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ONE PROOF FOR THE ANALYTIC REPRESENTATION
OF DISTRIBUTIONS

Nikola Rechkoski

In this article is given a proof for the analytic representation
of distributions with the aid of Fourier transform.

An important operation with the distributions is their analytic repre-
sentation. Namely, if T € D’ is a distribution then there is a function f(z)
analytic in the domain C\supp T, supp p (support) of the distribution, C is
the complexe plane, suh that the regular distributions f(x +ic) — f(z —i¢)
converges to T in the space D’ as ¢ — 0*. Thus

o0

lim [f(z +ie) — f(z —ie)]p(x)dz =T(p) =< T, >, € D. (1)

z—0*
-0
A complete proof is found in ((1). P.76).

Note that the analytic representation f(z) of a distribution T is not
unige. In fact if H(%) is an entire function then the function f(z) + H(z)
is also an analytyc representation for T', because every entire function is an
analytic representation of the zero distribution. Further on, if f(z) is an
analytic representation for T, then f(z) is an analytic representation for
the derivative T and in general f(™ (z) is an analytic representation, for
the m-th derivative T(™ of the distribution 7.

If the distribution T has a compact support then the function

T(s) = 5T, 1) Tm(z) #0 (2)
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is analytic on C \ supp T and is analytic representation for T'.
The function T'(z) is also called Cauchy representation for T
For the derivative T("™) the analytic representation is the function

m! 1
T (2) = o Z<T’(_—2'J,'nT1"> Im (z) # 0. 3)

In order to represent as many distributions as possible with the Cauchy
integral, H. Bremermann in (1) introduced the spaces O, and dual spaces
O, a is a real number. Let the distribution 7" € O), a > —1 then the
Cauchy integral

. 1 1
T(z)=—(T;,—) I 0
() = 5Ty =) Im(2) #
is an analytic representation for T, and it is analytic on the domain
C \ suppT. A complete proof is found (1.P.73). A proof from the viw-
point of the distributional Plemel relations is found in (2).
Here we give a new proof using the Fourier transform.

Theorem 1. Let the distribution T € O.,, a > —1 then function

T(e) = (T, =) Tm(2) £0 @

is analytic representation for 7'
Proof.

o

_1__' / [T(m +ie) = T(z — ie)] p(z)dz =

2m
-0
o0

=i | oo = G letoes

—0o0

for all p € D.
Now we consider the integrals

o0

1
‘ S T,
S = 2w (T2,
-0

———)p(z)dz.

’t—w+zs

1 17
1 yo@)d - [
t—z— z’6>(p(x) 2, 2 27 / ¢

Let us consider the integral J;. J; can be approximate by Riemann sums:

N

N
_ 1 <,0(.’L‘v)A.’L',, T ‘P(xn)Ax'v
Ji= Nh—r>noo ;<Tt t—xz, — ze> N Jvh—l»no<><Tt’v=1 t—z, — z'e>’
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¢ € D and let a > 0 be such that supp ¢ C [~a,a]. The functions

N
Ya(t) = Z g—_g?—A_?g for fixed € >0 arein O_;,
v=] v
. _ T p(r)dr
Am Yn(t) = / P Ye(t) € O-1.

—00
In fact the sequance of functions ¥ (t) as N — oo converge to the function

'l/)e(t) in the space 0_1, .
We present brief proof for this:

Z||w Ty |Ax” . Ty € [—a,a] thas

sﬂé_—'-za, ol = sup o)

TEsup pp

(b) [oem) - v (i) < L2022,

Hence the sequence of functions v¥x(t) is uniformly bounded and
equicontinuous, therefore by using the theorem Arcela-Ascoli, the conver-
gence is uniform on the compact subsets. In the same way on prove for the

derivative ¢_§§) (t), and e.t.c. Therefore we get

t
271 N—oo { " o t—x —ic
-0

Iy = (Tiy gy i (o) = (T [ 229, pep,

_1_7 o(z)dx :_i7 p(z)dx

271 t—x—ie 2mi T —t+ie
—00 —o0

By using the formula

1

_ — LB, \eiw(t—ie)
2mi(z — t — ie) F (H(=w)e 7))

where F~lis the inverse Fourier transform, H is the Heaviside functlan, we
obtain

¢E(t):‘79"(m)F_ (H(-w)e™"e™, dx—/ w)H (~w)e™te™ dw.
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By replacing J; we get
J1 = (T, / F Yo, w)H(~w)e™ ™ dw)
-

In similar way on obtain

Jo = Ty, — / Fl(p,w)H(w)e“e dw).

-0

By substracting we have
o0
Jy — Jp = (T, / F~ (g, w)ete ¥ldw) .
— 00

The function

he(t) = / F (g, w)ete™ldw € O_y
-0
and converges to the functions
oC
/ Flp,w)edw= o) in O

Finally we get

o0

lim [T(z +ie) — T(x — ie)p(x)]dz = lim (J1 ~ J2) = (T, ).

II. General case for the space O,

Ifa<~1,T € O, and the number k is so that 1

=z gyt €O

then we have
Theorem 2. The function defined by

$(z) = %(Tt, W), I (2)k % 0
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is an analytic representation for the derivative T,

Proof. As in the proof of theorem 1 we consider the integrals:

k o0
-0
k! 1
= 2T
ok 27ri< Yt —z +ig)kH Jelz)dz
N

_ k! p(xy) Az,
Juk = 1vh—1>noo 2mi 2—;1}’ <(t — Ty — ies)’c+1>

k! N o(xy) Az,
= gm o (T 2 (t—xz— is)k+1>

=

N
The function ¥y (t) = > (t‘f(;j)igzil € O, converges in O, as N — oc to
v=1

0
k! o(z)dz
2w | (t—x — i)kt

-0

the function: . () = The proof is the same as

in the teorem 1. Thus

oC oC
k! - p(z)dz
P — T —_— U S —
Tk =T, 2772 / t—x —ic) ’°+1> ok = (T 2mi / (t—z~— i{-:)’“‘*‘1>

hagie. ®]

T o(z)dz _ T p(z)dz
[ T - | e

[ eleyds [ ple)de
[ Tt | i e

—o0 —oo

By using formulas

1 - 1% k iwt ew
G = F T (o e e H (), )

1 _F— 9 k+1 k iwt —EwH (*)
(x—t+ i)+l (7” BEC (“’)’x)



24 Nikola Rechkoski

and the Parseval relation, on obtain
oo

Veal®) = ~(-DFH [ P71, 0) (i) e H ()

—0oC

thus -
T = (T (1) [P, 0) i) H ().

Completly similary
oo
o = (T, (—1)F+ / FY (0, 0) (i) Fe == H (w)duw)
Hence by substration we get_oo
Sk — Jog = (Tt (—-1)F / F Y, w)(iw)Fe =¥ dw) .
—oo

As in Theorem 1 the functions
. o0

he k() = (=1)F / F~Y(p,w)(iw)ket=*dw € O,

Eade o]
) oo
and converge to the function (—1)* [ F~(yp,w)(iw)*e**dw in these space

—o0
Og. :
By passing in the limmes on obtain

hm / (z+ zs) (w - ze)] (z)dx lixr%)(Jl,;c ——Jog) =
&—>

= (Th, (—1)’“;1_2% F_l(w,w)(iw)kei“’t_el“’ldw>

-0
o0

= (Ty, (—1)* / F (g, w)(iw)(iw)*e™tdw)

— o0

T (11 [ e

-0

dk
= <Tt, (_1) dtk (P( )) = <T(k)1 90> .
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The proof of theorem 2 is complete.

At aim to complete the theorem 2 in following we give a theorem for
the analytic representation of primitive distribution for a given distribution
TeD

By D!, we denote all the distributions with supports in a interval
[c,0). Similarry by D’ we denote the distributions with supports in a
interval (—o0,c|. Every distribution T € D’ can be decomposed in the
foom T =T+ +T=, where T+ € D/, T~ € D__.

A primitive distribution S for a given distribution T" can be found with
the relation

T

S0 =T, [ ), peD and o) = aplt) + (1)

-0

[e ] oo

a= [ p(t)dt,p(t) € D is fixed function with [ p(t)dt =1.

—00 -0

Also if T € D, the convolutions H xT is well defined and is a primitive
distribution for T'. supp H * T C supp H +supp T, thus H * T € D/,. The
primitive distribution T for a given distribution T is unique up to a constant
distribution ¢, i.e. every distribution S+c is primitive for 7', that is why the
analytic representation of S is unige to the analytic representation of the
constant ¢, whose representation id ¢ > 0 for Im (z) > 0 and for Im (2) < 0
or § for Im (z) >0, —% for Im (2) < 0.

From here it follows that to compute an analytic representation of a
primitive distribution for a given distribution will be obtain by an appro-
priate chose of the constant.

Theorem 3. Let the functionf(z) is the analytic representation for the
distribution T € D',. Then for the primitive distribution S as deffined in
(8.P.96), the primitive function F(z) of f(z) is an analytic representation
for the distribution S.

Proof. Let suppT C [c,00) and the function p(t) € D with.
o0 .
suppp C (—oo,c) and [ p(t)dt = 1. In the simply connected domian

-0
Q = C\ [e,00) the function f(z) has a primitive function F(2). With
integration by parts we obtain

/ [F(z + i) — F(z — ie)]¢" (#)dz = [F(z + i) — F(z — i¢)] x

-0
T o

X /cp*(t)dt’:— / [f(z + i) = f(z — ie)] /ch*(t)dt=

—oo T —00
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T

= — /°° [f(z +1ie) — f(z —ie)|dx / ©*(t)dt.

Because p*(t) = ¢(t) — ap(t), we have

/ [F(z+ie)— F(z — i€)] [p(z) ~ ap(a)]dz =

- / [Pz +ie)— F(z—ie)] o) o / [F(z+ie)— F(z—ie)]p(z)de.

Thus

gi_% [F(z +ie) — F(z — ie)]p(z)dz—

- lima / [F( + i¢) - F(z — i) p(z)dz =

= ~lim [f(z +ie) — f(z — ig)] ( / w*(t)dt)dx
é}1_{11 [F(x +ig) — F(z — ie)] p(z)dz =
= lim [F(x +ic) — F(z — ie)] p(z)dz = 0.

sup .p
Finally on obtain
;li_r% [F(z +ie) ~ F(z — ie)] p(z)dz =

= — 611_1% [f(z + i) — f(z —ig)] / o (t)dtde = —(T, / ©*(t)dt)

= (S,(,D) .

The proof is complete.
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Simillary on prove for a distribution T" € D’_. Clearly every distribu-
tion T with compacte support is in D}, N D’_.

Example. The Heaviside distribution H is a primitive for the § dis-
tribution with sup pd = {0}. Let the sup pp(t) C (0, 00). Then the analytic

. 1 o .
representation ~9mis of 4 has a primitive function:

F(z) = —Llogz,argz € (—m,m] in C\((~00,0]-S=H+ec.

27
1 o0 o0 o0
—5 lim / [log(z + ic) — log(x — )] p(x)dz = fcp(x)dz +c / o(z)dz
£—
—o0 0 —oc
1 0 o0 oo
~5 / 2mip(z)dx = /go(m)da: +c / p(z)dr, thus c= -1
-0 0 —-00
R 1 . 1 ~Imz>0
H=SH, H(z)=2—m, log z+1(2)= ~%mi log 2+ 1 =5 log(—=2)
- -Imz2<0

Remark. From theorem 1 we have:

(i) The regular distributions T'(z + i€) converge to the distribution T in
D’ as ¢ — 0% where

(T*, o) = (T, / FY(p,w)e™tdw), p € D
0

(ii) The regular distributions T'(x — i€) convergs to the distribution 7,
where

0
(T~ ) = (T, - / FY(p,w)edw), €D
—00

(iil) T =T+ —T~

w A
Remark. Operating formally in the integrals [ T(z+ie)p(z)dx and

-0
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w A
J T(z —ie)p(z)dr on obtain
— 00

é\g

8

T(z + ie)p(z)dz = -—1— / (Ty, ————l—><p(x)da:
1

27 T — 1€ )
— 0 —00

- ty
t—x—1e ’

L[ e g [ elt=2)

lim Mdm =276, p(t — x)).

e—0 T — 1€
Thus we have
i [ o+ ie)p(@)de = (Ti, (67, olt — 2)) = (T, 5™ (1)

This means
(TF = T1, 6 % o(2)) -

w A
Simillary from integral [ T'(z — ic)p(z)dz on get

-

(T7, () = (Ty, =67 % (1)) .

1 1 1 1 1
—_ —+ :
Because 6~ = —25 + 3 iyp_t’ 67 = 05~ iz/p—z on obtain

1 1 1
t o= (T, =6 % o(t) + —uvp=
(T, o= {( 63 *<p()+2m.vpt*<p(t))

= (T}, %go(t)) +(Ty, 57%1/1)% *p(t)) -

1
From the fact that T(¢) = T % ¢(0) and V”p% =-—vp;on resulte

~

(T 5vps *0(t) =T % (vp *9)(0) = T * (5 *5) (0)

— T« (up% *¢)(O) = —(T* up%) * @(0) = —(T*Vp%,«p) .
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Thus on get
1.1 1
. + - = _ - -
(iv) T 2T 5 iT*upt. .
Similar’ from the integral [ T(z — ie)p(x)dx we have

—o0
_ 1 1 1
(V) T = —-2'T— %T* l/p;

Finally from (i), (iii), (iv), (v) on get

oo

1, 1 1 ~ .
GT - g T+ 2y ) = (T, [ Fipw)etdu)
0
and 0
1 1 1 —1 twt
<—§T - %T*VP;M) =(T,— | F 7 (p,w)e*"dw).
—o0
Other
1, 1 1 7 ,
() (5T = 5T *vpy, ) = (T, / F3 (i, w)e"dw)
0
1, 1 1 ot
vii) (2T+ 2—-T*upt,<p F1(p,w)e™dw).

By adding vi) and (vii) on obtain the distribution T'.
By substracting (vi) and (vii) on obtain

0 o0
%(T * Up%’ SD) = <T’ / F_l((pa w)ei‘”tdw - /F_I(QO, w)e‘iwt'dw> )
—o0
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EIIEH IJOKA3 3A AHAJINTUYHA PEITPE3EHTAIINJA
HA ITNCTPUBYIINUN

Huxona Peuxocku

Pesaume

Bo oBaa paboTta maneH e OoKa3 HA AHANUTUYHATA PEIPE3CHTAIM]A
Ha AucTpubynunte co nomom Ha PypueBa Tpamchopmamuja. lokazor
e manen Bo TeopeMa 1 u Teopema 2.
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