Maremarnuku Bunaren ISSN 0351-336X
31 (LVII)
2007 (79-84)
Ckonje, Maxenonuja

ON THE EXISTENCE OF A TYPE OF
RICCI-RECURRENT MANIFOLD
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Abstract

In the present paper we study properties of Ricci-recurrent
manifolds which satisfy certain conditions, and prove the existence
of such manifolds by a non-trivial concrete example.

1. Introduction

A Riemannian manifold (M™, g)(n > 2) is said to be Ricci-recurrent
[4] if its Ricci tensor S of type (0,2) is not proportional to the metric
tensor ¢ and satisfies the condition

(Vx8)(Y, 2) = A(X)S(Y, 2), (1.1)

for all vector fields X, Y, Z, where A is a non-zero 1-form and V denotes
the operator of covariant differentiation with respect to the metric tensor
g. Ricci-recurrent spaces have been studied by M. C. Chaki [1], W. Roter
[5,6,7] and others.

A Riemannian manifold (M™, g)(n > 2) is said to be a quasi Einstein
manifold if the Ricci tensor S satisfies the condition ([2]):

S(X,Y) =ag(X,Y) + bA(X)A(Y), (1.2)
where a and b are non-zero scalars and A is a non-zero 1-form.
The paper is organized as follows:

Considering a symmetric endomorphism L of the tangent space at each
point of (M™, g) corresponding to the Ricci tensor S, i.e.,

9(LX,Y) = S(X,Y),
we study the existence of Ricci-recurrent manifolds (M™,g) of non-zero
scalar curvature r, which satisfy the condition
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[’X = - r - LX. (1.3)

At first it is shown that if such a manifold exists, then it must be of
dimension three and L will have only two eigenvalues 0 and 5 , of which the
former is simple and the latter is of multiplicity two. We also prove that
such a Ricci-recurrent manifold is a quasi Einstein manifold in the sense
of Chaki and Maity ([2]). Then a manifold (M3, g) is constructed, whose
metric in local coordinates (z*);_i3 is given by

ds? = e +=")? (dz')? + 2dztdz? + (dz®)2. (1.4)
It is shown that the manifold with this metric provides the existence of
such a Ricci-recurrent manifold.

2. Main results

We suppose that (M™,g)(n > 2) satisfies the conditions (1.1) and
(1.3). From (1.1) we get

(divL)(X) = A(LX), (2.1)
where ‘div’ denotes the divergence. Again transvecting (1.1) we get
dr(X)=X.r = A(X)r. (2.2)
From Bianchi’s second identity it follows that
2(div L)(X) ="dr(X). (2.3)
Hence from (2.2) and (2.3) we obtain
(divL)(LX) = gA(LX). (2.4)
Putting LX for X in (2.1) and using (1.3) yields
(div L)(LX) = ;L—-Z—IA(LX). (2.5)
From (2.4) and (2.5) we get 3-n
rA(LX) 555 =0,

from which it follows that n = 3, since r # 0, A # 0. We can therefore
state the following result:

Theorem 2.1. If a Ricci-recurrent manifold satisfies the condition

(1.3), then it must be of dimension three.
Let X be an eigenvector corresponding to the eigenvalue A of L. Then
LX = AX. Hence, considering the relation L?X = SLX, we get

(,\ - g),\x =0.

So A € {0, £}. Let p be the associated vector field corresponding to the
1-form A. That is, g(X,p) = A(X). Then from (2.1), (2.2) and (2.3) it
follows that
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A(LX) = CA(X).
Therefore, g(LX, p) = g(§X, p) for all vector fields X, which implies that

From (2.6) we conclude that p is an eigenvector corresponding to the eigen-
value £ of L. Summing up, we can state the following result:

Theorem 2.2. If a Ricci-recurrent manifold (M3, g) satisfies the con-
dition L2X = £LX, then L will have only two eigenvalues, namely 0 and
of which the former is simple and the latter is of multiplicity 2. Further,
if p is the vector corresponding to the 1-form A, then p is the eigenvector
corresponding to the eigenvalue § of L.

From Th. 2.1 it follows that a Ricci-recurrent manifold (M™, g)(n > 2)
satisfying (1.3) is of dimension three. Hence the manifold is conformally
flat. That is, C = 0 where C is the Weyl conformal curvature tensor defined
by

o Y)Z ~R(X,Y)Z - —[g(Y Z)LX - g(X, Z)LY + S(Y, Z)X
- 8(X,Z2)Y] + ——1)(7{'—2—)[9(1/ ,2)X - g(X, 2)Y),

R denotes the curvature tensor of type (1,3). Since C = 0, therefore
divC = 0 where ‘div’ denotes divergence. Hence it follows that [3]

1
2(n -

For n = 3, the above relation becomes

(VxS)(Y,2) - (Vz8)(X,Y) = %[Q(Y, Z)dr(X) - 9(X,Y)dr(Z)]. (2.7)

(VxS)(Y, 2) - (Vz8)(X,Y) = )[9(Y , Z)dr(X) - g(X,Y)dr(Z)).

Using (1.1) and (2.2) in (2.7) it follows that

AX)[S(Y, 2) - 79(Y, 2)] = A(2) [S(¥, X) - 29(¥, X))

o AX)T(Y, Z) = A(2)T(Y, X), (2.8)
where
° T(Y,2) = 5(Y,2) - So(¥, 2). (2.9)
Replacing X = p in (2.8) we obtain
(Y, 2) = j((z))T(Y o) = j((z)) [0 - Lotvin)].  (210)
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Using (2.6) in (2.10) yields

T(Y,Z) = rA(Z)

44(p)
Therefore using (2.9) in (2.11) we obtain

S(Y,2) = 79(Y,2) +

A®Y). (2.11)

Y. ( A ANA2). (2.12)

Hence from (1.2) and (2.12) we can state the following:

Theorem 2.3. A Ricci-recurrent manifold (M™, g)(n > 2) satisfying
(1.3) is a quasi Finstein manifold.

Finally, suppose that in the Ricci-recurrent manifold under considera-
tion the vector field p defined by g(X, p) = A(X) is a parallel vector field,
that is, Vxp = 0 for all X. Then by the Ricci identity we get

R(X,Y)p=0. (2.6)

Hence S(X, p) = 0. From (2.6) it follows that S(X, p) = 5g(X, p). Hence
r = 0, which is a contradiction. This leads to the following;:

Theorem 2.4. In a Ricci-recurrent manifold satisfying (1.3), the ass-
ciated vector field p can not be a parallel vector field.

- 3. The existence of a Ricci-recurrent
(M3, g) satisfying (1.3)
In this section we prove the existence of a Ricci-recurrent (M3, g) sat-
isfying the condition L*X = 5 LX by constructing a non-trivial concrete

example.
Example. Let us consider a Riemannian metric g on R3 by
ds? = gijdztdas’ = e +%) (dz1)? + 2dglda? + (dz3)?,  (3.1)

(3,7 = 1,2,3). Then the only non-vanishing components of the Christoffel
symbols and of the curvature tensor are

2 =(z! -l-:z:z)e(zl"’“z)2 +(z* +x2)e2(“'1+‘”2)2 ,

I =—(a + a2)el+7,

, I2,=T% = (z'+2?)e +

2)2

and the components obtained by the symmetry propertles The non-vanish-
ing components of R’ and their derivatives are given by

R} = R} = -[2(* +22)? + 1)e= o), (3.2)

2)2

R, =R}, =R}, = R2, = -2(z' +2%)[2(z" +2%)? + 3]+, (3.3)

From (3.2) we get that the scalar curvature r of the resulting space (R3, g) is
r = —2[2(z* +22)% +1)et='+*")* | which is non-vanishing and non-constant.
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Also from (3.2) it can be easily verified that R’ RJ i which implies that
relation (1.3) is satisfied. We shall now show that R3 is a Ricci-recurrent
space. Let us consider the associated 1-forms as follows:
2(z! + z2)[2(z + 2%)2 + 3]
[2(z! + 22)2 + 1]
Since if A is a 1-form then A(X) is a scalar and for being a function of
z!, z2, the right side of (3.4) is a scalar; hence A;, A2 are 1-forms. To
verify the relation (1.1), it is sufficient to check the following:
(i) R}, =MRl, (i) Rl,=XeRl,
(iif) RS: = MB35, (iv) Ria=AoF3,
since for the other cases (1.1) trivially holds. By (3.2) and (3.4) we get:
R = _2(z' + 2%)[2(2 + 27)?
1= [2(z! + 22)2 + 1]
= —2(z' + z?)[2(z! +2?)% + 3]6(“’1"""’ =R},,
which proves (3.5)-(i). By a similar argument it can be shown that (ii),
(111) and (iv) of (3.5) are also true. Hence R3 equipped with the metric g,

given in (3.1), is a Ricci-recurrent space which satisfies the relation (1.3).
Thus we can state the following:

A=A = (3.4)

(35)

2)2

* 3liaa + 222 + 1)ee+

2)2

Theorem 3.1. Let (R3,g) be a Riemannian space endowed with the
metric given by
ds? = g;;datdz’ = @' +7") (dz)? + 2dalda? + (dz®)?,
(4,7 = 1,2,3). Then (R3,g) is a Ricci-recurrent space which satisfies the
relation (1.3) and whose scalar curvature is non-zero and non-constant.
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3A IIOCTOEIKBETO HA BULIIOT
RICCI-IIOBTOPHA PA3HOBUIHOCT

U.C.DE* u B. K. DE**

Peszume

Bo oBoj TekcT HMe ru npoyuyBame ocobGuuuTe Ha Ricci-noBTopna
Pa3HOBUIHOCT KOM 33J0BOJIyBaAT OAPENECHM YCIOBH U I'O JOKAKYBAAT
IOCTOEHETO Ha TAKBU Pa3HOBUIHOCTH IPEKY HEOOMYHU KOHKPETHY IIPH-
MEpH.
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