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Abstract

Sturm-Liouville problems containing spectral parameter in the bo-
undary or interface conditions and coefficients which are piecewise functions
are considered. Using finite difference method the corresponding discrete
spectral problems are obtained. The estimates for the eigenvalues and eigen-
functions which are the solutions of these spectral problems are derived.

1. Statement and Properties of the Problems

We consider a Sturm-Liouville problem:

(p(z)v") — g(z)v + Ar(z)v =0, (1.1)
where X is the eigenvalue, v(x) is the eigenfunction, p(z), ¢(z), r(z) are
piecewise continuous functions on [0, 1] such that

0<ec<p(x)<ey 0<c<r(x)<es, 0<Lg(x)<cy, (1.2)

ci, Ca, €3, C4 = const.
Let £ be an interior point in (0, 1) where v(x) has to satisfy the condi-
tion of conjugation

W] =v(x+0)—v(x—0)=0, [pv]z=¢=—-AKv(f), K=const. >0. (1.3)

Then p(z) cold have a disconinuity of first order at the point z = ¢,
(0 < € < 1). The boundary conditions could also consist spectral pa-
rameter
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—agv’ (0) + Bov(0) = Ayov(0), o+ Bo >0, @, B0 >0,
a1’ (1) + Bv(l) = Ayv(l), a1 +61 >0, a1,6 >0, (1.4)

Qg /Bia 7; = const., 1= 1,2

Using Dirac distribution, the problem (1.1), along with the conditions
(1.3), could be written in the following form:
(p(z)v') — q(z)v + Alr(z) + Ké(z — &)jv =0, (1.5)

or in the operator form
Av = ABuv,
letting H = L5(0,1) and '
Av = —(p(a:)v'), +q(z)v, Buv=[r(z)+ Ké(z—§&)]w. (1.6)

This kind of spectral problems appears, for example, while solving the heat
equation with concentrated capacity and combinations of various bound-
ary conditions as a result of using the method of separation of variables
(3, 1, 7].

Further, we shall consider the problem (1.1)—(1.4) setting in the bound-
ary conditions (1.4)

Gy = ﬂl =Y =" O) a1 :p(1)7 /30 = 1. (17)

Theorem 1. The Sturm-Liouville problem (1,1) — (1.4) with coeffi-
cients given in (1.7) has a countable set of eigenvalues 0 < Ay < Ag < --- to
which correspond the eigenfunctions vi(x), vo(x),.... The eigenfunctions
{vn(z)} form a complete orthogonal system with respect to a norm || - ||

which arises from the inner product (-,-)p, where
1

(u,v)p = /r(x)uvda: + Ku(&)v(8). (1.8)
0
Proof. e Let us denote by K the class of continuous functions f(x)

such that gi is bounded on each of the intervals (0, £), (&,1). The functions

z
of the class K satisfy (1.3) and (1.4). We introduce in K the inner product

(u,v)p as it was done in (1.8). Reinforcing in the norm |v||g = (v, v)gz,

we obtain a new space Ly g(0,1) C Lo(0,1). We introduce new (energy)

inner product 1

[u,v] = /(pu'v' + quv)dz (1.9)
0
and define in a usual way the energy space H, C W with norm
|[v]] = [v,v]*/2. Thus we obtain the weak formulation of the spectral prob-
lem: to find all real eigenvalues A and eigenfunctions v(z) such that
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[v,w] = AM(v,w)p, Ywe€ Hy,.

Using the results given in [5] and Reisz theorem, we can conclude that
there exists selfadjoint positive completely continuous (compact) operator
L : Ly g(0,1) — Hp such that [u,v] = A(v,w), v,w € Hr, i.e. Lv = dv.
Now, the claim of the theorem follows from the theory of linear operators
in Hilbert spaces.

If the coefficient p(z), g(z), r(z) are sufficiently smooth, it can be
proved that the generalized eigenfunction v(x) is a classical solution of
the Sturm-Liouville problem as well.

To prove that a spectral problem Av = A Bv can be reduced to the
variational form [4]

in [v, 7]
vf (v,v)B

=M<, 1=23,...,v€H,

where Hj, is energy space equipped with inner product [u,v] and norm

[[u]]/2, we set L

[Ip(@)v"? + g(z)v?]dz

[v, v] 0
R[v] = =
(v,v)B flr(x)v2d$+KU2(§)
0

and v € Hy is a nonzero element for which R[v] have a minimum value.
Then, for n € Hy, we have

d _ [vlv 77] — R(vla ”I)B
I R[v; + an] ‘ o= 2 oro0)5 .

Since 7 is arbitrary, we can assume that R[v] is the eigenvalue which can be
denoted by A; = R[v;], while the corresponding eigenfunction is v;. From
the fact that R{v] reaches minimum value on v; in Hy, equal to Ay, it follows
that A\; < R[vj] = A; for the eigenvalues and corresponding eigenfunctions
such that j # 1.

The eigenvalues A,, n > 1 can be founded as a minimum of the func-
tional R[v] in a class of continuous functions ¢(z) that are defined on [0, 1],
they have a piecewise first derivative and satisfy the conditions

(¢ vm)B () pvm dz + Ko(&)vm(£) =0

o\

00)=0, p(1)P'(1)=0, m=1,2,....,n—1,

where v, (z) is the m—th eigenfunction. This minimum determines the
n—th eigenvalue

An = inf R[p] = R[v,],
©
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where v, is the n—th eigenfunction.

Theorem 2. The eigenvalues of the problem (1.1) — (1.4) with coeffi-
cients (1.7), A\, — 00, n — 00, satisfy the inequalities:
csn® < A\ < cgn?, c5 >0, (1.10)
¢s and cg are independent of ¢;, 1 = 1,2,3,4 and n.

Proof. By the abstract spectral theory of selfadjoint operators [6], for
the operator A it is easy to see that

1
z)v"? + g(z)v?dx
e R e
Al_lelg (v,v) _lel}; 1 ’
HADTB Lfr(x)de:v+Kv2(§)
0
/\k+1= inf M
v: (Uaui)B =0, (’U,'U)B
i=1,2,... k

Now, we can consider two spectral problems (1.1)-(1.4) with constant
coefficient such that 0 < p; < p(z) < p2 and ¢; < ¢(z) < g2, = € [0, 1].
Denoting the corresponding eigenfunctions with A}, and A}, k=1,2,..., it
is easy to see that

M <M <A, k=1,2,...

It is shown in [2] that inequalities (1.10) hold for the eigenvalues
AN, k=1,2,... O
ky MMk s Sy

Theorem 3. The eigenfunctions of the problem (1.1) — (1.4) and their
derivatives satisfy the inequalities

lun(2)| S ez, |up(z)] < c,s\/xn < cgm, ‘ (1.11)
‘where c7,cg are positive constants independent of n.

Proof. Further we can assume without loss of generality that functions
D, q and r have single discontinuity at the point z = £, 0 < £ < 1 where the
conjugation conditions (1.3) hold.
T

We set in (1.1) t = /r(()d(. Then the equation (1.1) with A = A,

0
takes the form
d (_,.dv o _
! (p(t)d—t> —gt)+ A1+ Ké(z-8v=0, 0<t<l, (1.12)

7(0) = 0, v'(l) =0,

~ where B(t) = P(Iﬂ?)r(z)’

=]

1

_a(z) -

t) = q——, 9(t) =v(z), l= [ r(z)dz.
r(:z:) ‘ 0/
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For 0 < z < £ we have
—-(B®7) +3t)v =7, B(0)=
We multiply thtis equation with 7/ and integrate from tO to t:

- [y o an + 0/ (6277 dis = 3 [0 di.

0

o

Taking into account that

B7)7 = lBVR), 77 = 56,
after integration by parts we obtain
B(0) [7(0)]* + A 7%(0) =p(¢) [7'()]* + AD*(2) (1.13)

i

- [P @ e +2 g v .
0

0

No, we are going to estimate integrals on the right hand side of (1.13).
First we multiply (1.12) with T(¢) and integrate from 0 to I:

—0/l [% (ﬁ(t)j—f) i}’+§(t)62J dt = An (Oflﬁ2dt+Kﬂz(£)> :

l
Integrating by parts, taking into account that [72(t)dt + Ko2(£) = 1 and
0

the boundary conditions, we obtain

1 N l i
/ B(t) (2—:) dt + / g(t)vdt = M\, ( / 52dt+K‘172(§)) ,
0 0 0
which implies the inequality
l
dv 2
pt) | — < An.
70 (%) @<
0

Using this inequality and integrating once again from 0 to [ we found that

. 1/2 ¢, 1/2
<2alc /ﬂ2(t)dt {/(5'@)264

0 0

An
<2l|[gllcy/ o VA

t

l
/dt/ t]_ TU dtl
0

2
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since

ﬁ,

!
/ B(8) (v')2dt < crphn.

€9

/ dt 0/ ﬁ’(tl)(v’)"’g%dt

Thus, the following estimate holds

pO)[T (O)]” + An72(0) < PO () + Aav?(8) + cov/ A+ 10

Integrating the last inequality from 0 to [ we obtain

l

| |
PO O)F + (0] < [ FOW 0Pt + 3 [0)dtr

0 0

Kv2(5)) +1(cov/ D + c10Mn)

or

.2
p(0)[7(0)]% + A\T%(0) < E1oAn + oV An, Tio=cio+ 7

Then

B(E)[T (E)]2 + AT?(€) <B(O)[T(O)]? + AnTn(0 +c9\/“
+ T10An < E10An + E9V A -

Similar estimate holds when £ < z < [. In such a way, we obtain that
R(H) < o +E0<E > [Ta(t)] = |vn(@)] < 7,

{0

1
[T (8)] = ;mlvé(w)l Sendn = |op(@) < gV,
which completes the proof of the theorem. _ | |

2. Formulation and Properties of the Difference Problems

Let @p = {z; =th,i=0,1,...,N, hN = 1} is a uniform mesh in [0, 1]
chosen so that £ = z,, is a node. We approximate the problem (1.1)-(1.4)
with coefficients (1.7) on the mesh @}, by the difference scheme
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—(ayz)z +dy = N (p(2) + Kbn(z — €))y, @ € wn,

h h (2.1)
w=0, ayz+dy=5\"py, z=2n,
where
0, zewp\{¢}
5h(x - 5) = 1 _ é_ ’
T
or
—(ay;)z—f-dy:/\hpy, O<z=z;=th<1l,i#m
- (wm+0), =Ty, =¢
d=
z € wn \ {£}
hn
= {0, ayz + 2dy——)\ PY, T =2ZInN.
We shall denote by A y difference operator
—(ayz)e +dy, z=1=x;, i=1,2,... N-1
Ay= %ayf+dy, i=N
0, 1=0
while L
a(@) = BOTPEZD) g s ean,
—0)+pl—h
a(€) = p(§—0) 21)(5 ) ’
d(z:) = q(z:), p(z:) = r(z0).
Thus the following inequalities hold:
0<ci<a<c, 0<ca<pz)<es, 0<d(r)<cy. (2.2)

Now, the difference Sturm-Liouville problem reads as follows: to find non-

trivial solutions of the problem (2.2) (the eigenfunctions) which correspond
to the values of the parameter A" (the eigenvalues).

Theorem 4. There exist N — 1 eigenvalues of the problem (2.1),
0 < M < ... < )\N 1 to which correspond the eigenfunctions
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y1(x),- .-, yn-1(z). The eigenfunctions {yn(z)} form an orthogonal sys-
tem in the 12,_, space with scalar product

N-1
—_— h _
(y,vlB, = Z piyYivih + Kymvm + 5 PNYNUN, K=K+ hp(¢). (2.3)

i=1

iFEm
Proof. Operator A is selfadjoint and positive definite in the scalar

product (2.3). We will show that B
(Ay, vls = (aysz, vzl + (dy, V],

where y and v are discrete functions that satisfy boundary conditions. Here
N-1

N
h
(v, 0] = ;yivi h, (y,v]= Z vivih + UNUN-

i=1

Using Green’s formula, we obtain

N-1
_ h/2 -
(Ay,ola ==Y ((ays)z; — digs) vih + ) (anE,N +dn '!/N> UN

i=]

_ h—
== ((ay;),, ”) + (dy,v) + enyz, N UN + §dN YN UN

_ h—
=(ays, vs] + (dy,v) + EdN PN YN UN
=(ayz, vz] + (dy, v]s

The assertion of the theorem follows from selfadjointness and positive
definiteness of the operator A. a

The difference problem (2.1) is equivalent to a variational problem:
to find a minimum of the functional Dy[¢] in a class of mesh functions
satisfying the boundary conditions and Hy[p] = 1,

/\h - D N [y]
Hnly]’

Dnlyl = (a,%3 + @y, yles Hnlyl = @95,

Let us denote the smallest eigenvalue A\? = Dy/[y;], where y; is a corre-
sponding eigenfunction of the problem (2.1). We can find the n—th eigen-
value, n > 1, as a minimum of the functional Dy[y] in a class of functions
satisfying the boundary conditions and condition of orthogonality

HN[Soay(l)] = (‘P, y(l)]Bh =0, 1=12,...,n-1

where

Here y® is the I—th eigenfunction.
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The differential Sturm-Liouville problem is algebraic one. Further, we
will prove the following assertions.

Theorem 5. The eigenvalues of the problem (2.1) satisfy inequalities
Min? <M <Min?, n=1,2,...,N -1, (2.5)
where My and M, are positive constants independent of h and n.

Proof. First we shall consider special case settinga=1,d=0,p=1,
and £ is rational. Thus we obtain the following discrete problem:

_yfz:)‘hya m?éxm:

K
—Yzz,m = /\h <1 + ﬁ) Ym, T =Tm,

h
Yo=0, yzn~N= ‘Q-AhyN-

The eigenvalues of the discrete problems are

4 a1 h
0< A\ = — sin? —— <M< <)\'}v_1= — sin® ——,
h? 2
while corresponding eigenfunctions could bi written in the explicit form
cosal(1—§€)sinale, 0<z<§
yi(z) = ek R )
sinaécosa;(1—1z), €<z<1

where o, i =1,2,... ,N— 1 are the first positive roots of the equation (see
fig.1 and fig 2)

e /
e duu, °‘ %

Ww\\iww\i\ ////
: #%’ﬁ?% SAAAAARARN]

Fig. 1: h=10", K=1,£=0.5 Fig. 2: h=5+107%, K=1,£=0.5

p—
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2K h
Ttan aTh = cot "¢ — tana®(1 - £).

It is easy to see that o® — a when h — 0. On the other hand we can set

alh
5

sin? Cn

G
n

h
M= Sain? 2 = (@h24(C), F(Gn) = G =

Since f(¢n) is monotonic decreasing function in [0, g], the following esti-
mate holds: 4
_2<f(C’n.)<1a O<C'n<1y
T
which implies
4(ah)2

n

5 < AY < (al)2. (2.6)

Thus, the inequalities (1.10) hold for A} since a® — a when h — 0.

The following inequalities are obvious:

Dnle] _ (a, (¢2)?] + (d, 9% G, C4
= S (& )‘n + )
Hy |y (1, 9% B, 2 a

Dnlyl o (L(p2)? | (d,¢%s %
HN[SO] e (1’ ‘p2]Bh * (1, Soz]Bh 2o )‘n

ie.
[} [}
At < AR <At 4+ 2
151
Combining this inequalities with (2.6) we obtain the estimate (2.5). )

Theorem 6. For the eigenfunctions of the problem (2.1) the following
estimates hold

lyallc < Mivn,  |[(gn)zlle < Man®?, (2.7)
where ||y|lc = max ly(z)|, llvzllc = e lyz,il, M1, My are constants in-

dependent of h and n.
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Proof. Let y = y, be the eigenfunction that corresponds to eigenvalue
AP = AR of the problem (2.1) and z, 2’ are arbitrary mesh points. First we
shall assume the obvious identities

T

V() —v* (@) = D [(s) —y(s—h)lysh, (2.8)
s=z'+h
(a(@)y=(2))” - (a(a')yz(z'))? = (2.9)

z—h
= D ld(s) = X*a(s)]la(s)ys(s) + als + R)ys(s)y(s)] h.

The normality condition (y,y]p, = 1 implies that there exist at least one
point z’ such that y?(z’) < 1. Applying the Cauchy-Schwartz’s inequality
on the right hand side of (1.10), according to (2.4) and (1.10) we establish
that

2 h
2 < s < 2
y (:v)_1+\/c_1\/7\ < M?n,

ie.
lynllc < Miv/n.

It follows from the condition (a, (¥z)2] < A* that there exists point z’ such
that a(z')y2(z’) < A* and [a(z')yz(2')]?2 < coA®. We apply once again
Cauchy-Schwartz’s inequality on the right hand side of (2.9) and combine
the obtained term with (1.2), (2.4) and (1.10). Thus

2 2
i(z) < g% AP 4 —52—4- Vg VAR + 2 Vecs (AMY3/2 < M2 3,
1 1 1

Since x is arbitrary, we complete the p‘.riqofv of the theorem. O
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HYMEPNYKO PEINEHVE HA IIITYPM-JINY BUJIOBA
INPOBJIEMHX KOU COOPKAT CIIEKTPAJIEH ITAPAMETAP
BOIr'PAHNYHHWUTE NJIN YCJIOBUTE 3A KOHJYTAIINJA

Coma I'eroscrka—3ajkoba

Pesuwme

Bo tpymor ce pasraenysaru npobsemy Ha Iltypm-JInysun kom
COOpPKAT CHOEKTpaJieH IapaMeTap Ha IPAHUIUTE WM BO YCJHOBUTE 34
KOHjyraiwpja ¥ KOe(pWIMEeHTH KOM NpularaaT Ha KJIacaTa N0 IEeJOBU
rnaTten GyHEKnuM. JlaneHu ce OmeHM 3a CONCTBEHUTE BPEAHOCTH M COII-
CTBEHUTE GYHKIUM KOM Ce pemleHWja Ha oBHe npobiemu. KoucTpy-
WpaHN Ce nu(epPeHnHN MeMU 3a HyMepH4YKO pEeNIaBame Ha pasrieny-
BaHUTE NpobiieMHM W C€ M3BEIEHU COOJBETHY OLEHM 38 AUCKPETHUTE
COIICTBEHN BPENHOCTHU M CONCTBEHN (yHKIVIN.
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