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Abstract

1Y

We prove some theorems and give examples concerning func-
tions preserving connectedness and functions preserving path con-
nectedness.

It is known that for a continuous map f: X — Y, an image of compact
set is compact and an image of connected set is connected.

Only a few authors, mentioned that the converse is also true, mainly
independently one from another.

For real functions f: R — R the first result of this type is given by
Rowe in 1926. In 1965 Whyburn proved this result for 1-countable and
locally connected space X, and Y Hausdorff. A generalization of this result
is given by McMillan in 1970 and by Janos Gerlits, Istvan Juhasz, Lajos
Soukup, and Zoltan Szentmiklossy.

In the paper a map means a continuous function.

Definition. The function f: X — Y is connected, if for any connected
set S in X, f(S) is connected.

The restriction of a connected function is a connected function. The
composition of connected functions is a connected function.
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Example 1. A derivative of a real function is a connected function.
For example, the real differentiable function

zsin—, z#0
F(.’E)= z ’
0, z=0
has a derivative
sin———cosl, z#0
Fl(z) = f(z) = Tz
0, z=90

which has a discontinuity at 0.

That the derivative is connected follows from theorem due to Darboux:
If F'(z) = f(z) for all z € (a,b), then for a pair u, v € (a, b) such that u < v
and f(u) < d < f(v) (or f(v) < d < f(u)) there is w € (u,v) such that
f(w) =d.

As a corollary we obtain: If F'(z) = f(z) for all z € (a,b), then for
any interval [u,v] C (a,b), the image is f([u, v]) is an interval.

Since the connected subsets of real line are intervals, we obtain that
F'(z) = f(z) is a connected function.

Theorem 1. If X,Y are Hausdorff spaces and f: X — Y is a con-

nected function, then f(C) C f(C) for any connected subset C of X.
Proof. [5], Theorem 3.3.

Example 2. The Dirichlet function defined by

0, z€Q
f(w)={ ffROR
1, zeR\Q,

is not a connected function (f((0,1)) = {0,1}). In spite of this, f(C) C

f(C), for any connected subset C of R. The connected subsets of R are
intervals. The statement is obviously true if C is one point set. If C is an

interval (containing more than one point), then f(C) = {0,1} = {0,1} =
£(C).
Example 3. For the function f: R2 — R,
Ty
5 4, .9 (ma y) 75 (0,0)
2 1 42
flay) =3 Tt |
0 } (x, y) = (0’ 0)
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there is a connected subset C of R? such that f(C) C f(C) is not satisfied,
and it follows the function is not connected and it is not path-connected.
For example the image of the half line y = =, £ > 0 is a two point set

1
{0’ 5} .
If we remove the origin from the line we obtain a path connected set
C such that £(C) = {0, -;-} and F(C) = {%}.
Let X be a metric space.

Definition. If p,q € X, an interpolation T = {z¢,Z1,. .., Tk, Tk+1}
from p to q is a finite sequence of points

P=T0,T1,.. -y Ty Tht+1 =4
The step of the interpolation is

h(T) = max{d(z;, zi41) | 1 =0,1,2,...,k}.

Definition. Let X and Y be continuums. A function f: X —-Y is a
NS - function (non separating function) if for any two points p,q € X,
the following condition holds:

For a sequence of interpolations T} «C T C T3 C - - - between p and ¢,
such that h(T;) — O there exist sequences (y; | ¢ € N) and (2; | i € N in

U T\ {p, a} such that f(ss) — £(p) and £(z) — £(q).

i=1
Any continuous map is a NS ~ function.

’Th_e_orem 2. If C C X, C connected and f: X — Y is a NS — function
then f(C) C f(C).

Proof. If ¢ € C, then for a point p € C, we choose a sequence of
interpolations between p and q, T; € Tp € T3 C ... such that A(T;) — 0.

There exists a sequence (y; | i € N) in |J T;\ {p, ¢} such that f(y;) — f(q)
S

and it follows f(q) € f(C).

Example 4. There exists a connected function which is not a
NS - function. The function of Cesaro w: [0, 1] — [0, 1] defined with

w(z) = lim supu.;—_ﬂ, for 0<z<1,

and z = 0,a;...a, is a dyadic expression of z (if z has two expressions we
take the finite expression).
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We choose a sequence of interpolations
Ty = {O’ 0,1; 1}, »

T, = {0’ 0, 91, 011; 1}a
Ty = {00, 001;0,01;0,011; 0, 1;0, 101; 0, 11;0, 111; 1},

Then for y € T;, y # 1 we have w(y) = 0. We conclude that the function is
not a NS - function.

Example 5. The function f:R? — R from Example 3, is continu-
ous by z-coordinate and by y-coordinate (i.e., for a fixed y the function
fy(z) = f(z,y) is continuous and for a fixed z the function f;(y) = f(z,y)
is continuous), and it follows it is path-connected by both coordinates.
However the function is not path-connected.

Theorem 3. Let X,Y, Z be Hausdorff spaces and let f: X xY — Z
be a function. If f is path-connected, then the following two properties
hold for f:

(i) f({z} x B) is path-connected for each z € X and each path-connected
set BCY;

(ii) f(A x {y}) is path-connected for each path-connected set A C X and
eachyeY.

Proof. -
(i) Let k(t) be a path from (z,yp) to (z,y1), where z € X, y5,y; € B.
Then f(z,k(t)) is path in f({z} x B) from f(z,y0) to f(z,y1);

(ii) Similarly.

Theorem 4. Let X,Y, Z be Hausdorff spaces and let f: X xY — Z
be a function. Let the conditions (i) and (ii) from Theorem 3 hold. Then
f(A x B) is path-connected for each path-connected subset A C X and
each path-connected subset BCY.

Proof. Let (ag, bo), (a1,b1) € A x B. Since (i) holds, there exists a
path k from f(ag, bo) to f(ao, b1). Since (ii) holds, there exists a path [ from
f(ao,b1) to f(a1,b1). Then h =k 1 is a path from f(ao, by) to f(a,b1).

Definition. The function f: X — Y, where X and Y are Hausdorff
spaces, has a removable discontinuity at a point x € X, if for any sequence
of points (z,) in X so that z, # z, for each n € N and lim z, = z, there

n—oo

exists lim f(z,).
n—oo
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Theorem 5. Let f: X — Y be path-connected function, X is locally
path-connected, connected, 1-countable Hausdorff space and Y is Haus-
dorff. Then f is continuous at z € X if and only if f has a removable
discontinuity at x.

Proof. Let f has a removable discontinuity at =z and let (z,) be an
arbitrary sequence of points in X different from z, that converges to z. If
lim f(z,) = f(x), then since X is 1-countable it follows that f is contin-
n—ox0

uous. So, we assume that there exists a sequence (z,), y = lim f(z,),
n—oo

and y # f(z). Since Y is Hausdorfl, there exist neighbourhoods U; and
V1 such that f(z) € Uy, y € V; and U; NV; = @. Since X is 1-countable,
there exists an open set U in X such that z € U and for each 2’ € U\{z}
it holds f(z') € V1. From U; NV; = § it follows f(z') ¢ U;. From X being
locally path-connected, it follows that there exists an open path-connected
set C C U that contains the point z. The set f(C) is path-connected in Y’
and f(z) € f(C). But, f(C) NU; = {f(z)}, since for each ' € U \ {z} it
holds f(z') ¢ Uy. It follows that f(z) is not a limit point for f(C). Since
f(C) is connected, it follows that f(C) = {f(z)}. So, f is continuous.

If f is continous in z, then for any sequence of points (z,) in X such

that z,, # z, for each n € N and lim z, =z, we have f(z) = lim f(z,),
n—0c n—o0

i.e., there exists lim f(z,), so f has a removable discontinuity at z.
n—oo

Definition. Let X and Y be Hausdorff spaces, and f: X — Y be a
function. For each p € X, the set of all ¢ € Y for which there exists a
sequence (p,) of points in X that converges to p, and ( f (pn)) converges to
g, is called the set of limit points of f at p. This set is denoted by L(f,p) .

Theorem 6. Let f be a function from 1-countable Hausdorff space X
to l-countable Hausdorff space Y. Then, for each p € X the set L(f,p) is
closed subset of Y.

Proof. [5], Lemma 3.1.

Theorem 7. Let f be a path-connected function from locally path-
connected 1-countable Hausdorff space X to a compact 1-countable Haus-
dorff space Y. Then L(f,p) is connected subset of Y, for each p € X.

Proof. Let’s notice first that for each p € X, the set L(f,p) is not
empty, since f(p) € L(f, p).

Let’s make the opposite assumption, i.e. that L(f,p) is not connected
for some p € X. Then, there exist non-empty, separated in Y sets A and
B such that L(f,p) = AU B. The sets A and B are closed in L(f, p). By
Theorem 6, L(f,p) is closed in Y, so it follows A and B are closed in Y.
But, Y is compact, so it is normal. Therefore there exist open in Y sets O;
and O, such that A C O, B C O3 and O; N O3 = 0.
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Let’s assume that for each open set O that contains p, there
exists p' € O so that f(p') € Y \ (O1 U Oz). Since X is 1-countable,
there exists a decreasing sequence of open sets (O,,) that containg p. Asin
the proof of Theorem 6, there exists a sequence (p,) such that (p,) con-
verges to p, pn € Oy, f(pn) € Y \ (O1 U Oy), for each n € N. The set
Y \ (O1 U Oy) is closed in Y, therefore compact, since Y is compact. So
the set {f(pn) | n € N} C Y \ (O1 U O2) has an accumulation point ¢ in
Y\ (01U O,). Therefore, there exists a subsequence from (f(p,)) that
converges to g, so ¢ € L(f,p). It contradicts L(f,p) C O1 UOa.

Therefore, there exists an open set O C X such that f(O) C O; UOs.

Since X is locally path-connected, there exists path-connected open
set C C O that contains p. The map f is path-connected, so f(C) is path-
connected in Y and f(C) C O; U Oz. Therefore f(C) C O; or f(C) C Os.

Let us assume that f(C) C O;. If L(f,p)NO2 # ® and y € L(f, p)N0x,
then there exists a sequence (z,,) that converges to p and (f(z,)) converges
to y. Since p € C and C is open, there exists ng € N so that z, € C, for
each n > ng. Then f(z,) € f(C) C O, for each n > ng. Therefore, there
exists a neighbourhood Os of y in which there are at most a finite number
of points from (f(zy)), so (f(zn)) does not converge to y.

So, if f(C) C O,, then L(f,p) and O, have an empty intersection.
Similarly, if f(C) C O, the sets L(f,p) and O; have an empty intersection,
so one of the sets A or B is empty. Therefore we get to a contradiction. It
follows that L(f,p) is connected. :

Theorem 8. Let f be a path-connected function from locally path-
connected 1-countable Hausdorff space X to a compact 1-countable space
Hausdorff Y. Then f is continuous at p if and only if L(f,p) is finite or
countable.

Proof. Analogously to the proof of Theorem 3.8 from [5].

Corollary. Let f satisfy the conditions of Theorem 7. If Y is metric
space and L(f, p) is locally connected, then any two points from L(f, p) can
be connected by an arc in L(f, p).

Proof. It follows from [2], page 116, Theorem 3-15.
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®YHKIIMHN KOW CE CBP3AHU 1NJIN
ITAT CBP3AHHA

Huxura Mlexyrroscku®, I'opfu Mapkocku?, Betn Annonosui3

Peszuwme

IlokasxaHn ce HEKOJNKY TEOpEMHU U NaJeHUM Ce IPUMEPH 3a Kia-
CUTE Ha (yHKIMM KOM C€ CBP3aHM M KIACKTE Ha (YHKIUM KOU Ce IaT
CBpP3aHU.
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