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INEQUALITIES
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Abstract
Few different versions of Griiss type inequalities are given,
using the Euler identity, Fink identity and Anastassiou identity.

1. Introduction
The following Griiss inequality ( proved in 1935 ) is well known [7]:

o [ f@e@)e =~ (71 [ f@)ae) (51 [o@)as)|

1
Sz(M—m)(N—")-

It holds for every two integrable functions f,g:[a,b] — R satisfying the
condition
m< f(z) <M, n<g(x)<N Ve]a,b

where m, M, n, N are given real constants.

In the recent paper [8] B. G. Pachpatte proved the following two The-
orems

Theorem 1. Let n € N, f,g:[a,}] — R be functions such that
f®, g(*=1 are absolutely continuous on [a, ] and f™, g™ € Lo[a, b].
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Then for z € [a, b] the following inequality holds

[ @eede— (51 @) (52 Fotaraa)
+ ﬁ; [(ni Fi(z))g(z) + (§ Gu@))f@)ds| (1)
k=1 k=1

< 55 a7 1 (6@ 17O Ol + 17 167(O)o) dn(2)d

where
— 2V 1 (1) (z — a)F )
A= [ CHEZ w6, g
Gufo) = [ gc‘:;f(”’ —™0e). )

b
An(z) = [ |Ka(x, t)|dt
a
in which K,: [a, b]?> — R is given by

et { (t—-'a)" if té€la,z] (1.4)
n@t) =19 " 1.4
(t n'b) if te(z,b

Theorem 2. Let n € N, f, g: [a,b] — R be function such that (1),
g™~ are absolutely continuous on [a,b] and f(), g(") € Loo[a,b]. Then
for = € [a, b] the following inequality holds

5= @0z - (2 | $@)dz) (52 Fole)do)

-0 2(b a) [(ZFk(”))g(-"’H (ZGk(w))f(w)]dm| (L5)

= 2= 1);(,, mpsY £ (9@ 17 @)lloo + 1£@)] 119 (t)]loo) Ba(z)dz
where
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(n—k) (z—a)*g*1(a) - (z - b)kg-1)(p)

Gi(w) = T - 1.7)

b
B,(z) = { |(z — )™ k(t, z)|dt

- i <t<z<
k(tm)—{t a, if a<t<z<b

t—b, if a<z<t<b (1.8)

The main purpose of this paper is to generalize these two Griiss type in-
equalities and also to obtain a new one using Euler identity.

2. Some Further generalizations of Griiss inequality

Theorem 3. Let (p,q) be a pair of conjugate exponents i.e. 1 < p,
g <ooand %,+% =1, f,g: [a,b] = R functions such that f(*~1, g(m=1) gre

absolutely continuous on [a,b] and f™, g™ € L,[a,b],n,m € N. Then
for = € [a, b] the following inequality holds

i @@~ (2 ] 1)) (52 Folalas)

n—1 m-—1
+ 2(b—1— 2. / [(ZF «())9@) + ( Z Gi(z)) £(a)]d| 2.1)
< 3= )2I(Ig(w)| 1K (@, )1l £ Olp+ | £(@)] [ Eom (2, £)]lgllg"™ (®)l]p)d

where Fi(z), Gx(z) and K, (¢, z) are given by (1.2), (1.3) and (1.4).
Proof. The following integral identity is valid (see 3)

n—1
fe) = - k(e 07 1
and similarly
1 = ( )
9(z) = fg(a:)da:— 5o 2 Gr(@) ~ =~ me(w, t)g™ (t)dt
k_.l

Multiplying the first equality by g(z) and the second by f(z), summing the
resulting identities and integrating with respect to z on [a, b, then dividing
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by 2(b — a), yields to
o [ H@e@de = (1 | f@)ae) (52 Jo(@)ds)
1 b n—1 m—1
- so—ap ! [(;Fk<m>)g(x) +( > G(2))f(z)|de
- = o ] (V9@ (F @1 )
+ (-1 f (@) ( z Kon(z,t)g™ ($)dt) ) ds.
From the properties of modulo we have
@@t (32 [ f)s) (52 [ o@)de)
1 b n—1 m~—1
+ s [(;Fk@))g(@ +( > Gi())f()]da]
< sr—ay | (0@ 1Knle, )70
+15(@)|] 1Kz, 0™ O)lde) do.
After applying Holder inequality
1K (2, OF D Olds < 1Kl 1S Ol

b
[ |Km(=, £)9™ (@)ldt < || Kim(z, )14l ()l

we obtain the inequality (2.1) O

Remark 1. In the special case for m = n and p = 00, ¢ = 1 the

inequality from the last theorem reduces to inequality (1.1) obtained by
B. G. Pachpatte.

Corollary 1. Suppose all the assumptions from the Theorem 3 holds.
Then for ¢ > 1we have

5= [ f@a@)s— (7] f@as) (52 [ 9(z)de)
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+ —%—)3 / [(nz_f Fi(2))s(a) + ('ile(-’”))f (2)]as]
k=1 k=1

c—ata?e

» (n)
< s f L (S OO+ 15 s Ol )do

and forg=1

|2 HH@o(eyie - (52 ] f@ia) (52 [ 9(a)da)

+ 5—(b_:a—)2 / [(;Fk(x))g(w) + (:;i Gk(a:))f(:c)]dxl

e £ (5@ 15 @l + @) g Oll5)ds-

Proof. Since (z — a)* + (b—z)* > (b—a)¥, for a > 0 and z € [a, ]
(see [4], [6]), in case ¢ > 1 we have

1Ea(e, Ol = (§ 1K, D) ™
= (J|*= (t"“)" |d)1/q

= % ( F(t — a)™dt + [(b— t)""dt) M

_ 1 (z—a)nq+1+(b__m)nq+1)1/q< l((b_a)nq+1)1/q
- H( ng+1 “nl\ ng+l1

| dt+f

and forg=1

_ _ (z—a)* (b—x)" (b—a)”
1Kz, Ol = sup, |Ka(e, ] = max{ 275, =20} < S

If we apply inequality (2.1) with n=m the inequality follows. o
Theorem 4. Let (p, g) be a pair of conjugate exponents, i.e. 1 < p,
g < oo and ‘l, + % =1, f,9:[a,b] — R functions such that f(*~1) g(n~1) gre

absolutely continuous on [a, 8] and f(, g™ € L,[a,b]. Then the following
‘inequality holds

o

[ f(@)g@)ds - n(;2

) (5= [s0s)
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-0 2(b ] [(ZF a))9(a) + (ZGk(w)) ()] da] 2.2)

z—H" 1
<Moo (f“ ;’J'q I (9@ 5™ @l + 15 llg™ Ollp) da

where Fy(z), Gr(x) and k(t, z) are given by (1.6), (1.7) and (1.8).
Proof. The Fink identity for function f states (see 5):

n—1
f(z)= &1 fb f(w)alrz:—g::1 Fy(z)- (7_—1—)1,(——1,_‘1) z(z—-t)"‘lk(t, )™ (t)dt

and similarly for g

n—1

(93)-*— f 9(z)dz— ZGk(m) Wb—) (w—t)"_lk(t, z)g™ (t)dt.

Multiplying the first equality by g(z) and the second by f(z), summing the
resulting identities and integrating with respect to z on [a, b], then dividing
by 2(b— a), yields to

f H@)g@yds =n(; 2 | f(z)ds) (51 [ o))

- = a) FI(3 Z Fi(@))9(@) + (Z Ci(2))f()|da
- s 1)!(b —ap! (g(:z:) ( [(o— " k(t,2) /™ (t)dt)
+ f(z) (fb(a; — 1) k(t, 2)g ™ ($)dt) ) do

From the properties of modulo we have

- [ @@ - (2  f@s) (52 T ole)da
I (5 )5

+ 552 [(sz))g(x) e (ZGk(w))f(w)]dzl

< 2(n — 1)]i(b ~a)? !; (lg(x)l £ |(z — t)n~1k(t, :L')f(") (t)|dt

7@ [ l(@ (6, 2)g ™ (D)) do
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After applying Holder inequality
b n-1 (n) n-1 (n)
[l = 8)*"k(t, 2) o (O)ldt < [[(z — )" k(E 2)llgl |7 ()l
b n-1 (n) n—1 (n)
@ =" k(t 2)g™ (B)ldt < || — )" k(2 2)llollg™ )l
we obtain the inequality (2.2). m]
Remark 2. In the special case for p = 00,q = 1the inequality from

the last theorem reduces to inequality (1.5) obtained by B. G. Pachpatte.
The Beta function is defined by

1
B(z,y) = {t’”‘l(l —t)vldt.

Corollary 2. Suppose all the assumptions from the Theorem 4 holds.
Then for ¢ > 1 we have

;f(x)g(x)dx-n(—l—?f(z)dw)(—l—}’ o(z)dz)
+ 5(—1-— / [(ZF,,@))g(m) + (X ut0)) @) e
k=1

an+ i, n— “ql
L0-a) ?&*i’)?( 1)+) 2(|g(m)|||f(")(t)||p+|f($)|||9(")(t)||p)d-’”

and for g =1
5o F@@ds = (52 [ i) (51  ole)ds)

ol neetor+ (S o) o

'2((”7}2;—_” (Is@! £ @Iy +15@) g™ @lp)dz.

S (b _ a)n—z
Proof. For ¢ > 1 we have
n—1 b n—1 1/q
Itz = )" k(t,2)llg = ( £ 1= — ) 2k(t, o)1)
a

= (‘}: |(z — )" (¢t — a)|9dt + fb |(z — )™ 1k(t - b)|‘1dt) Ha .
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Using substitution ¢ — a = u(z — a) the first integral is equal to

T 1
[( — )3V (t — a)%dt = (z — @)™ [fud(1 —u)?" Dy
a 0
= (z—a)™*'B(¢g+1,q(n—1)+1).

Similarly, using substitution b —t = u(b— z) the second integral is equal to

fb(t — z)q(n—l) (b — t)th = (b — z)"q'*'l zuq(l - u)q(n—l) du
=(b-—2)™*'B(qg+1,q(n—1)+1).

So, we have

|(z—t)" " k(t, 7)o < (@—a)™+! +(b—2)"*1) B(g+1, g(n—~1) +1))"/*
< ((6—a)™*'B(g+1,q(n—1)+ 1))1/q
= (b—-a)"*iB(g+1,q(n—1)+1)"/.
For q = 1, by simple calculation we get
Iz — )" k(t, z)|l2 = S |(z — )" k(2, )|

)n—l

= max { (a— a)"@—nl—— (b—z)"ﬁﬁ%}i}s(b I ) i

nﬂ
If we apply inequality (2.2) the inequality follows. O
For every function f: [a, ] — R such that f(*=1 is a absolutely contin-

uous function on [a, b] for some n > 1 and for every z € [a, b], the following
formula (Euler identity) is valid (see [4])

flz) =

;%) + Pu(f; ) (2.3)

where

Tn(fi2) = 32 O= 7 p, (229 -5 - -0 g

k=1

with convention Ty(f;z) = 0, and

R === [ (2| s e,
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Here Bi(z),k > 0, are the Bernoulli polynomials, and Bj(z),k > 0, are
periodic functions of period 1, related to Bernoulli polynomials as

Bi(z) = Bg(z), 0<z<1, Bi(zx+1)=DB(z), z€R.
Theorem 5. Let (p,q) be a pair of conjugate exponents, i.e. 1 < p,

g<ocoand ;+7=1,f,g:[a,b — R functions such that fn-1) g(n=1) gre

absolutely continuous on [a,b] and ™, g™ € L,[a,b]. Then for z € [a,b]
the following inequality holds

|2 [ @@z (2 [i@)e) (72 fo(eie)
ﬂﬁzﬂmﬂwM@+ﬂ@@ﬂM@| (2.4)
<2 EE,

Proof. Using (2.3) we have

[ (9@ AP+ @) L™l d-

flz) =

w(f;2) + Pu(f;2),

9(z) = — f g(t)dt + Tn(g; x) + Pu(g; ),

Multiplying the first equality by g(z) and the second by f(z), summing the
resulting identities and integrating whit respect to  on [a, b], then dividing
by 2(b — a), yields to

= (—1—‘ fbf(w)dw) (—L— ;g(a:)dz)
2(b a) 3 f[Tn(fa z)g(x) + Ty(g; z) f(z)]dz
+ (17_231‘_2: ( (z)( [ ( )]f(")(t)dt)

+ f(=) (z [B;(m)]g(")(t)dt))dw
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From the properties of modulo we have

= ? reates - (52, [ 1@)ia) (5 fatelas)
2(b 20b—a) s [ITa(f;2)9(2) + Tu(s; w)f(a:)]da;l

<O Heal [ Gl

[B*( )] (")(t)ldt)

After applying Hélder inequality

[B: (5] @l < |35
Hm G=)lo e < | [m: (=2 Jo o

we obtain inequality (2.4). O

b
!

| MEARICTS

Corollary 3. Suppose all the assumptions from the Theorem 5 holds.
Then for ¢ > 1 we have

s [ @@z~ (2 [ f@e) (52 T o(a)da)
- 55—y [T fi2)9(@) + Tolgi ) (0)]da]

(b—a)™*%

<P [Ba(s)l%ds) afb('g("’”)' £, +1£@)1 g™ B)lp)da

and for g =1

(2b a)a f [Tn(f; 2)g(2) + Tn(g; z)f(z)]dxl
(b a)n 2+

<SG (g 1B 01) (0@ 17701l +1£@)] g0l )do

P N T Y
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Proof. For ¢ > 1 we have

[l G0 - (G ™

Since B}, is a periodic function with period 1 and

1 1 1
[1Ba(y + o)lds = [ |Ba(s)ids = [ | Bn(s)lds
for every y € R, we have
(f

B*(b )| dt) = ((b a) le;(‘.l/+s)|‘1ds) Ha
= (6-a) I |B,,(s)|qu) M

For q = 1, from the properties of Bernoulli polynomials we have

=], - 522 - g e

and if we apply inequality (2.4) the inequality follows . O
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HEKOU MHTEI'PAJIHN HEPABEHCTBA
OJIL. TUIIOT HA GRUSS

A. Agli¢ Aljinovi¢* , R. Hoxha **, J. Pecarié ***

PeszuwmMme

Bo oBaa paboTa ce naneEd AOKa3M Ha aBe TeopeMmu u Toa Teopema
3 u Teopema 4, KOu ' FreHEPAJINU3UPAAT ABE METEIDAJIHA HEPABEHCTBA
ox tmmot Ha Griiss. McTo Taka naleHO € HOBO HEPABEHCTBO OJ THHOT
na Griiss, Toa e Teopemara 5, Koe e HOOHEHO CO KOPUCTEEH:€ Ha MIEH-
Turer Ha Eueler.
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