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SUBCRITICAL HOPF BIFURCATION IN
GEORGE SYSTEM

Gheorghe Tigan

Abstract

In this paper we further explore the bifucation and the stabil-
ity of a dual system to Lorenz system, called George system. The
system has a rich structure, possessing a subcritical Hopf bifurca-
tion and a chaotic attractor. The equilibrium point studied is un-
stable. Using a rigorous mathematical analysis based on symbolic
computations, there are obtained some subtle insights on stability
and bifurcation.

Introduction

In the last decades the nonlinear system was intensively studied be-
cause the nonlinear phenomena are met in many areas, from engineering to
human brain [3, 4] and heart disease. Chaos is a phenomenon close related
to nonlinear systems. In [5] it is studied the Duffing oscillator modified and
are found the conditions to transition to chaos. It is known that Lorenz
equations are derived from the hydrodynamics Navier-Stokes equations. As
far as we know, not many systems with an attractor derived from Lorenz
system was studied.

The following nonlinear three-dimensional differential system

z =a(y—z)
Yy = (c—a)xr—azxz (1)
2 =zy—bz

81



82 Gheorghe Tigan

with a, b, ¢ real numberts, a # 0, is derived from the Lorenz system. We
call it George system to distinguish it from Chen system [1] and Lii system
[8], which are another two systems derived from Lorenz systems. It help us
to understand better the family of Lorenz systems.

Stability and bifurcation. Results

Bellow can be seen the chaotic attractor of George system for a par-
ticular parametric vector.
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Fig. 1
The attractor of George system. The phase portrait
is obtained for parametric vector (a, b, ¢) = (2, 3, 20)
First we recall some results regarding George system.

If %(c —a) > 0 the system (1) has three isolated equilibria:

b
and for b # 0, E(C —a) < 0 it has only one isolated equilibrium O(0, 0, 0).
If b # 0 the following assertions are true:
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a) 0(0,0,0) is asymptotically stable if and only if
(@>0,b>0,4¢-3a<0) or (a>0,b>0,4c—3a>0,c<a).
b) O(0,0,0) is unstable if and only if
(b<0 or (a<0) or (a>0),4c—3a>0,c>a.

Remark 1. The system (1) is conservative if and only if
a+b = 0. Because the system is invariant under the transformation
(z,y,2) = (—z,—y, z), one only needs to consider the stability of system

(1) at
si(yfzte-anfzte-.23%).

Under the linear transformations (z,y, 2) — (X,Y, Z)

(

b
r=X+ a(c—a)

y=Y + E(c —a)
| 2= Z+ c ; a
system (1) becomes:
(X' =a(Y - X)

) Y’=—a\/2(c—a)Z—aXZ )
\Z’=\/%(c—a)(X+Y)—bZ+XY

hence, one has to consider the stability of system (2) at (0,0,0). The
Jacobian matrix of system (2) at the point 0(0,0,0) is

a a 0

b
0 0 -a E(c-—a)

\/S(c—-a) \/g(c—a b




84 Gheorghe Tigan

with characteristic equation
X3 4+ A2%(a + b) + beA + 2ab(c — a) = 0. ()

The equilibrium point

(Voo o= 52%)

is asymptotically stable if and only if

(a+b > 0,ab(c — a) > 0,b(2a% + bc — ac) > 0).
The condition of 2(c —a) > 0 and the equation (*) having roots with
zero real parts is equivalent to (a, b, c) € 2, where
Q= {(a,b,c) e R® | b>0,a > b,2a% + bc = ac}.

In this case the solutions of equation (*) are

2a2 -2
A= a—c—ﬁ, Ag,3 = tivac— 2a2.

ac — 2a? . .
Because for b = b,:= — equation (*) has a negative so-

. 20 —2ac . : o
lution A\; = ———— < 0 together with a pair of purely imaginary roots
c

A2,3 = %iviac — 2a? such that Re (A} (bs)) # 0, George system (1) displays
a Hopf bufurcation at the point S;.

5a . 3 3 3
Theorem. Ifc = 5 and (a, b, c) € Q the point Sy (N / 0% Hma, —2-)

of George system 18 unstable and the Hopf bifurcation at the point

Sl \/ T ’/ is subcritical for any a > 0.

Proof. In this case the system (2) becomes

(X' =a(Y — X)

/3
Y = -XZa— Zay| —
@~ 29 10? (3)
7' = XY—-Za+(X+Y),/3
\ 5 10?

>N
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6 1
and Ay = _30” A2z = :i:iia\/i with a > 0 are the eigenvalues of the
Jacobian matrix of this system. Then, the eigenvectors corresponding to
A1 = —§a, A = ia——\/—i, A3 = —ta—— are, respectively
2 2 2
25 2a 2a .
= ,/ (1+iv?2) — (1-iv2)
6 15
wu=| 5 y U= . /3 and ug= e
E 1 5a —1 ga
1 1
Then, the vectors
%a 2 %
U__uz+u:;_ 15 oo Y2 U _ 3
2 (1) ’ 2i A/ ga
0

and u; lead to the following transformation of the system (3):

2a 25
X V15 6 10 X1

Y 3. 5 [3 Y, (4)
7 5 sV 10° Z
1 0 1

or, equivalently:

b 0 -4 vz B

X 97./a 97/a 97 x
5 29 5
= —=V1 = -
Y | 97\/6\/'5 97ﬁ¢ﬁ 97\/5 Y (5)
Z1 6

VA
~ b s A 2

97/a 97/a 97
ly,
o 'X1=%\%\/36 ;7\1//_x/—+85z
| Y= 957 5_\/‘+ LV - ——Z\/— (6)
| | 2= g eV VB
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After some calculations, the sistem (3) is transformed into a new form
(7) such that center manifold theory can be applied.

( X! =§aY1\/_ + aX1 5§;aX121 + géayf—
B B Wi
Y! = axlf 5+ BT %z, V3 - 3aY1Z1 80 x.vi-
) 1164 582 97 o
zgaXlz\/— - —ale\/_—!— ;g;zaZf\/_
Zy=— gaZl + WaXlZl 9870,X12 + 428450'}/1
L + 17934(12% - %axlyp/i - 2—7aYlle/§

Then, the 2-dimensional local center manifold of system (7) near the
origin is the set

Wi (01) = {(X1,Y1, Z1) € R® | Z; = (X1, Y1), | Xa| + V1| < 1}

where

oh oh
ox, (00 = 5y

With the substitution Z; = h(X1, Y1) in (7), the vector field on the
center manifold is:

(0, 0) = 0,0) =

( 1 8 167 34
r_ = = 2 2
X —2aY1\/§+ 570X1 — zgmaXih+ goa]
3325 o, 25 1009
~ 5aogh + §7aX1Y1\/— 1164aY1h\/'
X (8)
, 1817 283 60
Y] = 2aX1\/_+ 164 aX1hV2 - s Mih — maX1Y
4475
2 2 2
i ale Y1\/_+2328 ah®V2.

Assume that Z; = h(X1,Y]) = anX? + a2 X1Y1 +apY? +---.
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Substituting X; = w+u, Y; = i(w — u), with « = W, system (8) leads
to:

75
== 2 = —_——
= zaw\/—+ zaw \/—+291ahu 194ahw—l—
42 3325 17 5, 43

= — = ah? 4 — - = — Ziah -
+ grauw — qezsah® + mau® — omaw’® 291’“ w2

471 4475
A bV + 22 _ 2D R ~ iau?V2
388" wv2+ 97“”““”‘/- 1656 V2 + 97““‘ V2

7 42 3325 o
v =— —zaux/_+ ahw 19—4ahu + Ea w— Zﬁ%ah
43

17 471
~ o7 au’® + 9—7aw + @mhux/_"i- 29—1whw\/_—

- g—;muw\/_-k jggz ah?V2 — ﬁzazﬁ 2— 51—7-zaw2\/§.

In the new complex variables, Z; is of the form:
Z]_ = N11’LU2 +N12wu+N22u2 +O(|w|3) (9)

with '
' Z; = 2Ny w'w + Nyg(w'u + wu') + 2Npou'u + O(Jwf?)

and cusing the above forms of w’ and ', we hawe:
Z} = iaw?Ny1 V2 — iau*Nppv'2 + O(|w)?) . (10)
On the other hand, from (7) and (9) we have:

6 14 32 ' 16
ol 2 2 ; _ _ — 2 — a2 — =
Zy —5a<u (291z 2 291) uwiNy3 — u“Noy — w* Ny 291uw)+

6 2( iy 32

2 _ 3e 3
+5aw 21" 2 291)+O(|w|). | (%%)

Identifying coefficiennts of w?, wu, u? in (10) and (**) one can find:

76 332 16 76 .~ 332
N = 4171“/: amn V2= g M= _4171“/5_ 4171

and

h= (41]6751 iv2 - ﬁ) - v

332
4171 V2 +

291 (4171 4171)
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Hence, the vector field restricted to the center manifold is:

L 2, 5 43\ oo, (2, 3L,
w —2zaw\/§+ (972 2 97)10 a+ <97 + 972\/§)auw+
17 1 9.6 2.5
==+ —iv2lau? + (22572 + 22 Vw2
+ (97 + 971\/—)au + (looz\/—-i- IOO)w ua +
Note by
26 . 43 42 31,
g20 = 2(§1‘/§- 9—7)0, gir = (ﬁ + '9—72 2)0,
17 1 9.6 2.5
=2 —+ —1 =2{ —iv2+ —]a.
go2 2(97 + 97“/5)“’ 921 (100“/_+ 100)“
The first Lyapunov coefficient is defined as:
Re(C(0
11(0) = _——(a( )

i 1 _ .
C(0) = —(920911 — 2|gu|* - §|902|2) + 22~ (6.14-1072 — 0.63i)a.

2a 2
Now it is clear that I;(0) > (0) for any a > 0. Consequently, the Hopf
bifurcation at the point S; is subcritical and the point O(0, 0, 0) of system

(3) is unstable, so the point Sy (‘ / %a, \ /—%a g) of system (1) is unstable.

Conclusions

In this paper we further studied a relative new system with a rich
srtucture. Are obtained some insights on stability and bifurcation based
on some precise symbolic computation. The Hopf bifurcation is subcritical
and equilibrium point studied is unstable. These results was obtained using
center manifold theory. Surely, there is still a lot of work, and this paper is
a step in analyzing this system. Up todey, the bifurcation on general case
was not considered because the coefficients of the system on the central
manifold are huge.
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IMOOKPUTYHHU XOII®¢ BN2YPAKIIMU BO
CVICTEM HA GEORGE

Gheorghe Tigan

Pezuwme

Bo 0B0j Tpyn %e mM3BpmuMe HOHATAMOLIHM UCIUTYBala Ha Oudy-
pakoujaTa ¥ Ha CTaOMIHOCTA Ha AyaJJHUOT cUCTeM Ha JIopeHmoBwOT,
Hapeuen Ha George cucrem. CucreMoT mMma Oorata CTPYKTypa, moce-
AyBa NOAKpUTHYHA XondoBa Ondypakuuja ¥ XaOTHUUEH aTPAKTOP.
IlpoyuyBanaTa paMHOTEXKHA TOYKa € HecTabunHa. YmoTrpebyBajiku
CTPOra MATEMATHYKA AHAJN3a 3aCHOBAHA HA CUMOOJIUYIKM MTPECMETKH,
nobuenn ce momoGpu morsieny Ha cTabUIHOCTA Ha OudypaxmumuTe.
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