Matemaruuku Buarten ISSN 0351-336X
28 (LIV)
2004 (59-66)
Cxonje, Makenounja

FOR TWO THEOREMS OF THE ANALYTIC
REPRESENTATION OF DISTRIBUTIONS

Vasko Rechkoski

In this article is given the proof for two theorems of the
analytic representation of distributions

The two theorems that we consider here conserns to the analytic rep-
resentation of distributions. Namely, it is known that for every distribution
T € D', where D' is the spaces of the Schwarz distributions on the real line
R, there is a complex function f(z),z = z + iy that is analytic for y # 0
and in that

o0
im[ [ (z+ie) - f(o - i) o(e)z = (T,0) =T(¢) @D (1

— 0
D is the space of test function on R.

The function f(z) is called analytic representation of the distribution
T. Actually, the function f(z) is analytic on the complex plane C, exept
on the support "supp7” of the distribution, T see (1.p.76).

To compute the analytic representation for a given distribution T, in
general case, is not easy. However, if the supp T ia a complete set, then the
function ) )

T(2) = 5—(To 7= ),y # 0 (2)

is a analytic representation for the distribution T' (1.p.73).

Other terminologies used for T(z) are the Cauchy representation of the
analytic representation of T' by means of the Cauchy cernel.
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In order to represent as many distributions as possible with the Cauchy
integral, H. Bremermann (1) introduced the test spaces O, = O4(R™) and
distributions spaces O.,.

Definition. For a being a given real number, we say that a function
o € Oq, if ¢ is infinitely differentiable and it for each n-tuple
v = (M,.--,7) of nonnegative integers there exists a constant A, such
that

|DYp(z)] < A(1 + |z|)¥, z€R.

Convergence in the vector space O, is defined as follows: The sequence
(¢;) converges to zero in Oy if for each v the sequence (DVyp;) converges
uniformly on every compact subset of R™ to zero as j — oo, and for each
~ there exists constant A which is independent of j, such that

ID7p;(2)] < AL+ |2)", = € R

Definition. For a distribution T € D' we write T = O(|t|®), B is a
real number, if there are constants R asnd A such that for all ¢ € D with
support in {x € R™: |z| > R} we have

(Tl <4 [ 1ol o(@)da.
Rn
For such distribution is valid the following theorem.

Theorem 1. Let T € D’ and T = (|t|®). Then T can be extendet
to O, for any o such that o+ 8+ n < 0, where n is the dimension R";
further, the extension ts unique.

For complete proof see (1.p.85).

Here we give proof for the theorem 1.

Proof. Let as consider the sequence {an(z)}, any € D,0<ay <1
and ay(z) =1 for |z| < N.

Let the function ¢ € O, a is a real number with a + 8+ n < 0. Now
we consider the sequence {(T,any)}. (%)

Clearly the function ayy € D. We choose N, such that |p(z)] < A|z|*
for x| > No, N, > R. We shall prove that (*) is a Cauchy sequence. For
N1 > N; > N, we have

|<Ta aNz‘P) - (T’ aNﬁO)l = KT’ (aNz - O‘NﬁPH

supp (an, — an, )¢ C {z:|z] = N.}. Consequently on obtain
(T, (an, — an, )| < [ |z|*TPdz, for the constant a = max(4, A;).
|z|2No

o«
By introducing the polar coordinates we have w, [ p®+tf+"~1dp w,
No
is the area of the sphere with radius 1. Because
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oC

1
atftn~14, NatB+n 0
/p P a+fB+n ° -
N,

as N, — oo the proof is complete. Thus the limes
A(¢) = (T,any) exists for all ¢ € O,. (3)

The linearity of the functional is evident.

Now we must to prove that the functional is continuous O,.

Let {¢;} be any sequence which converges to zero in Oy as j — oo.
We shall to prove that A(p;) — 0 as j — oo. Let R > 0 be so that
loj(x)] < Alz|* for all ¢, if |z| > R. Then

lim
N—o0

[Alps)l = Jim (T, ane;)| = lim {|(T, (on — an,)e;) + (T, an,es)| }
< Jim { (T, (an — an,)e;)| + KT, an,e;)] }-

It N > N, and No > R, supp (an — an,)¢; C {z:|z| > Ny > R} then

KT, (an —an,)e;)| < [ |z|*tPdz if N, sufficiently large. Let ¢ > 0 is
|&{>N,

given, we can choose N, so that, (T, (any—an,)¢;)| < € for every N > N..

Further, the sequence {an,¢;} converges to zero in D as j — oco. Thus we

have

l(T’ aNOSOjH <e if J2Jo-
Combining these facts on obtain |A(p5)] < 2eif j > jo. Thus lim A(p;) =0.
F—o0

Let now the function ¢ € D then suppy C {z:|z| < N,} for sufficiently
large N, so that ayy = ¢ if N > N,. Consequently we have

A(p) = (T, any) = (T,p)=T(p) for peD.

lim lim
N-ooo N-—oc
Thus A is an extension for T. Since D is dense in O, we obtain that the
functional is unique.

The other theorem that we will consider here is given in (2, p.46) as a
lemma.

Lemma. (2, p.46). Let h*(z) be analytic in AT = {2:y > 0} with
1
ht(z) = O(I—Z—I) in A*; Let h*(z + ic) converge to the boundary value

ht € D(R) as e — 0% ; that is let (h*, ) = 1ir(1)1 70 ht (z +ie)p(z)dx for
€=U+ —0o
all p € D. Then '
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(i) h* € Ox(R) for alla <0 and

(i) h*(x + i€) converges to ht in the O, topology, « <0 as e — 0.
Additionaly, if —1 < a < 0 we have

1 .1 ht(z), z€AT _

i) — )= A = {z :

Here, we first made some remarks to the proof of part (iii) and then we give

another proof for (ii) formally stated as a theorem.

On the page 49 state

Remarks: (a)
lim 0, / ht(z +ie)p(z)dz = (ht,9) ¢ € O,.
z|<r

This limes is not in accordance with the hypothesis in lemma, because in

the lemma state
xO

lix(x)x ht(z +ie)p(x)dr = (hT,p) onlyfor @€ D

e—U4

(b) p.49 It is not clear, why k' (z+ie) — H*(z) € L™ as e — 0,? Further
"using the Lebesque dominated convergence theorem we obtain”

lim Rt (z + ie)p(z)dz = / H* (z)p(z)dz?

e—04

|z|>r jz|>r

Remark. if the function ¢ € O, —1 < & < 0 in general H(z)p(x)
is not integrable.
(c) Combining these fact, there exists an element U € O, a < 0 such that

lim (h¥ (2 + ic), p(2)) = U(p), ¢ € Oa.

"This implies ... AT =U on On, a < 0”7

Remark. 1) lim,, [ ht(z+ie)p(z)dz= (bt p), ¢ €O,
lzl<r
2) imeo, [ hY(z+ie)p(z)de= [ Hto(z)dz.

lz|>r |z|>r

Thus (h*,¢) + [ HYp(z)dz = (h",¢)?
|z|>r
In following we give another proof for part (ii) as theorem?.

Theorem 2. Let h™(z) be analytic in AT with h*(z) = (l ‘) Let

ht(x + i€) converge to the distribution h* € D’ as € — 04, that is means
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o0

(ht,p) = lim [ h*(z+ie)p(z)dz forall peD. (4)

e—04
—oc
Then ht(z +ig), hT are in O, a < 0 and tehe relation (4) hold for all
@ € Oy, a < 0.

Proof. By using the asymptotic bounds and the and the theorems on
obtain immediately that the distributions h+(x + ig), h* can be extended
from D to O, a < 0.

We now prove that At (z + ig) — h* in O, , & < 0.

Let ¢ € O,. We shall prove that the hm f Rt (z + ie)p(x)dx exist.

5—’+oo

For this purpose we consider the integrals f h*(z + i€)p(x)dz. From the

—00
asimptotic bound for ¢ and h* (z) we can choose constants R and A so that
/ W (@ + ie)p(z)da| < 4 / E%ﬁ—a, a<0. (5)

le|>R Jz|>R

Let a(z) € D be such that 0 < a(z) < 1, a(z) =1 for z € [-N, N] and
N > R is sufficiently large so that

A/ |1a, for 8>0.

Further |lz|>N
(W (z +i€), p(z)) = (W (x + i€), alz)p(x)) + AT (z + ie), (1 — alz))p(x))
) ._T ht(z +ie)(1 — alz ) d:ci<A f |_Q =5 < 8 from (5).

(b) (ht(z +ic),a(z)p(z)) — (hT,ap) as & — 01 a(z)p(z) € D that
is for 0 < & < ¢ep we have |[(hT(z + ig), a(z)p(z)) — (T, ap)| < 3
consequently

[(h* (2 + ie1), a(@)p(z)) — (h* (z + ie2), a(z)p(z) > | <

< [(h*(z +ie1), ap) — (T, ap)| + (hF (z + de2), ap) — (hF, ap)| <8
this means that

[(h (z + ie1), p(2)) — (W (z + ie2), p(x))| <

< (Wt (z +ie1), ap) — (T (x +ie2), ap)| + |[(hT (z + ie1), (1 — a)p)|
+ [(hF (z + de2), (1 — a)p)| < 35
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if 0 < £1,&9 < gg. Thus it exists

oC

U(p) = lim ht(xz +ie)p(x)dr forall pe O, a<0. (6)

e—04
—o0

Evidently the functional U is linear. To complete the proof we must show
that U is continuous. Let {¢;} be any sequence of the space O, that
converges to zero, this means that the sequence converges uniformly on
the compact subset and also it exists the constants a, R so that ¢;(x)] <
a|z|® for |z| > R, indepedently of j. By taking into account the asymp-
totic bound of the function h*(z) we can choose a function a(z) € D
0<a(z)<1,a(z)=1for |z] < N amd N > R so large that

dx

A <8 foragven §>0 (%)
U ()l =

= lim 7 ht (z+ie)a(z)p;(z)dz+ 7 ht (z-+ie) (1 — a)(x))goj(x)dx}

<€Em+ /h+ (z+ie)a(z)p;(z dx‘+|/h+ (@+ie) (1—alz)) s (z )dx]}

Because supp (1 — a(x))p;(z) C {z:|x| > N} for all j from (x) we have

e o}

‘ / ht (x4 ie) (1 — a(z))p;(z)dz] < 6.
Thus on obtain
Ute) <| lim [ 1 @+ ie)ale)ps(e)da] + 8 = (A" ap,)] + 6.

The sequence {a;} converges to zero in D and from the hypothesis in the
theorem (h*, ap;) — 0 as j — oo.

Consequently for j > jo|(hTay;)| < 4. Finally we have |U(p;)| < 26
for j > jo or jli>noloU(<pj) =0. ThusU € O, a < 0.
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Let the function ¢ € D, then suppy C (=N, N) for sufficiently large
N. In that case

Ulp) =
= 61_1)%1+ { / Rt (x + ie)o(x)p(z)dx + / h+(a: +ie)(1— a(w))cp(x)da:}
= sl_i,%l+ | At (z+ig)p(z)dz+0=hT(p).

But D(R) is dense in O, hence h* = U on O,. With this the proof of
theorem is the complete.

Example h*(2) = —52—, h(z +ie) —» 6+ = %5 - 12—1-Z:ch%.
T
Obviously, coresponding 1resul‘cs hold for a given analytic function
h=(z) in A with h™(z) = O(I7I) and for which there exists h~ € D such
that
(A7, ) = lim (h™(z — ie), p(x))
E—>0+
= 111(1)1 h™(z —ie)p(x)dz for all ¢ € D(R).
e—U

Remark. In the lemma it is sufficient only the existence of the
lix(r)l (ht(z +i€), p(z)) for all ¢ = inD, because every subspace Dx(R), K
£—U

is a compact subset, is a Frechet space and also a linear functional on D is
continuous if and only if continuous on every subspace Dg.
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3A OIBE TEOPEMMUM O AHAJIMTUUYHATA
NPE3EHTAIINJA HA JNCTPUBYIINN

Backo Peurockn

Pezuwme

Bo oBaa pabora ce IaleHy HOBU IOKAa3M 3a OBe TEOPEMM OJ aHa-
INTUYHATA penpe3eHTanyja Ha auctpubyunure. Toa ce Teopema 1 m
Teopema 2. JlageH e uCTO Taka U eldeH NIpHMMep U enHa 3abesemka.
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