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A NOTE ON ORTHOGONALITY OF THE
QUASIGROUPS ARISING FROM SOME
PERFECT m-CYCLE SYSTEMS

Lidija Goracinova-Ilieva

Abstract

In this paper we show that the quasigroups obtained from
{k, k+ 1, k + 2}-perfect m-cycle system by using the k-construction
and the (k + 1)-construction are mutually orthogonal.

An m-cycle system of order n is a pair (S5, C'), where C is a collection
of edge disjoint m-cycles which partitions the edge set of the complete
undirected graph K, with vertex set S, |S| = n. Let (S,C) be an m-cycle
system and for each m-cycle ¢ € C denote by c(k) the distance k graph
of ¢ (that is, the graph formed on the same set of vertices as ¢ by joining
two vertices if and only if they are connected by a path of length & in c¢).
If the edges belonging to c¢(k), all ¢ € C, partition the edge set of K, the
m-cycle system (S, C) is said to be k-perfect. If K is a finite set of positive
integers, the m-cycle system is said to be K-perfect provided it is k-perfect
for each k € K.

Let (S,C) be an m-cycle system of order n and 1 < h < m/2. The
h-construction is a binary operation o on S, defined by a o a = a for all
a€ Sandaob=wand boa=wif and only if (a,b,...,u,...,v,...) € C,
the distance from b to u is h and the distance from a to v is h. It is easy
to see that (S, o) is a quasigroup precisely when (S, C) is both h and h + 1
perfect.
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The aim of this paper is to show that the quasigroups obtained in this
way are orthogonal, in some cases.

Two finite groupoids (G, -) and (G, *) defined on the same set G is said
to be orthogonal if the pair of equations = -y = a and = xy = b (where a
and b are any two given elements of GG) are satisfied simultaneously by an
unique pair of elements x and y from G.

Theorem 1. Let (S, C) be an m-cycle system which is {k, k+1, k+2}-
perfect for some integer k > 1. Then the quasigroups arising from (S, C)
by using the k-construction and the (k + 1)-construction are orthogonal.

Proof. Proof Denote by (S,0) and (5, *) the quasigroups obtained
by using the k-construction and the (k + 1)-construction respectively.

Let a and b be arbitrary elements of S. Note that zoy = a and xxy = a
if and only if x = y = a. So, let a # b and ¢ € C be the cycle which con-
tains the edge {a,b}. Denote ¢ by (z1,22,...,Tkt1,a b, Trta, ..., Tm—2).
Then x1 o z9 = a and x7 * x5 = b. The assumption of the existence of
elements 2, x5 € S, such that (z1,22) # (2],24) and 2} oxh = a, 2 *
xh = b, implies that there is a cycle ¢ # ¢ which can be denoted by
(@, @Y, o Ty, G b, T o, .., X, o), contradicting the uniqueness of the
cycle containing the edge {a, b}.

Hence, (Va,b € S)(3(z,y) € Sx S) xoy =a, xxy =Db,ie. (S,0)and
(S, *) are orthogonal quasigroups. ad

It is clear that every m-cycle system (S, C) is 1-perfect, since ¢(1) = ¢
for all ¢ € C. Tt is also known that {2, 3}-perfect m-cycle systems can be
equationally defined for m = 5,7,8,9 and 11 only ([2],[3],[4],[5]). There-
fore, every finite quasigroup belonging to the corresponding varieties has
an orthogonal mate.

Note that the condition of being a quasigroup, required for the
groupoids arising from m-cycle systems, plays no role in the proof of the
theorem. So, we can generalize the statement in the following way.

Theorem 2. Let (S,C) be an m-cycle system. Then the groupoids
arising from (S, C) by using the k-construction and the (k+1)-construction
are orthogonal. a
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OPTOT'OHAJIHOCT HA KBA3SUTPYIIUTE KOU
ITPON3JIETYBAAT O OOPEJIEHWU IIEP®EKTHN
m-INKJINYHN CUCTEMMN

JInnuja IN'opaunnoBa-nnesa

Pezuwme

Bo oBOj Tpym e mokaskaHO mOeka KBA3UTPyIWUTe AOOMEHU Of
{k,k + 1,k 4+ 2}-nepdexTHN M-IUKINYHA CUCTEMU CO KOPUCTEHE HAa
k-koucrpykunjara u (k + 1)-KOHCTpyKIMjaTa ce 32€MHO OPTOTOHAJIHM.
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