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Abstract

Riemann-Lebesgue Lemma for Fourier-Jacobi coefficients for
the class of functions in L? 1 < p < o0, are studied.

(e,8)?
In [3], it is proved that
lim f k)=0
i fa.p) (k)
holds for each f € L} ifand only ifa >8> -1, a > —1/2.

(a,8)

For f € Lfa gy 1<p < o0, and @ > —1/2, B8 > —1 Riemann-

Lebesgue Lemma is proved.

1. Introduction

For a > —1, 8 > —1, we denote by P,(f"ﬂ ) the usual Jacobi polynomi-
als of degree n, orthogonal on [—1, 1] with respect to the weight function
wa,p(z) = (L—xz)*(1+2)P, (see [5, Chapter IV]). They are normalized such

that P{*" )(1) = ("7*) ~ n®, and the ~ sign means that there are positive
constants c;, cp such that c PP )(1) < n® < ey PP )(1) holds. We shall

often use the notation R\ (z) = PP (z)/P{*P)(1).
Throughout this paper we denote by Lz(’a’ 5 [-1,1] = Lz(’a’ gy 1 < p < oo,
the space of Lebesgue measurable functions with finite norm

1/p
151, = (] 1f@Pwasla)dz)
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and for p = oo, denote by C[—1,1] = C, the set of continuous functions on

[—1, 1] with norm
£l = o 17(2)l

For f € L(q,p) the Fourier expansion in Jacobi polynomials is

f@) ~ Y flap (P RED (), (1)

n=0

fas)(m) = ] F0)RED () au)dy @
where (see [3])

1 -1

e = (1 (Re(@))" waple)io)

_(@nta+p+I(n+ta+)l(ntat+f+1)
20+8+1(n + B+ 1)I'(n + 1) (F(Of + 1))2
~ (n + 1)2a+1.

Let S, (f; z) be the n-th partial sum of the expansion (1)

Su(£:2) = 3 fapy (RSP REP (2).
k=0

The classical Riemann-Lebesgue Lemma state (see [1, p.168], [7, (4.4),

p.45]):
If f € L(—m,7), then

lim [ f(6)e=*°do =0

|k|—o00 —m

In [3], for Fourier-Jacobi coefficients, it is proved:
Let f € L(a’ﬁ), then

Jim Fap) (k) =0
ifand onlyifa > > -1, a > —1/2.

In this paper we will prove this lemma for a class of function f € Lz(’a’ ay
l<p<oo,a>-1/2and > —1.
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2. Main results
In ([2], [4]), for @« > —1/2 and B > —1/2, it is proved that
2
_ pe+l/2 B+1/2 (1/2peB))” <
zéx[1_a,icl](1 z) (1+z) (n P, ) <ec,

where the positive constant ¢ is independent of n and x.
Hence, for z € (—1,1), « > —1/2 and > —1/2, we have

B ()] < en™ P (L— 2) 7241+ 2) PR, (3)

We are now in position to prove main result.

Lemma 1. Let the numbers p, a, 8 be such that 1 < p < o0;

a>-1/2,4> -1 if 2<p< o,
1 3 1

3
—-1/2 L | — 2 if 1 2.
/2<a< — <ﬁ<2_p 5 | <p<

Then for f € Lz(’a’ﬁ), we have

Jim fap)(k) = 0.

Proof. As is well known that if 0 < p < 7 < o0 and m(E) < oo
then L7(E) C LP(E) [6, (Theorem 8.2)], so if f € L{, 5y = f € La,p)

(1<p< o).
Let f € Lz(’a gp 1 <p <00, a>-1/2and § > —1/2. From (2),

Holder’s inequality [6, (Theorem 8.6)] and (3), we have

1/
Fapm)] < 1 Llo ( [ IPED @)1 - o)1+ z)ﬂdz) ’
21

n

1 1/q
< czn—a—1/2||f”p (_fl(l _ z)a(l—Q/z)—Q/‘l(l + z)ﬁ(l—Q/z)—l/‘ldz) ,

wherequ%1 for 1 <p<ooandq=1for p=oo.
The last integral convergent for the 2(2 — ¢)A — g + 4 > 0, where
A € {a, B}. Hence, 2pA —4A+3p—4>0.
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If 2 <p < oo, then
2pA—4A+3p—4=p(2A+3)—4A—-4>22A+3)—4A—-4=2.
If1<p<2,then

1
2pA—4A+3p—4>0¢)A<——§.
2—p 2

The prove of the Lemma 1 in the case f € Lz(’a gpl<p<oo,a> —1/2
and § > —1/2 is completed.

Now we consider case o > —1/2 and f < —1/2. From [5, (p. 169)],
for z € (—1,0], 8 < —1/2, we have
|P{*P)(z)] < ean™2, (4)
and for z € [0,1),@ > —1/2, we have
[P (@) < ean™ (L — &) mo/27H4, ()
where the positive constants c3 and c4 are independent of n and x.

Recall again (2), Holder’s inequality [6, (Theorem 8.6)], (4) and (5),
we have

1/
Frasy )] < cs 1412 ( [ 1B @) (1 — 2)*(1 + z)ﬂdz) ’
21

n

1/q
<elfle (] 4 Dipe@) @ - 071+ 2)0d )

1 1/q
< csn ™| flly (n/ T o9/ (1 x)au—qm—qmdz)
0

< cgn™ 2 £,

Corollary 1. If f € Lz(’a’ﬁ) and

a>-1, f>-1 if 2<p<oo,
1 3 1 3
-1 L i1 2
<a<2_p X <6<2_p 5 i <p<

then,
1
lim [ f(z)P")(z)(1—z)*(1+ z)?dz = 0.
n—o0 -1
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Proof. We will take the case —1 < a < -1/2, -1 < 8 < —1/2, since
the case —1 < o < —1/2, f > —1/2 is similarly case as —1 < 8 < —1/2,
a>-1/2.

From the Holder’s inequality [6, (Theorem 8.6)] and [5, (p. 169)] we
have

] H@PEO@) - 21+ 0P

1/q
<alfly (] +DIPED@F =20 +2)%) < e 1,

O
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RIEMANN-LEBESGUE-OBA JIEMA
HA KOEPUIIMEHTUTE HA FOURIER-JACOBI

Bujar Xh. Fejzullahu

Peszsuwme

Bo oBoj Tpyn ja mokasxaBme Riemann-Lebesgue-oBaTa nema 3a xoe-
pumuentuTe Ha Fourier-Jacobi 3a knaca ¢yskmuu BO Lz(’a 8) (1<p<L o)

38 COOOBETHU o U [3.
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