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Abstract

We deal with temperature field problem for fractional lumped
radial formulation in oil strata. To solve the boundary value prob-
lem for the fractional heat equation the method of integral trans-
forms, namely, Laplace and Hankel transforms together with the
modified form of convolution theorem known as Efro’s theorem is
used. Use of Caputo’s differintegration operator provides new inte-
gral form of the solution.

1. Introduction

An oil stratum is taken to be a porous medium (sand stone) which
is saturated with oil. The depth of an oil strata varies from one to sev-
eral kilometers thus we can assume that the stratum’s depth is equal to
infinity. The rock surrounding a stratum (cap and base rock) is considered
impermeable to the fluid.

Model for oil extraction: A standard method of oil extraction is
to drill injection wells along the boundary of the oil reservoir and to inject
hot fluid (water or steam) into these wells. The oil is pumped out from a
series of production wells which are drilled in the centre of the oil deposit.

The problem arises, of describing the temperature field u = u(z, y, 2, t)
in a single or multiple-layer oil stratum when the hot fluid whose temper-
ature differs from that of the stratum, is injected into the stratum during
the oil extraction process. The heat equation for a porous medium is de-
rived under the following general assumptions on the model (Antimirov et
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al 1993).

Assumptions
(i) The temperature of the porous medium is equal to the temperature of

the fluid which fills the strata,

(ii) The thermal properties of both the cap and the base rock are identical,

(iii) The boundary temperature and heat fluxes are equal on each side of
the interface between the strata and its surrounding media,

(iv) The strata is horizontal and has constant depth,

(v) The consideration of the temperature field is restricted to the cap rock
only and by choosing z = 0 the temperature on the surface of the
strata is obtained.

Two cases of fluid injection, linear and radial, are mainly considered.
Besides the exact formulation of the problem, three approximate formula-
tions are treated (Antimirov et.al 1993). The lumped formulation where
the stratum’s thermal conductivity is infinitely large in vertical direction
and is finite in the horizontal direction. The cap and base rock is consid-
ered to be thermally isotropic.The incomplete lumped formulation, where
the horizontal heat transfer in the cap and the base rock is neglected, and
the formulation of Lauwerier where horizontal heat transfer in the strata is
also neglected.

The lumped formulation in the radial case, for the temperature field
in a single oil stratum in dimensionless variable has the form [1]:

Lou_ou 100 o
a2 8t Ot2  r Or 022’

subject to the boundary condition

0<rzt<oo, (1.1)

Ou 0%*u 1—2v Ou ou
Z=O.E=ﬁ+75+aa, 0<rt<oo (1.2)

and the conditions
() 7=0,z2=0:u=1
(b) if 12422 > cothenu=0 (1.3)
(¢) t=0:u=0.
e The constant a > 0 depends on the coefficient of thermal diffusivity of
the cap rock and the strata

e The constant o > 0 is a ratio of the coefficients of thermal conductivity
of the cap rock and the strata.

e The constant ¥ > 0 depends on the volume rate and the volumet-
ric heat capacity of the fluid as well as the coefficient of the thermal
conductivity of the strata.



FRACTIONAL GENERALIZATION OF TEMPERATURE FIELD PROBLEM IN OIL STRATA 73

Ben Nakhi and Kalla [2] have studied some boundary value problems
of temperature field in oil strata by using the Laplace and the general
Hankel transform. Recently Boyadjiev and Scherer [3] have considered
some fractional extensions of temperature field problems in oil strata in
the case of linear lumped and incomplete lumped formulation and radial
incomplete lumped formulation.

In this paper we consider the fractional generalization of problem (1.1)
to (1.3) giving radial case of the fractional lumped formulation.

The temperature field u = wu(r, 2, t) satisfies the following fractional
diffusion equation (Mainardi 1966) in the radial case

Pu 10u, 5
or2 r or 022
subject to the boundary condition

0%u 1-2v 0u Ou
= : 2'3 = — —_— —
z2=0:D u 52 + o %5, O<r t<oo (1.5)

Dfﬁu=a2( ), 0<rzt<oo, 0<B<1/2 (1.4)

and the conditions

(a) r=2z=0:u=1

(b) If 12422 - 00 then u— 0 and (1.6)
(¢) t=0:u=0

where we shall use the definition of fractional derivatives by Caputo as
given in Podlubny [§]

1 t fm(z)de
_ _ p)a—m+1’ —l<a<m, eN
Do f(t) T(m—a)p (t—z)e-m+l’ m a<m, m wn
dm £ a=m.

dtm

2. Useful Results

The following rule of the Laplace transform of fractional derivative will
play an important role [§]

=

m—

L[DZ f(t)] =p*L(f(t)) — fFO)p* 1%, m—-1<a<m. (2.1)
k=0

The Laplace transform of the temperature function u(r, z, t) is defined
as [9]

u(r, z,p) = L{u(r, z,t);t — p} = zoe_ptu(r, z,t)dt, Re(p)>0 (2.2)
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and inversion formula for Laplace transform gives

vy+ioco
L ot 2 p)dp,  (2.3)

L1 [ﬁ(r, z,p)] = u(r, z,t) = 9
y—i00

Efro’s theorem [1]: Let be given analytic functions G(p) and ¢(p)
and the relations

F(p) = L{f(t)} (2.4)
and
e™®G(p) = L{g(t,7)] (2.5)
then -
6) F(a) = 2| T ) att,)dr]. (26)

This theorem is a simple generalization of the convolution theorem for the
Laplace transform, if we put g(p) = p.

Following auxiliary function of Wright’s type helps in expressing the
solution for the time fractional diffusion equation [7]

1 o—zof do
M(Z;ﬁ)z%lge Sipe 0<B<L, (2.7)

where H, denotes the Hankel path of integration that begins at
o = —oo — ib; (by > 0), encircles the branch point that lies along the
negative real axis, and ends up at —oo +1bs (b2 > 0). It is also proved that
following relation takes place

M(z;8) = W(—z—p;1-p), (2.8)

where
oo n

W(zAu) =) m

=0 (2.9)

1 120—> dO
- = o+zo oy A -1
27ri1!ae w’ > =1, >0,

is an entire function of z referred to as the Wright’s function [4, Vol.III,
Ch.18). In the particular case 8 = 1 it gives

2m 1

M(z %) - % gjo(—l)m(zlz)m c = = e/t (2.10)
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3. Fractional Lumped Formulation: The radial case

Theorem
The solution of the problem posed in equations (1.4), (1.5) and (1.6)
in the radial case of the fractional lumped formulation is given by

1 ocog2
t) = — e 7 t)dt 1
u(r7 Z? ) F(2V) g R € /(p(R? ) (3 )
where
p(B, ) =a? 4 LT (215 1 20 s
t) =a” + = [ ——— (o + p*” + 2ap” cosB3)”
T 0 p (3.2)
x sin(2v¢ — RpP sin2n8)dp, when 2v is not an integer
with
R=+\/(z+7)2+712; ¢ =tan"! (—pﬁ sin 8 )
N T a+pPcosmfB/’
When 2v is an integer then
dr ¢t Rf R
_ _aR —aR v
YRt = R T [e [ 5 M(uﬁ ,ﬁ)du] , for0<p<1/2.
(3.3)

Proof: Let us apply Laplace transform to (1.4), (1.5) and (1.6) and
use the result (2.1) to give

or2 r Or 022
_%u 1-w2 | ou

028 — ou
z=0:p* 1w 8r2+ - 8r+a8z’ 0<r<oo, (3.5)

pzﬁﬁzaz( ); 0<r z2< 00, (3.4)

(a) 7"=Z=0;E=1—12
(b) If 72422 — co then uw— 0, (3.6)

Applying the Hankel transform of order zero [10]

u(\, z,p) = zoﬁ(r, z,p)rJo(Ar) dr, (3.7
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and the following property

T — (r ?) Jo(Ar) dr = —=)2%u(), 2, p) (3.8)

in the equation (3.4) it reduces to the form

jzz u— ()\2 + iﬁ)u =0. (3.9)

The solution to the above equation which remains bounded as z — oo has

the form:

u(), z,p) = C(\, p) e~V XHP? /0% (3.10)
Now C(),p) is to be determined by using inverse Hankel transform to
(3.10), we have
W(r, 2,p) = [ AC(A,p) eV 477 /a% 1 (30) g (3.11)
0

Putting (3.11) in boundary condition (3.5)

2 -
fpzﬂ,\C(,\ p)Jo(xr) dr= | ( 0 % dﬁ ta 83),\0(,\ p)Jo(Ar) dA .
(3.12)
Now using following results in (3.12)
02 190 9
(53 + 7 5-) Jo(Ar) = =22Jo(Ar)
and 5
B Jo(Ar) = =AJ1 (A1), (3.13)
it reduces to the form
[ rCi1(\,p) ()\2 +p% + o[ A% + ?) Jo(Ar) dr
0
(3.14)

— 20 [ ACL(\, p) L) d,
0

where C1 (A, p) = AC(A, p). Substituting

1 28
XCl(/\,p) (A2+p2ﬁ+a\//\2+l;—2) =f(\p), (3.15)
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(3.14) reduces to the form
TrAF (N p)Jo(Ar) dA = 20 T ACL (A, p) 1 (W) dA, (3.16)
0 0

multiplying both the sides of the last equation by Jy(zr) then integrating
with respect to r from 0 to co and interchanging the order of integration
in the right hand term

2°7~J0 (rz) dr 2°,\ FOp)Jo(Mr) dA = 20 2°,\01(,\, p) dA 2° Jo(rz) Jy(Ar) dr .

(3.17)
Now using the well known Fourier Bessel integral formula
({ rdo(rz) dr ({ Af(A, p)Jo(Ar) dX = f(z,p) (3.18)

and a special case of the discontinuous Weber Schafheintlin integration
formula [11, p.411]

%) 1 , A>T
[ Jo(rz)Ji(Az)dr = { A (3.19)
0
0, A<=z
into the equation (3.17), we get
f(e,p) =20 ] Ci(\,p)dA. (3.20)

From (3.15) and (3.20), we get

203 0o
Gul=,p) z? 4 p?P + o/ z? + L Y [ Ci(A\,p)dAX. (3.21)
z a? pe

Let us assume

¢(z,p) = [ C1(A,p)dA, (3.22)
then p
ﬁ = —Cy(z,p), since Lt Ci(z,p)=0. (3.23)

Now replacing (3.22), (3.23) into (3.21) we shall get following ordinary
differential equation when a* =1

d 2
_¢+ VT

¢
dz (zz +p?P +ay/z? + pzﬁ)

=0. (3.24)
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Solution of (3.24) under the given initial condition (3.6a) is

(o +p%)*

¢(z,p) = 5 - (3.25)
P (a + /22 + p2B )
Now solving (3.23), (3.24) with the help of (3.25), we have
B\2v
Ci(z,p) = va(atp') (3.26)

2F1
py/ (22 + p?P) (a + /22 +p2ﬁ)

Now using relation C; = AC, and (3.26) into the equation (3.11), we get

- o0 2w (a + pB)2 e—2V A2 4028
u(r,z,p) = [ (o +9°) RO @)
°p )\2+p2ﬁ(a+ )\2+p2ﬁ)

To find inverse Laplace transform of u, we write

20\ + pP) % e=2V AP

5()\, Z, D5 ﬂ) = 2041 ° (328)
P/ A2 +p?B (a+ ,\2+p2ﬁ)
and apply Efro’s theorem. First we express
(A, 2,05 8) = G(p; B) Fq(p; B)] , (3:29)
where X ﬁ)z
wA(a+p”)Y _ (24p2B)
G(p; B) = 762(4‘1’), 3.30
a5 B) = a+ /A2 +p?h, (3.31)
and . )
t 174
Now
G(p; ﬁ) e—Tq(p;ﬁ) — 2'/)‘(0‘ +pﬁ)2u e—zw e—T(a+ /\2+P2ﬁ)
P/ A2 + p2P
— 2'/)‘(0‘ +pﬁ)2u e~ T e_(Z+T)W ’ (333)
P/ A2 + p2P

=L [g()\, t,T; ﬁ)] .
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Using inverse formula for Laplace transform

1 v+fwo 2\ (a + pP)¥
2 Z*y —ioco p\/)\z-l-p

By Efro’s theorem

g\t 7, B) = e™T% e~ (GHIVATHPP ot gy (3.34)

L7 o\ zp;0)] = Zof(T)g(A,t, 73 B) dr (3.35)

9 2
_ 70 T2V 1 ~tioco 21/)\(0! +pﬁ) v e T e—(z+‘r)\/m ePt dp.

———dr
o T(2v+1) 2mi, fwo p/A2 + p2B

Now, taking inverse Laplace transform of (3.27), interchanging the order of
integration in the right hand side and using (3.35) we get

o= T e L

00 )\ e~ (=+T)V A+ (3.36)
N T ROnB

Using following formula [5, p.9, formula 24]
7°we \/WJ _e_pﬂﬂ
L e = (3.37)

(3.36) becomes
ur#9= 1 7TZV e™* (R, ) dr, (3.38)

I'(2v) o

where

=+/(z+71)%2+7r2, (3.39)

_ o afla+p?)* e PR
(R 1) =17 . } (3.40)
“UB(R,p)] (say) (3.41)

The inverse Laplace transform of 1 can be found by deforming the contour
of integration in the inversion formula as shown in figure 1.
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Case I: If we take 2v not an integer: .

The origin p = 0 is a branch point of the function (R, p). Hence each
branch of the function ¥(R, p) is single valued analytic function inside the
closed contour shown in the fig.1.

Since 2v is not an integer we use the formula

(a+pP)? = elos@+r”) . < g < %
Imp
CIRI
7 +ib
A 5 (F
N 9}05 Ry
—/ 7 b

Figure 1

Integration contour

The singular point p = a/# e=™/8  is not situated inside the closed contour
because in this region | argp |< 7. Hence by Cauchy residue theorem we
have

1 y+ib o
|+ T+ [ +[+ [ + [ |dRp)edp=0, (3.42)
2mi |yZib Ch,  AB Cs BAT O

It is easily seen that

lim P(R, =0, lm P(Rp)| =0
Am $(R,p) pech, Am (R, p) pec,
hence
lim [ ¥(R,p)e'dp=0, lim [ ¥(R,p)eP'dp=0. (3.43)
Ry —00 0521 Ry —00 Cgl
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Now to compute the integral along segments AB, B’ A’ and small circle Cs.

(i) For segment AB we havep = pe'™, pP = pP ™ 0 < < 1,dp=—dp
then

_ 0 B iBm\2v )

[ $(R,p)ePtdp= [ (a+p” )™ exp{—Rp? P} e Pt dp.

AB [e%S)

_ (3.44).

(ii) Similarly on B'A’, p = pe'™ and

o 0o B ,—ifm\2v .

[ B(Rp)ertdp=T CF LT o~ Ry Y e dp. (3.45)

BlA 0 p
Then sum of (i) and (ii) after some simplification is represented as
follows

AB B'A’

ori | L+ L | P et dn =

pt
R cosmp (24 p?P +20,pP cos wB)” sin(2vp— RpP sin8) dp

B sin B

-/ 2412 ¢ = tan~t (LT ) _
R (z4+7)2+1r%¢=tan (a+pﬁcos7rﬂ) (3.46)
(iii) On circle Cs, p = § €', dp = i e*® do

1 j- (a+pﬁ)21/ e—Rp

- ? ept dp =
2mi ¢ P

W)idqﬁ: —a®, as §—0.

(3.47)

Use of the integrals from (3.43), (3.46) and (3.47) in (3.42) provides
the following result

-7
— 5ﬁ iBd\2v —R6P e
2mi 1fr (a+ 67 eP?)V e

1 oo g—Pt
Y(R,t) =a® + - [ 67 g~ FpP cos ™ (a® + p? + 20p° cosnB)¥
0

x sin(2v$ — RpPsinwfB) dp,
(3.48)

where R and ¢ are given by equation (3.46).
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Case II. When 2v = n is an integer then (3.38) is represented as

0o TN g—aT 1 7tioco (Ot + pﬁ)
t) = —_— AL
u(r, 2,1) ({ I'(n) R Tomi y—io0 D

—pB
D Reptdp

n e—a(T—R) T[i ~y+ioco (a+pﬁ)n

—(a+pP)R pt
I'(n) R 278 5 —ioo D ¢ ¢ dp]

m e—a(T—R) gn 1 7+ico g—(a+p?)R
I(n) R il

T Th (e e

I
0\8

27 y—i0o

Now the L‘l{e_pﬁR/ p} is a direct consequence of the result given in [7]
and a property of Laplace transform to give

_pﬂR

L—l{ep L Zuﬂ+1 (u%;ﬁ)du (3.50)

where M(z; 3) is an auxiliary function of Wright’s type defined by (2.7).

Special Case

If we take 8 = 1/2 in our problem (1.4), (1.5) and (1.6) we arrive at
the problem (1.1), (1.2), (1.3) discussed by Antimirov [1]. The solution
as given in (1, p.184, eq.8.3.49) can directly be obtained by substitution
B = 1/2 in the result (3.48), when 2v is not an integer. In the case when
2v = n is an integer the result (3.50) reduces in the form, using (2.10)

-R\/p t R 1 t 2
—1[€ — e B /4u
L [ D ] £2u3/2 (\/17 2)d f2\/7_ru3/2 du
2t 2 R 2 00 2 R
= ° e ®/2Vu) g ) = 2 —w” dw = erfe( ——
\/7_I'£e (2\/7;) \/7_I'R/£\/Ee w et 0(2\/5)

and (3.49) gives the known result [1, p.182, eq. (8.3.41)].
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JNEJYMHA TEHEPAJIN3AIINJA HA ITIPOBJIEMOT HA
TEMIIEPATYPHO IIOJIE BO ”OIL STRATA”

Mridula Garg*, Alka, Rao™*, S. L. Kalla **

Peszsuwme

PabBoTume Ha mpobaeMOT Ha TEMIEPATYPHO MOJIE 38 AeJIyMHO 30u-
eHa paJujaJuHa ¢popmynanuja Ha ”Oil Strata”. 3a jma ro pemmme mpob-
JIEMOT Ha IPAHUYHA BPEAHOCT 38 MapUMjasiHa TONJIOTTHA DABEHKA, CE
KOPHCTH METONOT Ha WHTErpPaJHM TpaHcpopMmamuu, Laplace-oBu
Hankel-oBu Tpamcopmanuu 3aemHo co Momudumupanara $opma Ha
TeopemaTa no3HaTa kako Efro-Ba TeopeMa.

Ynorpebara Ha Caputo-oBHOT mu(epOo-MHTErPAIMOHASH ONEPATOP
o6e3beryBa HOBa MHTETPAJHA (pOpPMa Ha PEmIeHUEeTO.

* Department of Mathematics
University of Rajasthan
Jaipur-302004

INDIA

** Department of Mathematics
Kuwait University
P. O. Box: 5969 Safat 13060

Kuwait

e-mail: shyamkalla@yahoo.com, kalla@mocs.sci.kuniv.edu.kw



