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Abstract

The Schwarz function for the curve is a unique analytic func-
tion S(z), that in every point z of the curve its value is Z. The
complex equation Z = g(z) will be called K-contour, if it describes
closed or non-closed contour or a set of isolated points, when g(z)
is an analytic function. In the case of inverse boundary problem
when a simple smooth contour is given, the problem of finding un-
known K-contour and unknown poly-analytic function under the
given boundary conditions is solved.

1. Introduction

Schwarz functions appear in the case of transforming the equation of
a simple, smooth, closed (or non-closed) real function L: F(z,y) = 0 into
complex form. By using conjugate complex variables

z2=1z+ 1y, zZ=z—1y,
1 _ 1 _

T = 9 (z+z)7 y= ﬁ(z_z)’ (11)

function F transforms into
242 z-—-Z2 —
f(m1y)=f( 2 ' 9 )=G(zvz)=0)
which, under some conditions can be expressed via Z as
zZ=85(2), (1.2)

where S(z) is analytic function of complex variables in some domain Q. For
example, the complex form of some real curves is as follows:
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a) A line crossing points z; and 2,
- _ (A2, o
2=5()= ([ )e—m) +7; (13)

b) A circle with radius r and a center in the point 29

z U 14
2= 5() = -+ (1.4)
c) An ellipse (z2/y?) + (¥2/0?) =1, (a>b)
B a? + b2 2ab
z=S(z)=az_b2z+b2_a2\/z2+b2—a2; (1.5)

d) A hyperbola z2 — y? = a2

zZ = 8(z) = V2a2? — 22; (1.6)

e) An equation of conic section ax? + 2bzy + cy? = 1

2%(a — ¢ — 2bi) + 22%(a + ¢) + 2%(a — c + 2bi) = 4. 1.7)

All equations (1.3) — (1.7) are self-conjugated, which means that by
its conjugation the same equation is obtained. The functions S(z) on the
right side in mentioned equations are Schwarz functions for given curves.

Let L be a simple, smooth and closed contour. An analytic function
is unique defined if the value in every point on the contour is defined.
The Schwarz function for the curve L can be defined as a unique analytic
function S(z), that in every point z of the curve L is Z.

Let g(z) be analytic function such that complex equation

z=g(2) (1.8)
describes closed or non-closed contour or a set of isolated points. Further,
the set of points in the complex plane defined by (1.8) will be called K-
contour (see [1}). It is clear that an arbitrary analytic function g(z), in
general case, cannot be a Schwartz function, because the condition of self-
conjugation must be satisfied. But the condition of self-conjugation is not
necessity, because there are self-conjugated functions that do not represent
real curves. For example, G(z, Z) = 2z+1 = 0 is a self-conjugated function,
but it is not a real curve.

Let f be conformal transformation that real segment a < ¢ < b trans-
forms into a simple smooth curve L. The condition of sufficiency and
necessity for the analytic function S(z) to be a Schwarz function is to be
in the form

§=Fr (1.9)
(see [2]).
The Schwarz function has many applications, and one of these is in
the theory of boundary value problems. In this paper an inverse boundary
value problem for poly-analytic functions is solved.
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2. Inverse Problem for Poly-analytic Functions

Definition 2.1. Let g(z) be a given analytic function in some domain
Q, and let w = w(z,%) be a continuous complex function that permits a
convergent power series expansion in terms of 2 and Z in 2. Then, the com-
pound function w(z, g(2)) is an analytic function and let it be denoted by
ag(z)w. The operator ay(;)w maps the set of continuous complex functions
w = w(z, Z) to the set of analytic functions, and the geometric meaning of
this operator is as follows: if Z = g(z) is an equation of a closed contour T,
then functions w = w(z, Z) and ay(,)w have the same value on I.

It is known that the boundary value problems in Theory of analytic
functions reduce on finding analytic function or reveal some of its properties
on the base of the functional relations defined on a given contour. On the
other hand, in the case of inverse boundary problems, it is necessary to find
the contour L of the region on the base of the boundary conditions that are
given on L. In such an inverse problem, analytic (or non-analytic) function
or the domain can be search, where one condition more than in the case of
ordinary boundary problem must be set. This extra boundary condition is
used for determining unknown domain’s contour.

Basically, the problems of inverse boundary problems for analytic func-
tions or for simple, smooth and closed contours are considered. In ‘some
papers, different generalizations of the inverse boundary problems and ap-
plication in mechanics and technology are considered.

In this paper the inverse boundary value problem for poly-analytic
function and for K-contour is solved.

Prooblem P. Let I': Z = h(z) be a simple, smooth contour. The
problem is to find unknown K-contour L: Z = g(z) and unknown poly-
analytic function

w(z,2) = fo() +ZA@D +BHE) +-+ 2 fa(x)  (21)
under the given boundary conditions

Qg()W = 0(2), 0ge) Dw = 1(2), ..., 09 D"w=pu(z) (2.2)
an@w = ¥(2), (2.3)
where ©g(2), 1(2),. . ., ¥n(2), ¥(2) are given analytic functions and Dw =
(uz — vy) + i(uy, + v) is the Kolosov differential operator.
It is obtain from (2.1)

Dw =2f1(2) +2- 2Zf2(2) + -+ - + 202" £ (2)
D*w=22.2f3(z) + -+ 22n(n — 1)z" 2 f,(2)

D™w = 2"l fa(2)
and
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ag()w = fo(2) +9(2) f(2) +- - + g"(2) fa(2) = po(2)
oy Dw = 2f1(2) + - - - + 2ng" "1 (2) fu(2) = p1(2) (2.4)

oy D"w = 2"n! fn(2) = pn(2)

anzw = fo(2) + h(2)fi(2) + -+ h*(2) fu(2) = 9(2).  (2.5)

The condition (2.4) is a linear system of (n+ 1) equations with (n+1)
unknown functions fo(2), f1(2), ..., fa(2). The determinant of the system

1 g(z2) 4%z --- g"(zl)
0 2 2:29(2) -+ 2ng"'(2) =1.2-22.21...2%nl #£0,
0 0 0 - 27l

80, the system has an unique solution.
From the last condition of (2.4) it obtains

fn(2) = ¢a(2)/(2"n!) = ao(2) ,
which, by substituting in previous condition in (2.4) gives

fn1(2) = a1(2) + 9(2)ba(2) -
The same procedure yields

Fa-2(2) = aa(2) + g(2)ba(2) + g*(2)ca(2) ,
and finally

fo(2) = an(2) + 9(2)ba(2) + g*(2)en(2) + -+ + " (2)pn(2) + §™(2)aa(2)

where the coefficients ag, by, ..., Pk, qx are expressed via
v0(2), ¥1, . . ., Pn(z). By substitution of fo(2), f1(2), ..., fa(z) in condition
(2.5), after some calculations the algebraic equation

An(2)g™(2) + An-1(2)g" 7} (2) + -+ + A1(2)g(2) + Ao(2) =0 (2.6)

is obtained where the coefficients Ax(z), (k =0,1,...,n) are expressed via
the functions ag, bg, . . ., Pk, qk.
If the equation (2.6) has n different solutions

91(2) # 92(2) # -+ # gn(2), then there exists n different K-contours
denoted as L1: Z = g1(2),...,Ln: Z = gn(2) and n different solutions of
the given inverse boundary problem (2.1)-(2.2)~(2.3). As it can be seen,
the problem of existence and the number of solutions of the problem P
is reduced to discussion of solvable of the equation (2.6). So, for every
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solution gi(2) of (2.6) corresponds a system of values fo(2), f1(2), ..., fnu(2)
in corresponding poly-analytic function (2.1).

Example Let I': Z = 4/z be a given circle. The problem is to find
unknown curve L: Z = g(2) and unknown bi-analytic function

w(z,2) = fo(2) +2f1(2) (2.7)
that satisfies the following conditions
Qg(z)W = exp(z) + 2
() Dw = 222 (2.8)

a4/, w = exp(z) + 4z.
Substituting agow = fo(2) + 9(2) f1(2), Dw = 2f1(2) and ay;)Dw =
2f1(2) in boundary conditions (2.8) gives
fo(2) + 9(2) f1(2) = exp(2) + 2
2f1(z) = 222

Jo(2) + (4/2) f1(2) = exp(2) + 42,
and after some calculations it is found that

fO(z) = exP(z)’ .fl(z) = z2’ g(z) = 1/7"
So, the solution of this example is bi-analytic function w(z,2z) = exp(z) +
Zzi, and the searched contour L is an unit circle Z = g(z) = 1/2. For this
circle, g(z) = 1/z is Schwarz function. In this example z = f(t) = exp(it),
so the condition (1.9) is satisfied.

3. Conclusion

In this paper some basic information of application of Schwarz function
Z = S(z) in the Theory of boundary value problems is presented. The given
example is the simplest one, treating the linear case of algebraic equation
(2.6). The following issues of application of Schwarz function on boundary
value problems seem to be interesting for further investigation: a) The
procedure developed here permits to determine K-contour Z = g(z) that
may be reduced on the set of isolated points. Thus, the basic problem is
more general: to examine if for some real simple smooth curve, derived
function g(z) is Schwarz one. In the given Example the answer is positive
and corresponding curve is unit circle; b) Consider other types of direct
and inverse boundary value problems being formulated for other classes of
non-analytic functions (p-analytic, meta-analytic etc.)
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IIPUMEHA HA IIIBAPIIOBATA #YHKIIAJA
HA EIEH 'PAHMYEH ITPOBJIEM

JInnjara Credamoscka*, JbyGomup IIpormk **, Munom Yamax ***

PeszumMme

IIIsapmona ({)qumja. 38 eNHS KPHBA € €NHO3HAYHA AHAJIMTIIKS
dymxmmja S(z), Xoja BO cexoja TOUKE z O KPMBATA MM& BPEXHOCT Z.
KoumnexcraTs paBeEka Z = g(z) ce mapexyBa K-KOHTypa axo Taa €
3aTBOPEHA MM OTBOPEHA KOHTYP& MM IAK MHOMKECTBO OJ M30JPAHHN
TOUKHM, Kora g(z) e amaymTmuka ¢ymkmuja. Bo ciydaj Ha wmBepsen
rpaEddeH HpobieM Kora € AaleHs NPOCTa IJIATKA KOHTYPS&, pemeH
e npoGieMoT 3a Haofame Ha Hemo3Hara K-KOHTypa M HEIO3HATA IIO-
IVAHAJMTIYKS QYEKIMja OPU AANEHA TPAHUIHN yCIOBH.
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