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ABOUT TWO CLASSES OF ANALYTIC FUNCTIONS

Nikola Tuneski

Abstract

Let A be the class of analytic functions in the unit disk U =
{2 : |z| < 1} normalized such that f(z) = z + a222 + a323 + - --. Classes

M, ={feA:|f'(2)~af(z)/z+a-1|<pzeu}
and
M, ={f€A:|:f"(2) - af'(z) +o| <pzeu}

were studied earlier by Fournier-Mocanu and Ponnusamy-Singh. In this
paper, sharp upper bound of the Fekete-Szegd functional over these two
classes is obtained. Also, sufficient conditions that embed this classes in
the class of starlike functions of order a and in the class of convex functions
order « are given.

1. Introduction and preliminaries

Let A denote the class of analytic functions in the unit disk
U = {z : |z| < 1} normalized such that f(0) = f'(0) —1 = 0, i.e., of
the form f(z) = z + az2? + a3z + - - -. Further, for 0 < a < 1 we say that
f € Ais in the class of starlike functions of order o, denoted by S*(a), if

e[ ] >

z € U, and in the class of convez functions of order o, K(a), if

Mo
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z € U. Specially, S§* = §*(0) is the class of starlike functions and K = K(0)
is the class of convez functions.
Further, for a € C and p > 0 we define classes

M;,’,:{feA: ’(z)——a-—f—gzz—)—i—a—1|<p,z€1/{}

and
M, ={feA:|zf"(z)—af (2) +o| <p,z€U}.

In (2], Fournier and Mocanu found the values of p1 () =sup {p : M, , CS*}

and py(a) = sup{p: M/, C S*}. Independently, Ponnusamy and Singh
in [6] gave criteria for embeddmg M, in the class of univalent functions
and some of its subclasses. In this paper we continue investigation of the
classes M, , and M, , and obtain sharp upper bound of the Fekete—Szegd

functional, |ag— paj| over M}, , and M ,. We also give sufficient conditions
when they are subsets of S*(a) and K(«), respectively.

2. Results concerning Fekete-Szego problem

In this section we give sharp estimates of |a2| and of the Fekete~Szego
functional |az — pa3| for a function f(2) = z +azz® + azz® + - from M) ,
and M, ,. We will use following lemmas.

Lemma 1. ([5], p.166, formula (10)) ((1], p41) Let p € P, that is, p
be analytic in U, be given by p(z) = 1+ Z pn2™ and Rep(z) > 0 for z€U.

Then |p2 — p2/2| < 2 — |p1]?/2 and |pn| < 2 for alln € N.

Lemma 2. Let w(z) = Z bn2™ be an analytic function in the umt
=1

disk U and |w(z)| <1, z € U. Then b1} <1 and |bg] < 1~ |by}%.

Proof. Define a functlon p(z) = 1+ Z pn2® € P by p(z) =
n=1

(1 —-w(z))/(0+ w(z)) Then ¢; = —p1/2 c2 = (p2/2 — pz)/2 and the

rest follows from Lemma, 1. O

The Fekete—Szego problem for the class M ",,a is solved in the following
theorem.

Theorem 1. Let f € M, . Then |az| < p/|2 - al and

1 plul
— <
las pal| < pmaX{ B ol E-af)

for all p in the complex plane. This bounds are sharp.
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Proof. From f € M, , follows that f'(z) — af(2)/z + a — 1 = pw(2),
where w(z) = Y oo, bpz™ is an analytic function such that |w(z)| < 1,
z € U. So, equating coefficients we obtain as = b1p/(2—a), a3 = bap/(3—a)
and further, using Lemma. 2,

1 plul 1
— 2 — — =
Ia3 /J’a’2l p l:ls —al +z (|2 _a|2 |3_ al H(.’IJ),

where z = |b;|? < 1. Thus, |a3—pa3| < p max{H(0), H(1)}. This inequality
is sharp as the functions f(z) = z+p2%/(2—a) and f(z) = 2+ p2*/(3—a),
show.

In the same manner we solve the Fekete-Szegt problem for the class
o’ »

Theorem 2. Let f € M] ,. Then |az| < p/(2]1 — o) and

1 plul
— nall <
|a3 IJ‘GZI = pmax 3|2 _ al, 4|1 — alz.

for all p in the complez plane. This bounds are sharp.

"
M,

3. Results concerning starlikeness and convexity of higher order

In this section we will make use of the well known Jack lemma.

. Lemma 3. ([3]) Let w(z) be a non-constant and analytic function in
the unit disk U with w(0) = 0. If |w(2)| attains its mazimum value on the
circle |z| =7 at the point zy then zow'(20) = kw(2p) and k > 1.

Using Jack lemma we prove the following result.

Theorem 3. Let p(z) be an analytic function in the unit disk U,
p(0) =1 and let B # —1 be a complex number such that Ref > —1. If

|2p'(2) + Bp(z) — Bl < p (2)
for all z € U then

Ip(2) — 1| < p/[1+ 8| (3)
for all z € U, and the result is sharp as the function p(z) =1+ pz/|1 + G|
shows. ‘

Proof. For a function w(z) defined by p(z) = 1+ pw(z)/|1 + 3| we can
-say that it is analytic in ¢, w(0) =0 and

zp'(2) + Bp(2) - B (2w (2) + fw(z)) -

11+ B

Also, inequali*- (s) is equivalent to |w(z)| < 1 for all z € U. Assuming
that th~_ exists a zp € U such that |w(zp)| = 1 by the Jack lemma we
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receive zow'(z0).= kw(2p) and k > 1, and further, |20p'(20) + Op(20) — 8] =
plk+8|/|1+ 8| = p because Re > —1. This is a contradiction to inequality
(2) and so |w(z)| < 1 for all z € U. ]

Putting p(z) = f(z)/z and f = 1 — a in Theorem 3 we obtain next
corollary.

Corollary 1. If f € M,,, Rea < 2 and o # 2 then
|f(z)/z =1 <p/l2—q|, z€U.

Now we will give sufficient conditions for a function f € M, , to be
starlike of order a.

. _ (1—a)(2—a)
Theorem 4. Let f € M, , witha <1 and p(a) = 2ot (l0)?

Then Rezf'(2)/f(z) > a, z € U. Specially, if 0 < a < 1 then
,’,(a)’a C S*(a).
Proof. From f € M, , follows that there exists an analytic function
w(z) such that.

zf'(2) o= 1—a+ pw(z)
f(2) @)z

w(0) = 0 and |w(z)] < 1 for all 2 € U. Since conditions of Corollary 1 are
satisfied and p(a) <1 — a we get
zf z
larg(f() )'<1arg1—a+p( |+|arg ))

f(2)
< arcsin lf@- + arcsin | 2p (_a)

_amsm<|1—ag |2 a|2 |2 a| |1—a|2)

and so, Rezf'(2)/f(z) > a for all z e Y. 0

Remark 1. Fora = 0 in Theorem 4 we receive that If(2)~1| < 2/V/5,
z €U, implies f € S*, result equivalent to the one from Theorem 2 in [4].

Imitating the technique from Corollary 1 and Theorem 4 we will obtain

conditions when f € M7, , is convex of some order. So, for p(z) = f'(2)

and 8 = —a in Theorem 3 we have

Corollary 2. If f €
p/ll—a|, z€U.

Using this corollary we will prove next theorem.

a),a Rea < 1 and a # 1 then |f'(2) — 1| <
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" — a(a—1)
Theorem 5. Let f € M ,, a < 0 and p(a) = Jert (o Then

Re%”iz) > a, z € U. Specially, if -1 < a < 0 then M” Cc K(1+a).

pla)o
Proof. Condition f € M, , implies existence of an analytic function
w(z) such that
z2f'(2) _ —o+pw(2)
& T T e
w(0) =0 and |w(z)| < 1, z € U. Further, from p(a) < —a and Corollary 2

a7 - )| < |ans(-a-+ pa)oe)| +ars /()
< arcsin p_(g)_ + arcsin |1p(—_ac)x|

o) [ P
‘a“‘s"“(ml et |1—a|\/ Ia|2>

Thus Rezf"(z)/f'(z) > o for all z € Y.

We can rewrite Theorem 5 in the following, equivalent form.

" . _ (1-a)(2—a)
Theorem 6. Let f € M, , witha <1 and p(a) = o
Then Re[l + zf"(z)/f’(z)] > o, z € U. Specially, if 0 < a < 1 then
M'(a) a1 C K(a

For a = 0 we have next result.

Corollary 3. Let f € A and |2f"(2) +f’(z) 1| < 2v/5 for all z€U.
Then fe K.
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3A IIBE KJIACH AHAJIMTUYKHU
®YHKIINN

Huxona Tyneckn

Peszuwme

Hexka A e kiacaTa aHAIUTUYKY QYHKIUN JeGMHUPAHU HA €IUHEU-
muor mack U = {z : |z| < 1} HopManmsupanu Taxa mro f(z) = z+az2> +
a3z + - --. Knacure

M,,={feA:|f'(z) —af(z)/z+a—-1]<pzelU}

M, ,={f € A:|2f"(2) —af'(z) + o| < p,z € U}

ce IpeTxoAHO HpoyudyBaru ox Fournier-Mocanu u Ponnusamy-Singh.
Bo oBoj Tpya mobumena e HajmobOpa ropHa rpasuna Ha Fekete-Szegd
¢yHKIMOHANOT Bp3 oBMe ABe Kiaacu. VlcTo Taka, NaleHM ce NOBOJIHHE
YCJIOBM KOM T'M CMECTyBaaT OBHME KIAaCH BO KjIacaTa Ha SBE3IOJMKA
GyHKIMM O PEeA & ¥ BO KJIacaTa KOHBEKCHN (QYHKIMU OI pel Q.
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