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Abstract

Abstract. In [4], the notion of n-norm is introduced as gen-
eralization of the notion of 2-norm, introduced in [1]. In [3], the
notion of n-seminorm is introduced as generalization of the notion of
92-seminorm. Equivalent definition of 2-norm is given in [2]. In the
first part of this paper, we give equivalent definition of n-seminorm.
In the second part of the paper, we give a characterization of the
kernel of the n-seminorm as a classe of subsets of X™ and we con-
struct two examples of 2-subspace of 2-vector space.

1. Introduction

In [4], A. Misiak introduced the notion of n-norm and n-normed space
as generalization of the notion of 2-norm and 2-normed space.

Definition 1. Let X be a vector space over the field of real numbers
and let dim X > n. The function |-,---,-||: X® — R which satisfies the
conditions:

(N1) ||z1,..., 2]/ >0 and ||21,...,Zn|| =0 if and only if the set {21, ...,Za}
is linearly dependent;

(N2) [|Z1, - s Znll = |Zx(), - - -» Txn) || for any z4,..., 2, € X and for every
permutation 7: {1,...,n} = {1,...,n};
(N3) "xla ey L1, 0Ty Tig 1y« xn" = |a| "31’ oy Zi—1, L3y Titly -+ 0 mn",

for any z1,...,Z, € X and for every scalar a € R and for all
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i€{1,2,...,n};
(N4) ”ml + fL‘i, £ PR z'n" < “xlv ) PR xn" + ||x'1, L2500y x‘n”’ for any
$1,IB1,ID2, ,:EnEX,
is called n-norm of the vector space X, and the ordered pair (X H )]
is called n-normed real space.

Note. Clearly, a 2-normed space is a special case of an n-normed space.
So, it is natural to expect that some of the properties of 2-normed space
will hold for n-normed space. The technique of proving them is much more
complicated. In the subsequent part, we will give some of this analogy.

Lemma 1. For each i, for arbitrary real numbers a;,as,..., o,
QiH, .- -, 0n and for any vectors zy,...,Zi, Z;, Tiy, - - ., Tn, the equality

n
"Z‘]_, ey Ti1, Tiy Tigdy o s $n"=”$1, ce ey Tidy xi'"Z ATy Tifly ey mn"
J=1,j#4
holds. (1)
n
Proof. Using the fact that the vectors zi,...,Zzi—1,— Y ajzj,
j=17j¢i

Zip, - . -, Tn are linearly dependent from (N1) of the definition of n-norm,

we get that ||zy,...,2i-1,— Z QjTj, Tit1, ..., Tn|| = 0. Using this and

J=1,j#i
(N2) and (N4), we have '
1, ., Tiets @iy Tigty - Zall = 21,y By, T+ Y oy
J=1,j#4
Z QTj, Tit1s -« Tnll L ||T1y. .0, i1, T
J=1,j#i
n
+ ) i Tigsy e TallFlTn Tt — D 0T, Tig1, ., Tn|
=g J=Lg#i
n
= |z1,.. ., Tim1, T + Z O4Tj, Titdy - -+ Tn -
=15
So,
) n
lz1,- - Tie1, Tiy Tigas - - - Znl|<|l1, . - 3 Ti-1,Ti+ Z OTj, Tigl, -y Tnll.
J=1,j#i

n 2)
Using the fact that the vectors z1,...,Zi—1, D, @jZj,Tit1,...,2n
J=1,j#i
are linearly dependent from (N1) we get that
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l Z;.;l’#i QjTj, L1y -« oy Tim1y Titly - - -5 Tn|| = 0. Again, from this and (N2)

and (N4), we have
n

*
”:1:1,...,:8,;_1,.'1:,;4- E ajzj,a;,-.l.l,...,a:n” =
J=1,j#i

n
=|lzi + E ajxj,ml,---,mi—1,$i+1,~--,fb'n”
j=lj#i

S ”:L‘i, Tlyeo ey Ti—1,Ti41,- - .,:z:n||

n
+|| E ajxj,xl’---’wi—1a$i+1y---,$n“

=15
= |I$i, L1y s Ti—1,Titly - oy wn” = "271, ey Li—13Tqy Tiglye ooy mn" .
So,
n
||$1,--.,56s—1,$i+ Z ajxjaxi+1,---,xn"S”zl,---’xi—hxi:xi-l—l;---,mn“o
=1,
) | ®
From the inequalities (2) and (3) we get the equality (1). m]

The natural generalization of lemma 1 is the following lemma, 2.

Lemma 2. If X is a real n-normed space, aip,t € {1,2,...,k},
p € {1,2,...,n} are given real numbers and z; € X,i € {1,2,...,n},
then

11214 +@10%n,821 14+ 820 Tny. . ,@k1 1+ +CknTn 1 Tt1,e-Tn || =

= |[ann®1+-+a16 Tk, 0211+ +A2k Tk s -1 0R1T1+ +Ckn Th s Tht 1501 Tn || (4)
Proof. Using Lemma 1, we get

Ha11z14+810%n,621 1+ +02nTnsee s GR1T1+ -+ CknTr y Thi 15, ZTn ]| =
Hanzi+-4He1nTn,a21Z1+ 4020 Tn, .., k1 T1b FCkn En—Ckk+1 Th41— —BknTn Tht1y-- s Zn|
Hanzit+ - H01nZn,021 1+ 4020 Trye oy Gk — 111+ 0k 10T ,Ck1 T2 Ok TR, Tkt 110y Zn ||«
Repeating the above technique for p=k -1, k- 2,...,3,2,1, we get
the equality (4). m]
Lemma 3. If A = [aijlnxn upper-triangular matrix, i.e. a;; = 0 for
i> jand (z1,...,2,) € X, then

|A(x1, - - ., 20)T|| = |@11022833 - - - Gn—1n—1Gnn| |21, - - -, Za]
= |det A| |z1,...,Zn] . ()




36 Aleksa Mal&eski and Vesna Manova-Erakovié

Proof. Since the matrix A is upper-triangular, we have

|A(z1, z2, . . .,zn)T|| =
=|la1171 + a1222 + - - - + Q10 Ty, G22%2 + A23T3 + - - -
+ G2nZny -+« Gn—1n—1Zn—1 + Gn_1nTn, GnnTxa| = (*)

Using Lemma 1, Lemma 2 and (N3), we get

(*) =|ann| la1121 + @1272 + - - + G1nTn, G22T2 + a23T3 + - - -
+ GnTny -« ) Gn-1n—1Tn—-1 + Gn—1nTn, xn"
=|ann| [|@11Z1 + @122 + -+ - + G190 —1Tn—1, G22T2 + A23T3 + - - -
+ @2n—1Zn—1,--+)Bn—1n—1Tn—1, wn“ = (**)

From (N3) and Lemma 2, we get

(*%) =|@nntn—1n-1] ll@1121 +a12x2+- - *+81n—2Zn—2, G20T2+0a23T3+" - -
+ A2p—2Tn—2,. .., 0n—2n—2Tn-2, Tn-1, xn"

Repeating the above technique consecutively for k=n-2,...,3,2,1,
we get the equality (5). . ]

In the proves of the following properties, we will often use the next
theorem.

Theorem 1. For each determinant of order k,

a1 a12 c Q1g—1 a1k
a1 a2 v agk-—1 a2k
. , such that
ag—11 Qg-12 °°* OGk—1k-1 Gk—1k
Akl ar2  c°c Qkk-1 Ak
a11 a2 - G1k-2 Q11
az azz cee Q2k—2 ask—1
e e . e . # 0, the following equality
Ag—21 Qg—22 °°° Qg—2k-2 Qx—2k—1
Ag—11 Qk-12 *°* Ok—1k—-2 Ok~1k-1
a11 Q12 - G1k-1  Qik
a1 Q22 - Q2k-1 G2k - 1
- a a v Alle A1k—
Qp—11 AQk—12 *** Qk—1k—-1 Ck—1k 11 12 1k-2 1k—1

a a e Ao%k— Aok
Ak—21 Qk-22 **° Ok—2k-2 Gk—2k—1

Ak—11 Gk-12 **° Qk—-1k—2 Qk—1k~1
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a1 a2 -+ G1g-2  G1k-1 a1 @12 - Qik-2 QGik
az1 Q22 -+ G2k—2 G2k-1 a1 Q22 - Q2k-2 Q2

Ak—21 Ak—22 *** Og—2k-2 Ok—2k—1| | @k—21 Qk-22 *** Qk—2k—2 Qk—2k
Qk—11 Qk—12 *** Ok—1k—2 Qk—1k—1| | Q@k—11 Qk—12 * " * Gk—1k—2 Qk—1k
a;y @12 - QGik-2 Glk-1 a;ny @12 - AQ1k-2 G1k
a1 Qa2 -** G2k-2 G2k-1 a1 Q22 -+ QG2k—2 G2

o . e

ak-21 QK22 *** Qk—2k-2 Qk—2k—1 Qk—21 Ak—22 °** Qk—2k—2 Qk—2k
Qa1 Qk2 *°* Ogk-2 Okk-1 Akl a2 *°* Okk-2 Qkk

holds. (See [5]).

2. Main results

2.1. Equivalent definitions of n-norm and n-seminorm

The next theorem is a generalization of Lemma 3.
Theorem 2. If A€ M,(R) is arbitrarg: matrix and
(z1,Z2,...,Zn) EX™, then [|A(z1, Za,...,2,)" || = |det Al |21, 23, . .., Za]|.

Proof. We will consider two cases.
aix1 @12 -+ Qin

Case 1. Let A= a21 a22 . a2“ and det A # 0. Then there
Gnl Gn2 °*° GOnn

exists an even permutation
n:{1,2,...,n} = {1,2,...,n}(n(k) = ix, k = 1,2,...,n) and matrix

aii,y QA1i, Qiig T A1i,_, aii,
24y Qa2i, 02i5 T az;i,_, az;,
B=| % a3iy A3z " GBin asi,

An—1i; On-1liy Qn-1i3 *°° Qn-1i,_; On-1i,
Qni, Qni, Qnis tee Ani,_1 Qni,,

such that det A = det B, and for any k, k € {1,2,...,n}, it holds
a1i;, Qlip Ol
Q2i; 0G2i; - G2 # 0.
akil akig tte a’k‘ik

So, without loss of generality, we may assume that the matrix A is
such that

a1 a2 -+ A1k
a a cer @
21 22 Zk #0, for k€{1,2,...,n}.

Gy Qg2 - Okk
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Using the definition of n-norm and Lemma 1, we have

”A(xl, T2y .00y J:n)T” =

n ) n n n n
= || E a1i%4, E a2iZ;, E a2iTs, ..., E Un—1:iTi, S QniT;
E a1;T4, E A2iT; — — E :altxh E a%T; — — E :alzmu oo
i=1

Qn-11
E On—-1iT; — E :alzzz, E AniZi — — E a1;T;
n n
a1 a3y
= E alzwuz a2i — —ay; xi,z azi — — Q15 | Tiy. ..,
ai1 ” ai1

i=1 =1
n n
Qn—11 anl
E Qn-1i — o a1 ) T4, am'—a—au T
i=1 11 im1 11
n
IZ‘M Z @11 G1i |, 1 Z a1 a |,
t 2ok 1 ..
! a1 a2 | ayp 4~|as: az |V
=2 =2
n n
1 aiq 1 a11  ai;
-— Liy — E i
Gn—11 Gn-1i a11 =7 |%n1  Gni
1 n
E: Z a11 Ay Z a1l ayg
n—1 ” a1i%4, a Ao i, a Qi Ty
laul 21 G2 | L~{a3; G
n
Z a1 ai; 2 Z a1l Qi 2
1 1
‘ On—-11 Qn—1i ’ n Gn1 Qnj
i=2 =2

In the next step, for each j > 3, on the j- th place, we apply the transfor-

mation
n a1l a2 n
Z a1 a1 |, _ |%1 G2 Z a1 a1 |,
; . i i
= | %1 Gy an o1z 45021 G2
a1 Q22
n a11 a2
— § : ail Q| _ 351 452 a1, ay -
- o . t
i—2 a;j1 aj; ai;  app az1 a2

az1 Q22 )
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n a1 G1i| (@11 @12 _|@1u1 Q12 |G11 41
_ aj1 Gj;) |G21 Q22 aj1  Gj2| |@21 Q2
= i
i—2 a1 a2
. az1 a2
1 n
— a1 @G| |@11 Gi12{ _|@11 G12] |G11 G314 2
- 1
a1 a1z | i3 \|1%1 Gji| |G21 G22 Gj1 Qj2| (@21 az
az Q22
ail 012 |a1r Gy
1 G21 42| |G21 G2
= i
a1 ai2| ;=5 ||%1 Q12 |G11 a3
az; a2 a1 Qj2| [@j1 @y
n a1 a2} (@11 a1
_ a1 Z 1 21 a2 |az a4z a:
= o i
a11 Q12| =3 %11 [|ann a12| (@11 ay
Q21 a2 aj1 Q2| |a;1  aj;
n |a a ai;
B a1 11 @12 a4y
= az1 OG22 Q2 |ZT;.
011 G122 laj aj2 aj
a1 Q2 R
Using the property (N3) of n-norm, we get
T 1 1
4(x1,x2...,xn) ”=
|a11|| a11 a2 -2
a1 @22
n Ld a1 ay; n G111 @12 Qi1 nla11 a2 a1
1
E auﬂ"‘i,z as1  ap; fci,z a21 a4z az; -'L'i,---,z a21 Q2 Q2 |T;
i=1 =2 t i=3|a31 az2 aa3 i=3|Gn1 Qn2  Gn;
Repeating the technique (k — 1) times, we get the equality
T
lA(z1,z2...,20)" || =
1 1 1
la11] | @izl a;in a2 Q1k-2  G1k—1
as1 Qg2 az1 Qa2 a2k-2  G2k—1
.. |n—(k—1)

Qk—21 Qx-22 * ' Og—2k—2 Ak—2k—1
Ak—-11 Qk—-12 *** Qp—1k—2 Gk—1k—1

« |lbr—11,bk=12; - -+ s b1l
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where

n n
_ aix  ai
bk—11 = E @1iTi, be—12 = E 1Ty
¢ ” az1 az;
. =1 =2
ail a2 ce A1k—2 aii
n @21 a22 cer Q2k-2 az;

bk—-1k—1 = Z

i=k—-1|Qkg-21 Qk—22 ' OQk—2k-2 OQk-2i
ag-11 @g—12 *°* Ok-1k-2 Qk—1i

aii Q12 ce A1k-1 ai;
n a21 a2 e Q2k—1 az;
bk—1k=§:

i=k | Qk-11 OQg-12 °*° Ok—1k-1 Qk-1i

ag1 ak2 ter Okk-1 Qi
a a12 crr O1k-1 ai;
n a21 a22 ce a2k-1 a2;

br—tbr1 =Y

i=k | Qk—11 Qg-12 °*° Okg—1k-1 Qk-1i

Qk+11 Gk+12 *°° Qk41k—1  Ok41i
a1 Q12 ce Q1k-1 a1
Lid @21 Q22 et A2k-1 a2i
bk_1n=§:

i=k | Qk-11 Qg-12 - Ok—1k-1 Qk-1i

ani1 Qn2 ter OGpk—1 Qni

In the k-th step, we apply transformation on the vectors
bk—1k+1,Dk—1k+2) - - - s Dk—1n, 1.6. on the vector bx_15,k+1 < j < n we

apply

bg—1; =

the transformation

a11 a2 - OG1k-1 a1
n a1 Q22 -+ Q2k—1 Q2
i=k | Qk—11 Qk—12 ° ' * Qk—1k—1 Qk—1i
aj1 Q52 - Gjk—-1  Qjj
a ayiz - Qik-1 Q14
a21 a2 - Qg2k-1 Q2

Ti—

ag—11 Ok—12 *** Qk—1k-1 Qk—-1i
aj1 Q2 . Gjk—-1 Qg

aip; a2 -+ Q1g-1 A1k
azy Q22 - G2k-1 Q2

Ok—11 Qk—12 " ** Qk—1k-1 Qk—1k
Qg1 Qg2 *** Qkk-1 CGkk

Ty

ZX;.

a1 @12 - G1k-1
a1 Q22 - Q2k--1

aii
az;
) ml

Qp—11 Gk-12 "' * Ok—1k—1 Qk-1i
Qg1 Qg2 ' Gkk-1

Oki
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211 a2 Alk—-1 A1k
a1 Ga22 a2kx—1 Q2
a a Aik— aii
o - g alk o Qk-11 Gk-12 *** Gk—1k—1 Qk—1k
ol | e T _lan e v aiee1 e
a a Q1f— a
i=k | | Gk—11 Gk—12 *** Gk—1k—1 Ok—1i a;i a;z a;: i a;’,:
a1 G52 Qjk-1 G .
ak—11 Gk-12 **° Gk—1k-1 Ak—-1k
ak1 Qg2 - OGkk—1 QGkk
a1 412 1k-1 01
a1 022 a2k—-1 G2 1
v e ) ) LY zi=
a a a1k— a
Qk—11 Gk—12 *** Ok—1k—1 Qk—1i a;i a;Z a;l;: i a;:
Akl k2 Qkk—1  Oki TR
Gg—11 Ak—12 *** Og—1k-1 Ok—-1k
Qg1 Qg2 Qkk—1  Qkk
a11 a2 A1k—1 A1k a;x a2 A1k—-1 a1
az1 a22 A2k—-1 A2k a1 a2 a2k-1 a2;

Qp—11 Ok-12 °*° Qk—1k-1 Ck—-1k ag—11 Og—12 ***

Qk—1k—1 Ak—14

n
Z k1 Qg2 Qkk—1  OGkk k1 Qg2 Okk—1  Qki T
1
i a a2 Q11  G1k a;ix 012 aik-1 Q14
a1 a22 A2k—1 G2k a1 a22 A2k—1  @2i
Qk—11 Ak—12 *** Qk—1k—1 Qk—1k Ak—11 Qk—12 *** Gk~1k—1 Qk--1i
aj1 G52 Ajk-1  Qjk aj1 G2 - Gjk-1 G5
apn  a12 alk-2  G1k-1
az  a22 a2k—2  G2k-1
ai; a12 - A1k Q1
Gk—-21 Ok-22 *** Qk—2k—2 Gk—2k—1 11 ™12 1k ®1d
n. | Q21 Q22 - G2k G2
_ 18k-11 Qk—12 " ** Gk—1k—2 Bk—1k-1 U P
= i
Z” 212 Z““l Z”‘ i=k+1| QK1 Gk2 ** * Qkk ki
mom e 1 a2 - 0z a

ag—11 Qk—12 *** Qg—1k—1 Ck-1k
ag1 Qg2 Qkk—1  Qkk

(The last equality is true because of Theorem 1)
Using the property (N3) of n-norm, we have

1 1

_|a11|| a1 012
a1 a22

(21, 22, - . ., 2)T |
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1
a1 a2 A1k-2 Q1k—1
azi az2 a2k—2 a2k-1
ak-21 Qk-22 Qk—2k—2 Ok—2k—1
Ak-11 QGk-12 Og—1k—2 OQGk—1k-1
1
|bk1, b2, - - - s bienll
a1 612 G1k—1  O1k T
a1 a2 A2k-—-1 a2k
|n—k
ak—11 QGg-12 Qk—1k—1 Qk-1k
Akl Qg2 Qkk—1 Qkk
where
n n
ail Gy
b1 =) a1Ti, b =) NI
é é az1 az;
i=1 =2
ai a2 a1k-2 ai;
n a21 @22 A2k-2 Qa2;
bkk—1= E e e - cee z;,
i=k—1|0k-21 Qr—22 Qg-2k—2 Qk—2;
Qk-11 GQk-12 Ak—-1k—2 Qkg—1;
a1 Q12 Q1k—1 a1
n a1 a2 a2k—-1 a24
bkk_z ves ... e ‘e z;,
i=k [Qk—11 Qk-12 Qk—-1k-1 Qk—1i
ak1 ak2 Qkk—1 Qi
a1 ai2 cre Qik ai;
n a2 a22 Q2 az;
bkk+1 E PN e con PP Tiy. ..,
i=k+1| Qk1 Q2 Qkk Qi
Gk411 CQk412 **° Qg41k  Ok41d
ail G2 aix Qi
n a1 G22 Az Q2
bkn-— E ce e e .o ;.
i=k+1|Qk1 Qg2 Ak Ok
Gn1 Qn2 Ank Qni

After finite number of steps, we get the vectors

n
c = E Q1T
i=1

n

a=3

=2

ai11
a

ai;
a2

(RN
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a1l a12 cee A1x~2 a1
n a21 @22 cre o O2k-2 az;
ck_1= E s e "o . » .. LY xi’
i=k—1|Qk—21 GOk-22 "' Ok—2k-2 Gk—2k-1
Qg—-11 Qg-12 -*° OQg-1k-2 COk-1k-1
aii a12 tec O1k-1 a4
n a21 a22 e Q2k—1 a2;
ck=z PR oo Y “ o xi’
i=k | Og-11 Qk—-12 *** OGg—1k-1 Gk-—1i
ag1 ax2 e Ogk-1 Qi
ai a2 Tee a1k ay;
n a21 a22 tee A2k a2q
Ck+1= E e e “ee e e xi’.._’
i=k+1| Akl k2 tee Okk Ak
Ok+11 Ak412 ' OQk+41k  Ok41i
ail a2 tee Qin—2 Q4
n az1 a2 cee a2n—2 az;
cn_1= E CRCY e DS v e e xi, Cn=(detA)zno
i=n—-10n-21 GQn-22 *** Gn-2n-2 0an-2i
Gpn-11 0OGp-12 *** Gp-1n-2 O0On-1i
and s
Ty _ 1 1
lA(z1, z2, ... 2n)" || =
lau1] | @11 a1z
a1 a2
1 "01,62’c3a'-"c‘n—l;c‘n” .
a1 a2 tee Aik-1 a1k
a1 az2 tee A2k—1 a2k
Gpn-21 QGn-22 *'** Qp-2n-2 Qn-2n-1

an-11 Gn-12 °°° On-1n-2 OGn-ln-1
Finally, using Lemma 3, we get

|A(z1, z2, . . .,wn)TII = |det A| ||z1, Z2, ..., Zn]| -

a1 @12 - Qin
Case 2. Let A = a21 022 az" and det A = 0. Then the
anl Qan2 Gnn

n n n
set of vectors { 3 a1ty Y A2iTiy ...y I am-.'z:,-} is linearly dependent set,
i=1 i=1

i=
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S0
n n n
Az, %2, - - -, 20) 7| = " Y euzi Y anmi,..., Y anil| =0
* i=1 i=1 i=1
= det A||zy, T3, . . ., Tn|| = |det A| |21, %2, - . ., Zn] - u]

According to the definition of n-norm of a vector space X over the field
R, any n-norm satisfies the following conditions:
(P1) If ||z1, 2, . .., Zn|| = 0, then the set {z,...,Z,} is linearly dependant;
(P2) For every matrix A € M, (R) and for any x;,z3,...,2, € X,

|A(z1, 2, . . ., T0)T || = |det A] ||z1, 22, - - -, 20l ;
(P3) For any z1,z},%2,...,Zn € X ,
lz1 + 21, 22, - . . Tull < |21, T2y - - o Za]| + |21, 22y - o, 24| -
Let us assume that ||,...,|l: X™ — R is a function which satisfies the
conditions (P1)-(P3).

(i) Let us suppose that the set {z1,...,Z,} is linearly dependant. Then
there exists 7 € (1,2,...,n} such that

*

;=) oyt -+ @i 1Ti—1 F 0 1Tip1 + - an®y .

So,
(Z1,. .y &) = (T1y -0y Tie1, Tiy Tig1y -+« L)
n
= (xli"'7xz—i7 Z ajmj,zi+11"',mn)
J=1,j#i
=A(mlv-'wx‘i—l)oaxi-}'l,"')xn)Tv
where
"1 0 O 0 0 0 07
0 1 0 0 0 0 0
0 0 1 0 0 0 0
A=10 0 0 1 0 0 0
a az ag - a1 0 o Qn
o 0 0 - 0 0 1
| 0 0 O 0 0 0 1 ]
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According to (P2) and using that det A = 0, we have

|z1,-- szl = |21y - - o Tizt1, Tiy Tit1y - - -, Ta|
n
) = ||.’E]_,--.,$i..1, Z ajxj,wi-}-l,“',xn”
J=1,5#1
= ”A(.’L‘l, ceoy Ty 0, Titlye-oy a:,,)T||
= |det AI "$1, T2y yTi—1, 0, Liglyeeey :l:n”
=0 ||:c1,:1:2,...,:z:i_l,O,:z;,-+1,...,xn|| =0.
We proved that if ||-,...,-||: X™ — R is a function which satisfies the

conditions (P1)-(P3), then ||z1,...,2,|| = 0 and ||z1,...,z,]| = 0 if and

only if the set {z1,...,2,} is linearly dependant, i.e. we proved that the

axiom (N1) holds.

(i) Let z1,...,2n, € X and let m:{1,...,n} — {1,...,n} be arbitrary
permutation. Then, because of the fact that any permutation matrix
has determinant 1 or —1, we have

lZr1)s - - > Ta(n) = [|A(Z1, .. o 2n)T || = |det A] |21, . . .,z
=1 ”mli'--’zn” = "xla---szn” .
We proved that if ||-,...,|: X" — R is a function which satisfies
the conditions (P1)-(P3), then || (1), ..., Txm)ll = |21, Zxl], i.e. we

proved that the axiom (N2) holds.
(iii) Suppose that a € R and z;,...,z, € X are arbitrarily chosen. Then

laz1, @z .., Zall = | A(Z1, 22, - - -, 20) T | |
= |det A ||z1, 22, ..., 20|l = la| |21, z2, . . ., T4l
where
a 0 0 0
0 1 0 0
A=|10 0 1 0| and detA=a.
o 0 0 --- 1

So, we proved Theorem 3.

Theorem 3. The conditions (N1)-(N4) are equivalent to the condi-
tions (P1)-(P3). 0

The notion of n-seminorm is generalization of the notion of 2-seminorm.

Definition 2. Let X be a vector space over the field R and let
p: X™ — R be a mapping which satisfies the conditions:
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a) p(z1,x2,...,Zn) =0, for every linearly dependant set {z1,...,Zn};

b) p(z1,...,Zn) = P(Tr@),- - -1 Tx(n)), for every permutation
m{l,...,n} = {1,...,n}

¢) p(azy, T3, --.,Zn) = |a|p(z1, 22, . . ., Tn), for any scalar & and arbitrary

Tiy...,Ty € X;
d) P(-’L'l + x?h L2y .00y mn) < P(xh L PR zn) + p(zlli Z2,. . "zn)’ for arbi-
trary xy, 2}, T2,...,Zn € X.
The function p: X™ — R which satisfies the conditions a)-d) is called
n-seminorm, and the ordered pair (X, p) is called real n-seminormed space.

Theorem 4. If p: X™ — R is n-seminorm of the vector space X
over the field R and (zi,...,2Z,),(z},...,2,) € M, A € M,(R), where
M = {(z1,...,z,)|p(z1,...,2n) = 0}, then (z1,+2},...,2,) € M and
A(zy,...,z,)T € M.

Proof. Let (z1,...,Zp), (Z},...,Zn) € M be arbitrary elements and
let A € M,(R) be arbitrary matrix. Then

0<p(xy+x%,...,%0) <p(T1,...,2n) +p(2h,...,Tn) =0+0=0
ie (r1+2i,...,2,) € M and
p(A(x1,...,2,)T) = [det A|p(z1,...,2,) = |det A]-0=0
ie. A(zy,...,z,)T € M. ]

With similar technique as it was used in the proves on n-norm, we can
prove the next theorem.

Theorem 5. The conditions a), b), ¢) i d) in the definition 2 are
equivalent to the conditions:
(S1) p(A(z1,z2,...,2,)T) = |det Alp(z1, Z2, . . -, Zy,), for any

Z1,...,Zn € X and for every matrix A € M, (R);
(82) p(z1 + 21, x2,. .., Zn) < D(T1, T2, . . ., Zn) +D(T], T2, . . ., Tp). 0

It can easily be seen the analogy between n-norm and n-seminorm with
norm and seminorm, respectively, and that the role of the constant is now
played by the determinants of order n.

So, it is clear that some properties of seminorm will immediately hold
on n-seminorm.

2.2. The kernel of n-seminorm

The above work is motivation for the following definition.

Definition 3. Let X be a vector space over the field R and X" denote
the Cartesian product. For each i € {1,2,...,n}, we define

'
(.’1:1, ey L1, T4, T 1, - - .,.’I)n) + (:1:1, ey Li_1, Ty Titls - - .,a:n) =
/
= (:1:1, ce s Lim1, T + T4, Tit1, .- .,a:n),
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T1y-o ey Ticl, Thy Tit1- .., ZTn € X and we call it i-coordinative adding.
We, also, define A - (1,22, ..., Tn) = Al1, T2, ..., 207, @1,...,T)EX",
A € M,(R) and we call it multiplication with a matrix of order n in X™.
The set X™ with the defined operations, we call it, n-vector space.

Note. The previous definitions, properties and notes show that the
theory of n-normed spaces can be considered as a theory of ”special alge-
braic structure”. Thus this theory is analogous to the theory of normed
and seminormed spaces, but with some specialties, some of them being the
subject of our consideration.

Definition 4. Let X" be n-vector space. The subset S C X™ such
that

/
(fb‘l, ey Ziz1, Tiy Titl, - - -,xn) + (3;1, ee oy Tio1, Ty Tigly -+ Tp) € S,
T
A(.’L‘]_,.’Bg, . .,fL‘n) €S
for arbitrary (z1,...,Zn), (1, -+ Zi=1, iy Tit1, - - -, Tn),

(®1y .+ oy Tie1, Tiy Tit1,--.,Zn) € S and for every A € M,(R), we call it
n-vector subspace of the n-vector space X™.

So, the set M = {(z1,...,%5) | p(Z1,...,2Zn) = 0}, where p: X - R,
is n~-seminorm, is n-vector subspace.

For further considerations, we need the next theorem.

Theorem 6. The intersection of arbitrary subfamily of n-vector sub-
spaces of given n-vector space X™ is n-vector subspace of X™.

Proof. Let {S, | v € I'} be an arbitrary family of n-subspaces of given
n-vector space X™. Then for (z1,...,%i—1, i, Tit1,.-., Tn),
(®1y. ..y Tim1, T, Tig1, ..., Zn) € [) Sy =S, we have that
’ ~er
(371’ e ey Ti—1, Tiy Tit1y- - - xn), (.’171, coeyTimly 3?2, Titlyo oy mn) € S‘y’
for every v € I. Since S,,v €T are n-vector subspaces, we get that
(131, RRE zi——lz Loy Titly-o oy wn) + (551, cooy Lialy .'II;, Litls-- oy x'n) € S'77
for every y € T ie. (21,...,Zi—1,%i + Z{, Tit1,...,Zn) € [} Sy =S.
~er
Now let A € M,(R) and (zi,...,%,) € S. Then (x3,...,z,) € S,
for every v € I'. Since Sy, v € T' are n-vector subspaces, we get that
A(z1,...,2,)T €8,, for every y €T Therefore A(zy,...,z,)T € Sy=S5.
~€l
We proved that § = [ S, is n-vector subspace of the given n-vector
~€er
space X™. o

Theorem 7. Let K be the kernel of n-seminorm p,-i.e. K is the set
of elements of X™ where p is zero. Then K is polygonal connected in X™.

Proof. We will give the proof for n = 2. The proof for arbitrary n is
similar.
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Let (z,y),(«',y’) € K and let t € [0,1]. Then p( [8 (t)] (z,y) =

jdet [& 9] p(en) =0 =0,ic. (mtr) e Ko and ([ § 3] (@) -

| det [(t) 2] lp(z',y) =t2-0=0, i.e. (tz’,ty) € K.
So, in the ordinary sense of direct product of vector space, it holds
(1-t)(0,0)+t(z,y) € K, t € [0,1] and (1-¢)(0,0)+¢(z,y') € K t € [0, 1].
Therefore there exists a polygonal line in K which connects the points
(z,9),(z",y') € K. O

If A is an arbitrary subset of the n-vector space X™ over the field R,
then the class Sa, S4 = {S| A C S, S is n-subspace of X"} is not empty
since X™ € S4. Therefore [| S = My, is n-vector subspace of X™ and,

Se8a
at the same time, it is the smallest n-vector subspace which contains the
set A. This subset is called the n-vector space generated by the set A. The
set A is called the generator set of the 2-vector subspace M4.

2.3. Examples of 2-subspace of 2-space

Example 1. We will consider the real vector space R3(R). Let x,y, z
be arbitrary elements such that L(x,y,z) = R?, i.e. x,y,z are linearly
independent vectors. Let S(a, b) be the 2-subspace generated by a = (x, z)
and b = (y,z). We will prove that the 2-subspace S(a,b) consists of
all elements (u,v), where u,v € L(ax + By + vz, a1x + b1y + 112), and
L = L(ax+ By +~v2, a1x+P1y +712) denotes the two dimensional subspace
of R3 generated by the elements ax + By + vz and a;x + By + v1 2.

We denote with 7z the plane which passes through the origin and it
is parallel to the vectors x and z, and analogously 7y ; denotes the plane
which passes through the origin and it is parallel to the vectors y and z.
m(x,y;z) denotes the pencil of the planes my , and my ;. We will prove that

S(a,b) = U oX0o

o€n(x,y;z)
The two basic planes from the pencil of the planes are
Txz = {ax+bz|a,be R} and =ny,={cy+dz|c,deR}.

Any element of 7z X x z, (ax + b2, a;x + b1Z), can be written in the

form
a b T
HEE
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i.e. it belongs to the 2-subspace generated by a = (x,2z) and b = (y, z).
Similarly, any element of Ty z X Ty 5, (cy + dz, c1y + d12), is of the form

° [ccl ,}11] (v,2)7

i.e. it belongs to the 2-subspace generated by a = (x,2z) and b = (y, 2).
Each plane o of the the pencil of the planes is of the form

o = {A(ax + by) + pz | A, p € R}, where a,b € R are fixed real numbers.

Arbitrary element of o X o is of the form

(A(ax + by) + pz, Ai(ax + by) + p12),

where A, u, A1, 4y are arbitrary given, but fixed numbers. Therefore
(A(ax + by) + pz, A1(ax + by) + p12z) = [/{‘1 :1] (ax + by, z)

-[2 pluea+eam=[3 2[5 Y ea+]d O wn)

So,'a x o C S(a,b).
Let o and o, be arbitrary planes from the the pencil of the planes such
that 0y # 0. Then

o1 = {M(a1x +b1y) + g1z | A1, 1 € R}
and
o= {Max+by)+uz | pueR}.

It is obvious that a; # O or by #0,anda #0o0or b# 0. (If a; =b; =0
then o is not a plane i.e. it is a line, and analogously if a = b = 0, then ¢
is not a plain but it is a line, which contradicts the assumption)

We will prove that ;’1 :1 # 0 . Suppose the contrary, i.e. that
a bi_ 0. We will consider four cases:
a1 b1
1. If @; # 0, then & b ' = 0 implies that b = b—la. So
ai bl aj

by b b;
ax + by = ax+ —ay = a(x+ ——y), aux+ by = al(x+ —y)
ai al ai

which is not possible because, in that case, we get that o = 0;.
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b

a P _a
2. If by # 0, then ay by ‘ = 0 implies that a = ™ b. So

b b
ax+by = ax+ —lay = b(—1x+y) and a1 x+biy=¥5b (y+ ﬂx)
¢ a ai b1
which is not possible because, in that case, we get that oy = 0.
Similarly, in the left cases

b

a ——
3. a#0and ay bl'—Oand
a b _
4.b9'90and‘a1 bI'—O

we get that 01 = o, which contradicts the assumption.

In the 2-subspaces, the adding of two elements
a= (A1(a1x + b1y) + p12, A2(a1x + bry) + poz) € 01 X o7 and
b = (ai(ax + by) + p12, a2(ax + by) + B22) € o X o is possible only if

1. M(a1x + b1y) + 1z = ay(ax + by) + B2
2. Aa(a1x + bry) + poz = az(ax + by) + Baz.

We will consider only the first case, since the cases are similar. Because
of the linear independence of the set {x, y, z} the equality is possible if and
only if

Aa;—aja=0
)\]_b]_ - a1b =0

p1=p.
So, we get four subcases:

1. A1 =0, a; #0. Since a; #0 or by #0, and a # 0 or b # 0, this case
is impossible.

2. M #0,a; =0. Since a; #0or by #0, and a # 0 or b # 0, this case
is also impossible.

3. M1 # 0,07 # 0. Then a; = %a and b, = %b, so we have that
1 1
a b

ay by|= 0, which is not possible.
4. A1 = oy = 0. Then the adding is possible and the sum is
a+b = (m32, A2(a1x + bry) + p2z) + (112, az(ax + by) + (22)
= (112, (A201 + 020)X + (Azd1 + azb)y + (B2 + p2)z)

[ 0
=T g4 | (5 Cams + 02@)x+ (b + csbly)”
— -#1 0 ]

L1 Batope {(z, (A201 + aza)x)b+ (2, (A2b1 + a3b)y)}T

= -”1 0 ] 0 1 T 0 1 T T
| 1 ,32""[1,2_ {[A2al+aza 0] (x,z) + [A2b1+02b O:I (y,Z) }
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According to this a + b € gy X 0y, where

a0 = {0z + n((A201 + aza)x + (A2b1 + a2b)y) | 6, n € R}.

.

So |J oxo is2-subspace of R? x R3 which contains the elements
ocen(x,y;z)
a = (x,z) and b = (y, z), and according to the construction, it is a subspace
of any subspace S which contains the same elements. Therefore

S(a,b) = U oxo.

oen(x,y;z)

Example 2. Let X be a vector space over a field ® and let dim X > 2.
Let z,y,z € X be arbitrary vectors of X, such that dim L(z,y,z) = 3.
We will consider the 2-subspace S generated by the vectors a = (z, 2),
b = (y,2),i.e. S=S(a,b). Let M = M(a1z + a2y + a3z, b1z + boy + b32)
be the two dimensional vector subspace of X, which contains, as its own
subspace, the one dimensional vector subspace My = Mp(z). Any element
of the form (u, v), where u,v € M, belongs to S(a, b). The subspace M is
usually denoted by M(z). The class of two dimensional subspaces of this
form is denoted with P(z,y; z), and we call it pencil of the subspaces with
the base My = Mp(z). It can be proven (as in the previous example) that

S@ab)= |J. LxL.
LeP(z,y;2)

Problem. It remains to characterize the n- subspaces of X™, where
X is a vector space over an arbitrary field .
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AJITEBAPCEKA CTPYKTYPA HA
JAIDPOTO HA n-IIOJIYHOPMA

Anexkca Mamueckn* u Becua Manosa-Epaxosuk**

Peszume

IToumoT n-sopMa e BoBeZeH BO (4] kako oGommTyBame Ha MOMMOT
2-HOpMa, BoBezieH BoO [1]. IToumor n-nosyHOpMa € BOBezer Bo [3] kako
ofommTyBamke Ha NOMMOT 2-MOAyHOpMa. ExBuBajleHTHa AeduHUIM)ja
Ha 2-HOpMa e Janena Bo [2]. Bo npBuoT aen oX OBOj TPYX HaBaMe eK-
BUBaJICHTHS JePMHUIOUja Ha N-NOJIYHOPMa. BO BTOPHOT XEJ OX TPYHAOT
npaBUMe KapaKTepHU3aIlMja Ha jaAPOTO €a N-NOJIYHOPMa KaKo Kjaca Ha
noxMHOkecTBa of X ™ 1 KOHCTpyHMpaMe IBa OpUMepH Ha 2-I0MIPOCTOD
OZ 2-BEKTOPCKM IPOCTOP.
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