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OF SET F(S x T, X)

Neki Dervishi

Abstract

In this paper is proved that, if T is a Hausdorff topological
abelian group, and if Y is a Hausdorff topological space, then the
mapping @(f,t) = f1, defines a general and continuous dynamical
system on topological strugture of set F(S x T, X), relative to the
relative topology of coordinatewise convergence.

1. Preliminary remarks

Let T be a Hausdorff topological abelian group, (Y, V) Hausdorff topo-
logical space, and p,: YT - Y, s € T natural projection:

VFeYT, pf)=f(s), VseT

p7i(V)={feYT/f(s)eV}, seT,VeV.
If we denote:

§=J{p'(V)/V eV} ={p; (V)/s €T,V eV},

teT

then, the family S forms a subbase for a topology Y C P(X) where
X =YT. U - is the topology of coordinatewise convergence on 7. The
ordering pair (X,U) — is a Hausdorff topological space. Let § C X and if
we denote 7 — the relative topology of coordinatewise convergence on S,
then the ordering pair (S, 7) - is also Hausdorff topological space. The set
XSXT we can endow with the topology of coordinatewise convergence on
S x T. Indeed, if we denote:

p(x,t):XSXT 5 X
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Vf € X7, pay(f) = F(z,t) = fizuy, V(z,t) €S X T
p&l,t)(U) = {f € XSXT/p(x,t)(f) € U}’ (x’t) €85 x T’ UeUu
Fepy(U) <= (Peoy(f) €U, (z,t) € SxT,U cU)

U=p;'(V)={f(z,t) € YT /ps(f(2,1))
= fs(z,t) eV} s €T, (2,t) eSxT,VEV

M={feX5T/f(z,t)eV},seT, (z,t) e SXxT, VeV

H=|{M/M e M},

then, the family H forms a subbase for the M C P(X5*T) topology of
coordinatewise convergence on S x T. The ordering pair (X5*T , M) - is
a Hausdorff space. Let F(S x T, X) C X5*T be the set of all continuous
mappings f: S x T — X on a topological Hausdorff space S x T to a
topological Hausdorff space X and i: F(S x T, X) — X5*T (the inclusion
mapping). The subset F(SxT, X), we can endow with the relative topology
of coordinatewise convergence on S x T'. Indeed, if we denote:

A=iYM)=MnNFSxT,X)={fe X*T/fe MNF(S x T, X)}

Q = {i"}(M)/M € M}

then, the family Q forms a subbase for the P C P(F(S x T, X)) relative
topology of coordinatewise convergence on S x T, and

AeP <= A={fe MNF(SxT,X)/fsz,t) € V},
seT,(z,t)eSxT, VeV, MeM.

Definition. Let H be a topological space and G any algebraic group.
The mapping ¢: H x G — H is said to be a general dynamical system on
H, if satisfying the following axioms:
(a1) (Identity property)

Y(z,0) =z, Vz € H

(where 0 is the identity of G).
(az) (Group property)

Y((z,t),s) = Y(z,t D s),Vz € H&Vt, s € G.

(where @ is the group operation of G).
(as) (Continuity property) _

The mapping ¢: H x G — H is continuous in H. In other words, for
each neighborhood N of point ¥ (z, t), there exist a neighborhood E of x € H
such that ¥(E,t) C N.

The general dinamical system ¢: H x G — H on H, is said to be a
continuous dynamical system on H, if G is a toplogical group and ¢ is
continuous in H X G.
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2. The result

Let F(S x T, X) be a set of all continuous mappings f: S x T — X.
The set F(S x T,X) has the P C P(F(S x T, X)) relative topology of
coordinatewise S x T convergence on S X T'. If the mapping ¢: F xT — F
defined by:

V(f7t) € S x Ta(p(f’t) = ft
where fi(s) = f(t @ s), Vt, s € T, then satisfied theorems:

Theorem 1. Let T be a Hausdorff topological abelian group and Y
Hausdorff topological space. The mapping ¢(f,t) = f:, defines a general
dynamical system on topological structure of set F(S x T, X) relative to the
relative topology of coordinatewise convergence.

Proof. We shall prove the axioms of dynamical system:
(a1) (Identity property). By definition

o(f(s),t) = fi(s) = f(t® s),Vt, s €T
o(f(s),0) = fo(s) = fF(O®s) = f(s),Vs €T
o(f,0) = f,Vf € F(§ x T, X)

(a2) (Group property). For each t,s € T and for each f € F(Sx T, X). By
the definition

[y

p(f(s),t) = fi(s) = f(t®s),Vt, s €T,
(p(p(f(s),t),m) = o(fi(s), m) = o(f(t D 8),m) = fm(t D 3)
fm(t®s)=ftDs®m) = figs(m)
e(p(f(s)t),m) = frgs(m),Vm €T
or
o(p(f,t),8) = fros
fros = p(f, 1@ s)
(a3) (Continuity property). Let us now show that the mapping
¢: FxT — F is continuous in topological structure of set F(Sx T, X). As-

sume that the set F/(S x T, X) has the P relative topology of coordinatewise
convergence on S X T'. That is

AeP < A={fe MNF(SxT,X)/fsz,t) eV},
seT,(z,t) eSXT,VEV,MeM.

} = @(p(f,t),8) = o(f,t®3).

Let f € F(S x T,X) be an arbitrary point and let N, ¢ be the family
of all open neighborhood of point f relative to the relative topology of




16 Neki Dervishi

coordinatewise convergence. The family Ny can be directed with the binary
relation (<) C Nj x Ny as follows:

VAl,Az ENf,A]_ <Ay &= A D A,.

Then, the ordering pair (Ny <) becomes a directed family. Indeed, for two
each open neighborhood A;, A2 € N} of the point f € F(S x T, X ), their
intersection Az = A; N A2 € Ny is also an open neighborhood of the point
f such that: A; < A3z, A; < A3. The mapping g: Ny — F(S x T, X) which
is defined by:

VA € Ny, g(4) =

defines the net (g4, A € Ny) C F(S x T, X) wich converges at the unique
point f € F(S x T, X). In other words, there exist an open neighbor-
hood Ag € Ny of the point f € F(S x T, X) such that, for each open
neighborhood A € N of the point f € F(S x T, X) is fulfilled:

A> A = gAEAng

relative to the P C P(F(S x T, X)) relative topology of coordinatewise con-
vergence. The point f is unique, because the ordering pair (F(SxT, X), P),
is a Hausdorff space, relative to the relative topology of coordinatewise con-
vergence. For continuity of mapping ¢: F x T — F in F(S x T, X), it will
suffice to show that the corresponding net (¢(ga,to), A € N¥), (where
to € T is a fixed point), converges to a unique point ¢(f,t) € F(S x T, X)
relative to the relative topology of coordinatewise convergence.

Suppose contrary that the corresponding net (p(ga,t), A € Ny) C
F(S x T, X) converges to a unique point ¢(f,to) € F(S x T, X), but the
mapping ¢: F' x T — F is discontinuous at the point f € F(S x T, X). In
other words, there exist an open neighborhood Ag € N, o(f,to) Of the point

@(f,t0) in F(S x T, X) such that, for each open neighborhood A € N in
F(SxT,X) satisfies the condltlon

(340 € Ny(1,40)) (VA € Nf) }
(P(A, tO) ¢ AO

On the other hand, the net ¢(ga,to), A € N§) C F(S x T, X)) converges to
a unique point ¢(f, ) € F(S x T, X) relative to the P C P(F(S x T, X))
topology of coordinatewise convergence. This means that, there exist an
open neighborhood Ag € N, (s,1,) of the point ¢(f,t0) € F(S x T, X) such
that ¢(ga,to) € Ag. Hence, we have:

©(g4,%0) € p(A,t0) £ Ao.
Consequently,

(340 € Ncp(f,to) (YW € 'N:P(f,to))
W > Ao = (p(Ao,to) ¢ W C Ao
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The last condition, show that the net (¢(ga,t0), A € Nf) C F(S x T, X)
does not convergence to a unique point ¢(f,tp) € F(S x T, X), which is
1mposmble This contradiction show that the mapping : FxT — F is con-
tinuous in F(S x T, X), relative to the relatlve topology of coordinatewise
convergence: a

Theorem 2. Let T be a Hausdorff topological abelian group and Y
Hausdorff topological space. The mapping ¢(f,t) = f:, defines a continuous
dynamical system on topological structure of set F(S x T, X) relative to the
relative topology of coordinatewise convergence.

Proof. We shall prove the axioms of dynamical system:
(a1) (Identity property). By definition

o(f(s),t) = fi(s) = f(t®s),Vt,s€T
©(f,(5),0) = fo(s) = f(0® s) = f(s),Vs€T
¢(f,0) = f,Vf € F(Sx T, X)

(a2) (Group property). For each t,s € T and for each f € F(SxT, X).
By the definition

o(f(s),t) = fe(s) = f(t© 5),Vt, s €T,
e(p(f(s),t),m) = p(fi(s), m) =p(f(t ® 5),m) = fin(t ® 3)
fm(t®s) = f(t®s®m) = frgs(m)
‘p(‘P(f(s)’t)’ m) = ftQa(m)’vm €T

e(p(f,1),8) = fios

ft®s = (p(f1t$8)

(as) (Continuity property).  Let us now show that the mapping

¢: F x T — F is continuous in topological structure of set F' x T', where

F =F(SxT,X). We know that (T,U) and (F(S x T, X)P) are Hausdorff
topological space. If we denote:

or

} = ‘P(‘P(f’t)as) =‘p(fat®s)’

pi:FXT —F, pyu:FxT—T (natural projections)
pil(A)em* < AecP, p;(B)em* < Bel
B={pi'(A)Np;*(B)/A € P, Bel}

then, the family B forms a base for the m* C P(F x T') topology of co-
ordinatewise convergence. The ordering pair (F' x T,m*) is a Hausdorff
topological space, because F' and T are Hausdorff topological space. Con-
sequently:
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Hem® < H=p{(C)Np;'(B)=AxB={(f,t)/f € A, t € B}.

Lett € T be an arbitrary point and let Vi, be the family of all open
neighborhood of point ¢ € T in Hausdorff topological space (T,U). The
family N, can be directed with the binary relation (<) C A; x A; as follows:

VB1,B; € N;, B; < By <> B; D B,.

Then, the ordering pair (N, <) becomes a directed family. Indeed, for two
each open neighborhood B;, Bs € N; of the point ¢ € T, their intersection
B; = B; N B; € N is also an open neighborhood of the point ¢ € T, such
that: B; < Bz, By < Bs. The mapping u: N; — T which defined by:

VB € N, u(B) =up

- defined a net (ugp, B € N;) C T which converges at the unique point
t € T. In other words, there exist an open neighborhood By € N; of the
point ¢ € T such that, for each open neighborhood B € N; of the point
t € T fulfilled:

B>By = ug&e BC By.

Let (f,t) € F x T be an arbitrary point and let Ry ¢) be the family of all
open neighborhood of point (f,t) € F x T relative to the m* C P(F x T)
topology of coordinatewise convergence. If we denote:

Ry = N x Ny = {(A, B)/A € N}, B € Ni},

then, the family Ry, can be directed with the binary relation
(L) € Ris,8) X Rs,t) as follows:

V(A1, B1), (A2, B2) € Rty <= (A1 < A2&B; < By)
= (A1 2 Az&Bl 2 Bg).

In this case, the ordering pair (R4,+), <) becomes a directed family and the
mapping g*: R(s,+) — F x T which defined by:

V(A, B) € R(s,t),9*(A, B) = (94,uB = g% (4,B)

define a net (9*(4 p), (4, B) € Rys,) C F x T which converges at the

unique point (f,t) € F x T. In other words, there is an open neighborhood

(Ao, Bo) € Ry, of the point (f,t) € F x T such that, for each open
neighborhood (A, B) € Ry,+) of the point (f,t) € F x T fulfilled:
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(A, B) > (Ao, By) = g*A,B) €EANBC AyNBy

(3(Ao, Bo) € Rs,1))(V(4, B) € Rys.1))
(A,B) > (Ao,Bo) — g*(A,B) € ANBC AyNBy

. relative to the m* C P(F xT) topology of coordinatewise convergence. The
point (f,t) € F x T unique, because the pair (F x T, m*), is the Hausdorff
space, relative to the m*- topology of coordinatewise convergence. For
continuity of mapping ¢: F x T — F in F x T, it will suffice to show that
the corresponding net (p(ga, un), (4, B) € R(s,)) C F(SxT, X) converges
to a unique point ¢(f,t) € F(S x T, X) relative to the P C P(F(Sx T, X))
topology of coordinatewise convergence.

Suppose contrary that the corresponding net (¢(ga.up),(4,B) €

Rs,t)) C F(SxT, X) converges to a unique point ¢(f,t) € F(SxT, X), but
the mapping @: FxT — F is discontinuous at a point ¢(f,t) € F(SxT, X).
In other words, there is a neighborhood Ag € Ny in F(S x T, X) such
that, for each open neighborhood (A4, B) € Ry, in F x T, satisfies the

condition:
(340 € Nis,))(V(4, B) € Rys,p))
w(A4,B) ¢ Ao

On the other hand, the net (¢(ga,us), (4, B) € Rst) C F(S x T, X)
converges to a unique point ¢(f,t) € F(S x T, X) relative to the P C
P(F(S x T, X)) topology of coordinatewise convergence. This means that,
there exist an open neighborhood Ag € My, of the point ¢(f,t) € F(S x
T,X)in F(S x T, X) such that ©(ga,up € Ap. So, we have:

©(9*a,B)) = p(9a,uB) € p(A,B) ¢ Ag

or

Consequently,
(340 € Nis.1))(VA € Ni1.)
A= Ao = p(ga,u) ¢ AC Ao
The last contition, shows that the net (¢(g4,un), (4, B) € Rs,)) C
F(S x T, X) does not converge to a unique point ¢(f,t) € F(S x T, X),
which is impossible. This contradiction show that the mapping ¢: F x T —

F is continuous in F' x T, relative to the relative topology of coordinatewise
convergence. o
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JUHAMHWYKNOT CUCTEM BO TOIIOJIOIIKATA
CTPYKTYPA HA MHOKECTBA F(S x T, X)

Hexn Ileppynmm

Peszuwme

Bo osaa pabora e moxa:xaHO CcO nBe Teopemu aexka: Axko T e
abenoBa Tonosomka rpyna Ha Xaycaop¢, Toram mammarot ¢(f,t) = f;
OIpexyBa €IeH MUHAMWYKHA I'eHEepPaJIeH U €eH QUHAMNYKYM HENPEKUMHET
cuCTeM Ha TONOJIOMKA CTPYKTypa Ha mHOkecTBa F(S X T, X) BO BpCKa
CO PENIaTMBHA TONOJIOrMja HA KOHBEPreHOMjaTa MO KOODAMHATH.
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