulescu and M.
Bencze is a simple consequence of an older theorem proved by Pecari¢ and
Mesihovié. We give an example which shows that a conjecture stated by M.
Dinci, S. Radulescu and M. Bencze is incorrect.

1. INTRODUCTION

In paper [1] M. Dincd, S. Radulescu and M. Bencze proved the following theo-
rem.

THEOREM A. Let f:[a,b] = R, a <b, be a differentiable and convex function
and a <x1 <z9 < ..<uz, <b. Then

S F(ex) —nf (izxk>
k=1

k=1

< max {kf(a>+(n—k)f(b)—nf(’“‘+(”"“)b)}. (11)

1<k<n—1 n

In the same paper the authors also stated this conjecture.

CONJECTURE A. Let f : [a,b] — R, a < b, be a differentiable and convex
function, p; >0 (i=1,...,n) and 0 <a <z <zy <..<xz, <b Then

é;mf(m)-f(é;mm)
P {kf(a)+(n—k)f(b)_f<ka+(n—k)b>}’

~ 1<k<n-1 n n

where P, = 7' k.

In paper [2] J. Pecari¢ and B. Mesihovié¢ proved the following two theorems.
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18 M. KLARICIC BAKULA, M. MATIC, AND J. PECARIC

THEOREM B. Let f: [m,M] — R, m < M, be a function such that " (z) >0
n [m,M], p; >0 fori € I, = {1,2,...,n}, x; € [m,M] for i € I, and P, =
>ier, i =1. Then

Zpl x;) <2p1x1> < maXW( )< U (1.2)

i=1
where
Pr = szy IClI,,
icl
W(I)=Prf(M)+ (1~ Pr)f(m)—f(PtM+(1—-Pr)m),

U:f(]‘]{}:;(m)f’_1<f(]‘;\[4):;(m)>+
+Mf(-7\]i[)::zf(m) f(f/l (f(]\]/-\f;:i(m)))

THEOREM C. Let the conditions of Theorem B be fulfilled and
m<x, <..<z <M.

Then

sz (1) <2p1w1> < r:lcaﬁW(Ik) U,

where U 1s deﬁned as in Theorem B and

k
]k:{1727"'ak}7 szzpz
i=1

W (Ix) = Pi.f (m) + (1 = Py) f (M) — f (Pem + (1 — Py) M) .

In Section 2, as the main results of this paper, we give the versions of Theorem
B and Theorem C in which the condition f” (z) > 0 on [m, M] is relaxed to the
more natural condition that the function f is convex on [m, M]. Then, in Section
3, we show that for any function f which fulfills the condition f” (z) > 0 on
[m, M], the result of Theorem A can be obtained as a special case of Theorem B.
After that we give an example which shows that Conjecture A is incorrect.

2. MAIN RESULTS

Let f: I — R, I CR, be a convex function. Then the inequalities

flw)=fx) _ fw)=Ffly) _ f) - [
w— - w—1Y - r—y
@16 fW) 16 1)

T—z y—z
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hold for any w < x < y < z in Int (I) (see for example [3]). We shall use this well
known property of convex functions to prove the following lemma.

Lemma 1. Let f : [m, M] — R be a convex function on [m,M] and z € [m, M],
p € (0,1) fized. Then the function ¢ : [m, M] — R defined by

@)= (1—p)f(z)+pf )= f((1—-p)z+pt)
for allt € [m, M], has the following properties:
i) for allt € [m, M|

() > ¢ () =0 (2.2)
1) for all t1,ty € [m, 2], where t; <ty
p(m) =@ (t) = ¢(t2), (2.3)

i.e. function @ is nonincreasing on [m, z];
i1i) for all 81,89 € [z, M], where s; < s9

@ (M) 2 ¢(s2) 2 ¢ (s1), (2.4)
i.e. function ¢ is nondecreasing on [z, M].

Proof. i) We can easily see that ¢ (z) = 0, and since f is a convex function we
have ¢ (t) > 0 for all ¢ € [m, M].

i) If z = m then [m, 2] = @ and inequalities (2.3) trivially hold, so let z €
(m, M]. If t; = m then the first inequality in (2.3) becomes equality, and if ¢; = 2
the same inequality follows from (2.2), so let t; € (m, z) . We have

@ (m) — ¢ (t1)
=1 -p)f(z)+pf(m)—f((1—p)z+pm)—
—(1=p) f(z) =pf (1) + [ (1 —p) z+ pt1)

4t —m) f((1=p)z+pt1) — f((1—p)z+pm)

(1 =p)z+pt1 = [(1 = p) z + pm]
ot —m) f(A=pz+pt) = f(A=p)z+pm) [f(t)—f(m)
(I1=p)z+pt;1 —[(1 —p)z+pm] ti—m
Since (1—p)z +pt1 € (t1,2), (1—p)z +pm € (m,z) and (1 —p)z + pt;1 >
(1 —p) z 4+ pm, according to property (2.1) we obtain
f(A=p)z+pt)) - f((A=—p)z+pm) _ f(t) = f(m)
(I-=pz+ph—[1=p)z+pm] — ti—-m

so we can conclude

)

o (m) —¢(t1) 2 0.
Let t1,t2 € [m, 2], t1 < ta. If t; = t3 we have ¢ (t;) = ¢ (t2), so we consider
the case t1 < ta. If ta = 2, ¢ (t1) > ¢ (t1) follows from 4). Now, for t1,t3 € [m, z)
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and t; < ty we have

@ (t1) — ¢ (t2)
=1 -p)f(z)+pf(ts) = f((1—=p)z+pt1)—
—(L—=p) f(2) —pf (t2) + f (1 —p) z+ pt2)
—p(t —t) f(t1) —f(lfz)+
t1 —to
f((L=p)z+pt2) = f((1 —p)z+pt1)
(1—p)z+pta —[(1—p)z+ pti]
f((A=p)z+pta) = f((1=p)z+pt1) [f(t2) = f(t)

BRI R P Ry T

Since (1 —p)z + pta € (t2,2), (1—p)z + pt1 € (t1,2) and (1 —p)z + pty >
(1 —p) z + pt; according to (2.1) we obtain

f((1=p)z+pta) — f(1=p)z+pt1) _ f(t2) = f(t1)
(1=p)z+pta —[(1—p) 2+ pti] ta — 11

+p(ta —t1)

v

b

so we can conclude
@ (t1) — ¢ (t2) > 0.

i14) If 2 = M then [z, M] = & and (2.4) trivially holds, so let z € [m, M) . If
= M then the first inequality in (2.4) becomes equality, and if s = z the same

follows from (2.2), so let s3 € (2, M). We have
@ (M) — ¢ (s2)
=1 =p)f(z)+pf (M) = f((L-p)z+pM)—
-(1- )f(Z)—p (82)+f((1—p)2+p82)
oan S =p)z+ps2) — f((1—p)z+pM)
tle2 = M) (I=p)z+psz—[(1—p)z+pM]
(M=) M) = f(s2) f((L=p)z+pM)—[((1—p)z+psa)]

M — sy (1—=p)z+pM —[(1—p)z+ psa)

Since (1 —p)z +pM € (2,M), (1 —p)z + ps2 € (2,s2) and(1 —p)z + pM >
(1 —p) z + psa, according to (2.1) we know that

f(A=p)z+pM) - f(A-p)z+s2) _

1-p)z+pM —[(1—p)z+s2] ~— M-—sy

so we can conclude

@ (M) — ¢ (s2) = 0.

Let s1,82 € [z, M], 81 < so. If 51 = 89 we have ¢ (s1) = ¢ (s2), so we consider
the case s1 < so. If 81 = z ¢ (s1) < p (s2) follows from ). Now, for s1, 82 € (2, M]
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and s1 < sy we have

¢ (s2) — ¢ (s1)

=(1—p) f(2)+pf(s2) = (1 =p)2z+ps2) -

—(1=p) f(z) =pf(s1) + f((1 =p)z+ps1)
f(s2) = f(s1)

Zp(52—81)ﬁ+
oy (A =p)ztpsi) — f((1—p)z+ps2)
TP =) e T —p) s + pl
— p (52— 1) f(s2) = f(s1) f(A=p)z+ps2)—f(1—p)z+ps1)

S3 = 81 (L —=p)z+ps2 —[(1 —p)z+psi]
Since (1 —p)z + ps2 € (2,82), (1—p)z+ps1 € (z,81) and (1 —p)z + psy >
(1 —p) z + psy according to (2.1) we know that
f(A=p)z+ps2) = f((L=p)z+ps1) _ f(s2) = f(51)
(I=p)z+ps2—[(1—p)z+psi] —  s2—s

hence we can conclude

)

@ (s2) —p(s1) 20,
and this completes the proof. (I

Lemma 1 enables us to prove our first theorem which is a generalization of
Theorem B.

Theorem 1. Let f : [m,M] — R be a convex function on [m,M], p; > 0 for
i€l,={1,2,..,n}, z; € [m,M] fori €I, and P, =) ,c; pi =1, wheren > 2.

Then
sz ':E’L (szxz> < maXW( )

where
Pr=> pi, ICIy,
iel
W) =P f(M)+ (1 —Pr)f(m)—f(PM+(1—-Pr)m).
Proof. We define the function ¢, : [m, M] — R by

n—1

=Y pif (@) +paf (@ (szxﬂrpn >

i=1
If we set

D=Dpn € (071)7 t = xp,
1 n—1

> pixi € [m, M],

_1_pnZ
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then according to Lemma 1 we can deduce that ¢,, reaches its maximum in = m
or = M. Let us denote with &, such = € {m, M} . Now we define a new function
Pn—1: [va] —R by

n—2
on-1(x) =D pif (1) + pn12 + pnf (&n)
=1

n—2
—f (Z Pi%i + Ppn-1® +pnfn> ~

i=1
Similarly as in the first step we conclude that ¢,,_1 reaches its maximum in x = m

or x = M. We can continue this process, and after n steps we obtain the n-tuple
&= (&,..,&n), where & € {m, M} (i =1,...,n), for which the inequality

sz () <sz:vz><2pz (&) — (Zm&)

holds. If we define
I={iel,: & =M},
we obtain
Zpl x'L <2p1m1>
Ssz( )+ A =Pr) f(m)—f(PrM+(1— Pr)m),

which gives us

sz xl (Zp1m1> < Héaﬁfw( )

This completes the proof. (I

The following theorem is in a similar way a generalization of Theorem C.

Theorem 2. Let the conditions of Theorem 1 be fulfilled and
m<x <..<z, <M.

Then

sz ;) (ZPN&) < ax W(l),

where

k
Ik:{]~727"'7k}7 szzpz
i=1

WUk):Pkf(m)+(1_Pk)sz)_f(Pkm‘i‘(l_Pk)M)-
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Proof. We define the function ® : [m, M]" — R by

sz ) (Z pzxz> .

Similarly as before, we consider the function ¢y : [m, M| — R defined by

pif (z1) + pof (@ +sz (i)

P2 (2) =
—f <p1331 + pa + Zpﬂi) )
i=3
and we set
D =Dp2 S (031), t:l'g,
1 n
=1= > pif ().
P2,

., we have two possible cases:

Since z is a convex combination of x1, 3,
z € [x1,22) Or z € [T2,Ty].

If z € [xg, z,], we can apply Lemma 1, hence
P2 (22) < 2 (21)

= (p1 +p2) f(x1) + Zpif ()

-f ((Zh +p2)x1+ Zlh‘%‘) )

i=3
and from this we can deduce
®(z) < (p1+p2) f (z1) + Zpif (z:)
i=3

—-f <(p1 +p2) 1+ Zpﬂi) :

=3

On the other hand, if z € [z1,22), Lemma 1 can not be applied, so we must try a
similar substitution on the right end of the interval [z1, 2], i.e., we must try to
replace x,_1 with z,,. To achieve this, we consider the function

n—2
Pn—1 = Zpif(xi) +pn1f (x) +pnf (20)

i=1

n—2
-f (Z PiTi + Ppn—1Z + pnxn>
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and we set

DP=pPn-1€ (Oa]-)’ t=1xp_1,

1 n
Z= " E pif (xi).
1- Pn—1 . .=
i=1,i#n—1
Since z is a convex combination of x1, ..., ,_2, x,, we have two possible cases:
z € [x1, 1] oOr 2z € (Tp_1,Tn].

If z € [x1,2,-1], we can apply Lemma 1, hence

Pn—1 (xnfl) S Pn—1 (xn)

= ipif (i) + (Pn—1 +pn) f (Tn)

n—2
- f (Z DiZ; + (pnfl + pn) xn) )
i=1

and from this we can deduce

n—2
O (x) <> pif (@) + (Pt +pn) f (20)
i=1

n—2
- f (Z pixi + (pn—l +pn) xn) .
i=1

On the other hand, if z € (z,,-1,2,], Lemma 1 can not be applied, so we must
analyze what happens if

1
2= Z pif (xi) € [x1,22) (2.5)
P2, 5,
and
1 n
2 = I Z pif (z:) € (Tn—1,2n]. (2.6)
T Pnt

It can be easily shown that it is possible only for n = 2, and then we can carry
out the following "two point” procedure. We start with m < x; < zo < M and

¢ (z) =pif (z) +p2f (x2) — f (P12 + p2z2),
p=p1, t=x1, 2=
In this case, Lemma 1 gives us

¢ (1) < p(m)
=p1f (m) +paf (x2) — f (Prm + paza) .
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But if
¢ () =p1f (m) +paf (x) — f (prm + paz),
b =Dp2, t:x% Z=1m,
we also have
¢ (22) < o (M)
=pif (m) +paf (M) — f (prm + p2 M)
i.e. we obtain

p1f (m)+paf (x2) — f (p1m + paxo)
<pif(m) +paf (M) — f(prm +p2M),

which implies

pif (x1) +p2f (v2) — f (P121 + p222)
<pif(m)+p2f (M)~ f(prm+p2M),

and this means that statement of our theorem holds truth when n = 2. If n > 3,
the situation descibed in (2.5) and (2.6) is not possible, so either we can replace
xo with z1 (if z € [x9,x,]) or we can replace x,_1 with z,, (if z € [x1,z,—1]). If
we continue this process, after n — 2 steps we end with only two points z7 and z,,
with weights P, and (1 — Py) respectively (for some k € {1,2,...,n — 1}), and we
know that

O (x) < Pif (1) + (1= Pp) f (wn) — f (Pewy + (1 = Pr) wn) -
Now we can apply our “two point” procedure and conclude

®(x) < Ppf (m)+ (1= P) f(M) = f(Prm+ (1 - Pp) M).
From the above inequality follows

P (x) < Irglcaﬁ{Pkf(m)-F(l—Pk)f(M)—f(Pkm+(1—Pk)M)},

and this completes the proof. [l

3. EXAMPLES

Now we shall show that for any function f such that f” () > 0 on [m, M], the
result of Theorem A can be obtained easily from Theorem B.
If we choose:

[m, M] = [a,b],
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then from Theorem B we get

IR (Z j;)

i=1

< max {kf(a)+(nnk)f(b)—f<ia+ (”nk)b>}.

T 1<k<n-1 | n

Multiplying the above inequality by n we obtain (1.1). Let us note here that if
k=0 or k =n we have

k —k k —k

ff(a)Jer(b) —f (a+(rz)b> =0

n n n n

so these cases can be omitted.
Remark 1. As we can see, Theorem A can be obtained in the same way as a
special case of Theorem 2 but under relaxed conditions.
Now we give an example which shows that Conjecture A is not correct.
Example 1. Let us consider the function f :[0,2] — [0,400) defined by
f(z)=2% 2€]0,2].

The function f is convex and differentiable on [0,2]. It is obvious that the condition
a > 0 in Conjecture A is not necessary, so for the simplicity we can set [a,b] =
[0,2]. For n = 3 we will choose x = (0,1,2) and p = (%,q, % —q), where q €
((), %) . Now we have

13 1S
E;pkf(-rk) - f (Ps Z:lpkxk>

1
=q+4(2—q)—(1—q)2=—q2—q+1~

On the other hand,
e {kf(0)+(3—k)f(2) _f<k-0+(3—k).2>}

1<k<2 3 3

B 39’3 9f 9/ 9

This means that if Conjecture A was true, than for [0,2] the inequality
8
—g? — 1< =
¢ —q+1< 9

would hold. This, of course, is not possible because the inequality
8
2

— — 1> —
q q-+ 9

has real solutions q € (_9_1‘;@, _gﬁ%‘/ﬁ) of which some fulfill the condition

q € (0,3) because (*9*1%\/@, *9433;@) n(0,%) = (0’ *9+17?é\/ﬁ) £ .
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