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Abstract

In this paper we give some conditions for existence of quasi-
periodic solutions with a linear quasi-period and a constant quasi-
periodic coefficient to the Riccati differential equation and we find
these solutions.

1. Reducibility to the Riccati differential equation with re-
spect to QPS

Let the Riccati differential equation
Y (@) + f(z)y(z) + 9(2)y*(z) + h(z) = 0 (g(z) # 0) (1)

be given. We want to find QPS y = y(z) for (1), i.e. the solution that
satisfies the relation

Yz +w) = Az,0@)yE) = Nalye), ss+weD, ()

where w = w(z) is QP and A = A(z) is QPC for the function y = y(z).
The following theorem holds.

Theorem 1.1. If DE (1) has QPS y = y(z) with QP w = w(z) and
QPC A(z,w), then it is reduced to the algebraic equation with respect to the
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QPS y =y(z):
(- @) 9(0) + X2(a,0) - glo +0) )y @)+
(H% Z;\ 1 -:w"\("’"") £(@) +A(@,0) - fo+0) Jy@)+  (3)

+( 1+ ———A(Z,w) - h(z)+h(z+w))_0

or to the linear nonhomogeneous DFE of first order with respect to y(x)

g(z+w) ,
(i@ - @0 L)y @)
+ (1w 33 H @O +0) - ¥ L (@)@ @

+ (haet w) - X(a, )9(“’(+)“’) h(z)) =0

Proof. Using the same reducible method as in the papers [1] and [2],
under the conditions of the theorem we have the system

¥'(z) + f(@)y(z) + 9(z)p*(z) + h(z) =
¥' () + F(©)y(t) + g(®)y*(t) + h(t) jt=gtw =0
(1) = Az, w)y(z) (5)

L )= D) o) L x@ (@)
from where
V' (2) = —f(2)y(z) - 9(2)y*(z) - () (6)
1(2) =~ (h@) + f(0)y(a) + ¥ (@) (7)
and 1 /d)
V(1) = 5 (5 (@) + A@,0)y (@) (®)

Substituting (6) or (7) and (8) in the second equation of the system (5),
after short transformations, we obtain (3) and (4).
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2. Quasi-periodic solutions with QP w = kz + m and QPC
A = const.

Theorem 2.1. If DE (1) has QPS y = y(z) with QP w = kz + m,
k # —1 and QPC X = const. # 0, then it is reduced to the algebraic equation
with respect to QPS
1 2
A( ~ iR 9(z) +Ag((1 + k)= + m))y (z)+
1
+A( - 157 f@ + £+ Bz +m) )y(2)+ (9)
1
+(- m)\h(:v)+h((1+k)a:+m)) =0

or to the equation

(l-l—ik g(x) — Ag((1 + k)z + m))y’(m)+
+ (f(Q+k)z + m)g(z) - M(x)g(Q +k)z + m))y(z)+ (10)
+ (% 9@h((1+ k)z +m) — Ag((1 + k)z + m)h(z)) =0.

Proof. Substituting in eq. (3) and eq. (4) w = kz + m,o’ = k,
t=gc+w, t' =1+ k we obtain eq. (9) and eq. (10).

Theorem 2.2. If
1° DE (1) has QPS y:(z) with QP w = kxz +m and QPC )\ = const. # 0.
2° the coefficients f(z), g(z), h(z) in DE (1) are QPF with QP
1 A

w = kx+m and QPC \; = A2 A3 =

145" 27 XA+k) 1+k
respectively,
3° the general solution for the equation
7 = (f(z) +29(z)m1(z))z - g(z) = 0 (11)

i8 QPF with QP w = kz+m and QPC ;, then every solution for DE

(1) is QPF with QP w = kx +m and QPC ).

Proof. Under the given conditions follows that the general solutions
for DE (1) is y(x) = 31 (z) + %, where z = z(z) is QPS for the eq. (11).
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Since the coefficients f(z), g(x), h(z) satisfy the relations

flo+ (katm) = 1o S(0),
o(o+ (ko +m) = 57 9,
h(z + (kz +m)) = L h(w)
we get
y(z + (kz + m)) = y1(z + (kz + m))+
1 LY )
(z+ (ka:+m)) (y1($)+ z(m)) = My(z
and

v'(t) + f&u() + g(t)y2(t) +h()t=a+w =
= V@ + @) M6 + 5 90 MA@ + g o) =
A

= 177 W@+ f@y@) + 9(@)y’ (@) + h@)) = 175 -0=0. O

Remark 2.1. The general solution to DE (11) is QPF with a linear
QPw=kx—k:vo(w,x+k(x—zo) eDy) and QPC % frx=1lorA=-1.

Remark 2.2. If DE (11) has at least one QPS with QP w = kz — kzg
and QPC 3 then it has many QPS with QP w = kz — kz¢ and QPC %
Remark 2.3. If DE (1) has QPS y;(z) then its general solution is

1 1
y(z) = n(z) + @) =y () + Ca(@) + b(@)’

where a(z) = f (fE+W@u@)ds p(z) _ o) 1 gE ; i

Example 2.1. Let DE (1) be

Y (z) - x—_l—xo y(z) + 5 V2(z) — (25— 1)(z — 2)>* 2 = 0.

_
(a: - .'Eo)

It has a particular solution 3, = g:z: — z0)2*~1, which is QPF with QP
w = —2(z — 7o) and QPC X = (—1)*~1 = —1. Since the coefficients f(z),
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g(z), h(z) are QPF with the same QP w = —2(z — z¢) and QPC \; = —1,'
A2 = 1 A3 = 1 respectively, according to the Theorem 2.2. every solution
is QPF. Indeed, its general solution is

2s
_ _ 25—-1
y=(z—2) (1+ 203(:1:—:170)2‘—1)
for s #£0 a.ndy=L(1+——————1——) for s = 0, which are QPF
’ z — T C +ln|z — x|

with QP w = —2(z — zp) and QPC A = —-1.

Theorem 2.3. If
1° DE (1) has two QPS y;:(z) and ya(z),both with QP w = kx + m and
QPC )\ = const. # 0,
2° the coefficients f(x), g(z), h(z) in DE (1) are QPF with QP
w = const. and QPC A\ = A2 = 1 A
re.‘.zpectivelyZ )
Co(zx) —1 1
3° z(z) = .
@ ="Co)  n@-n@
i3 a general QPS for (8) with QP w = kxz+m and QPC 1, then every
solution for the DE (1) is QPF with QP w = kx + m and QPC .

Proof. It can be proved in a similar manner as the previous
theorem. O

Remark 2.4. If DE (1) has two QPS y;, = y1(z) and ya = yo(z) with

the same QP w = kz + m and a constant QPC ), then its general solution
is

A =

1+k’ 1+’ 1

+
, for ¢(z) = e~ 9@ (L@ -n@)d=

y(@) = 1 (a) + z(f,c) -0 1@+ (1= =g : ) 1) =
= u(z, C)ya(z) + (1 — p(z, C))ya(z) .

i.e. the solution is in the form y(z) = y;(z) + , where

_ 1
Cia(z) + b(z)

_ -1 _ -1
S D@ -nE) O T n@—nE)
Example 2.2. Let DE (1) be

a(z)

i+ (€—2m) sinz+ ((x—27)2—1) cos z+cos? z+(x—27)2 cos® z
y(@) (z — 27) cosz(cosz — 1) y(=)+

sinz — (z — 2) cosx + (z — 27) cos’ z ,
(z — 2m) cosz(cosz — 1) y*(2) + (z — 2m)* cosz = 0.

+
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It has particular solutions y; = (z — 27) and y2(z) = (z — 27) which are
QPF with QP w = —2z + 47 and QPC A\ = —1. Since the coefficients f(z),
g(z), h(z) are QPF with the same QP w = —2z + 47 and QPC —-1,1,1,
respectively, according to the Theorem 2.3. every solution is QPF. Indeed,
the general solution is

2
C cosz 654':%'—)———(3—2) sin z+4cos

= (a:—21r)(1+ (cosa:—l)) ,

Ccosa:eﬂ)‘ (z—27) sinz+cosz _

that is QPF with QP w = —2z + 47 and QPC A = —

Theorem 2.4. If
1° DE (1) has QPS y1(z), ya(x) and ys(z) with QP w = kz+m and QPC
A = const.
2° the coeﬂ'iczents f(z), g(x), h(z) in DE (1) are QPF with QP
1

= kx +m and QPC A\ = Az

mspecthi;;);,( a)nd . ) @ ®)

° ) — 3T ) — N (T

D) = e w@-u@ Y = e
general QPS for (8) with QP w = kx +m and QPC —;, then every
solution for DE (1) is QPF with QP w = kxz +m and QPC ). '
Proof. It can be proved in a similar manner as the Theorem 2.2.
Remark 2.5. The general solution for DE (1) is

1 1 1
V) = @)+ 2y = T gy @+ (1 T gy )@ =
= v(z, K)yp(z) + (1 — v(z, K))ya(z) .
1
Caa(z) + b(z)’

T+k 2= XagR) M@= 1+k

8 a

Le. y(z) = yi(e) +

b(z)= ———.
@ @ - nE
Example 2.3. Let DE (1) be

where a(z) =

-1
P(z) (11 () — y2(z))’

; _ (2—2m)® sin 2+cos z+(z—2m)? cos? z—sin® o~ (1+(z—2m)?) cos® z—(z—2n) sin®
(z — 2m)((z — 2m) — sinz) (1 — cosz) ((z — 2) cos = — sin z)
(z —2m) + (1 (¢ — 2))sinz — (z — 27) cosz — sinz cosz
(z — 27)((z — 27) — sinz)(1 — cos z) ((z — 27) cosz — sin x) y
1+(z—2m) sinz—(z—2r) sinz cos z—cos® £ —2(z —27) sin® =
(z — 27 — sinz)(1 — cosz)((z — 2m) cosz — sinz)

+

=0.
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It has particular solutions y; = (z — 27), ya(z) = (z — 27) cosz and
ys(z) = sinz. They are QPF with QP w = -2z + 47 and QPC
A = —1. Since the coefficients f(z), g(z), h(z) are QPF with the same QP
w = —2z + 47 and QPC -1, 1,1, respectively, according to the Theorem
2.4. every solution is QPF. Indeed, the general solution is

C(sinz — (z — 2m))(cosz — 1) )
C(sinz — (z — 27)) —sinz + (z — 2m) cosz/’
which is QPF with QP w = —2z + 47 and QPC )\ = -1.

Theorem 2.5. Let DE (1) have one QPS with QP w = kx +m and
QPC )\ = %‘:3, and let the coefficients f(z) # 0, g(z), h(z) be QPF with the

y=(z—27r)(1+

same QP w = kx+m and QPC A\ # l-l-Lk , Ag = A_(I%l-—k—)’ A3 respectively.
Then, QPS for DE (1) is o)
T
Y="7@) (12)
if the relation h(z) hz)\2
)\’ T
(m) - 9(z) (m) =0 (13)

is satisfied.
Proof. From the Theorem 2.1., under the conditions of the theorem,
we have that QPS to DE (1) is also QPS to the equation
1 1 1
(M= 735 f @y = =5 (s - A 137 ) @)
from where we get
h(z)

=y o it 14
o A3(1+k) - . .
where ) = X ( M +E) = 1) for A1 # AXg i.e. Ay — A3Az # 0. Solution
(14) is QPF with QP w = kz +m and QPC \ = 5\\3, for which y; = —1.
1

Thus, from (14) we obtain (12). Since the solution (12) is also the solution
20 ]))E (1), we obtain that the coefficients f, g, h have to satisfy the relation
13). O

Corollary 2.1. Under the conditions of the Theorem 2.5. QPS for DE
(1) is given by

1
[ 9@)do+ C(ao)

y= ’ C(EO) = —G(EO)s G’(Z) = g(:L‘) . (15)
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Proof. From the relation (13) we have
h(z) _ 1

1@ F o)z + 0Gao)

(16)

Since, under the conditions of the Theorem 2.5., QPS for DE (1) is
h(z)
0]
Example 2.4. The Riccati equation

y, - (.’l) - mO)ry + 3(3’ —_ .’Bo)_a_l . y2 + (Z - zo)"‘+s =0

has coefficients f(z) = —(z—o)", 9(z) = s(z—x0) ™71, h(z) = (x—z0)" 2,
which are QPF with the same QP w = kz — kzo and QPC A\, = (1+ k)",
A2 = (1+k)™*71, A3 = (1 + k)™** respectively, and they satisfy the condi-
tion (13). Thus, according to the Theorem 2.5., QPS for the given DE is

, we obtain (15). O

o —% = (z—=0)" (W=ks—kzo, A=(1+k)* = f\\f), or using (15):
1 1
y= z - = T = (x — mo)a ]
J9(@)dz+Co [ s(z — z0)~*~" dz + C(%o)

Theorem 2.6. Let the coefficients f(x), g(z), h(z) in DE (1) be QPF
with QP w = kx+m and QPC X\ # 1Tr’ Ao # m, A3 respectively.

If DE (1) has QPS y = y(z) with QP w = kx +m and QPC )\, then y =0
ory(z) =C.

Proof. Under the conditions of the theorem, QPS for DE (1), i.e. for
eq. (9) and eq.(10), is also QPS to the equation

A(= 1ag + M) g(al@)+

Tk an
(= g ) Fae) + - Iﬁ)\+)\3)h(x) ~0.

or to the equation
Mg =~ Ma)y @)+ A0n - Ma)f(@)y(@) + (s — ¥a)h(z) = 0. (18)

Since the coefficients to the eq.(17) and eq.(18) are QPF, theirs QPS are
QPS for the equations

() A f@ly (-

1

5 Ha) Qs A)h(z) = 0, (19)
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A1 = M)A = 1) f(@)y(z) + (As — A%A3) (A3 — Nh(z) =0,  (20)
respectively. Thus, from (19), we have:
1) FA# —)‘1, A2 — A\2)3 # 0 and f(z) # 0 then

pY 1
0% -2~ 55Y) o) 4 12)
y= T oy = M2
A2(A; — A)g) ()‘1 - m) f(=) f(z)
from where follows A = —;3, pe =-—1land y = —-&:). Since the obtained
1

solution is also a solution for the equations (17) and (1), we get h(z) = 0
and y =0.

2) If X\ # :—\\i, A —X2)3 # 0 and f(z) = 0, then from (19) follows h(z) = 0,
but then from (17) and (1) we obtain y = 0.

A= i—:, and h(x) = 0, then from (17) and (1) follows y = 0, or
y = C when Cg(z) + f(z) =0.

4) If A= Xl— and A = Az i.e. A\; = AzA3, as well as in the previous case,

2
follows that QPS is y = 0, or y = C if Cy(z) + f(x) = 0.
5) F = f\\—l- and \? = ?\é, i.e. A2 = A\y)3, then, in a similar manner, we
2 2
have that QPS is y =0, or y = C if C?g(z) + Cf(z) + h(zx) = 0.
In a similar manner, it can be proved that QPS for eq.(20) is y = 0,
ory=_C.

Remark 2.6. Some examples in [3] are special cases of this paper’s
assertions.
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