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TRANSITION TO CHAOS OF THE DUFFING
OSCILLATOR MODIFIED

Tigan Gheorghe

Abstract

In this paper we apply Melnikov method for the Duffing oscil-
lator modified. We change the last term of the Duffing oscillator.
We will find the critical surface of the transition to chaos.

1. Introduction

In this section we recall the Melnikov method (3].
Let us note YE the vector field:

OH
Y, = (Gor(@:9) + €01(0,,6) = 5 (09) + e2(@,3,)).
We define the Melmkov function as: M:R x §! 5 R

M(s,6) = f (grad H(h(t — s)), g(h(t —s), wt+6))dt or,
substituting t — t‘-P°s the Melnikov function is:

M(s,0) = (grad H(h(t - s)), g(h(t), wt+ws+6))dt.

The map g being perlodlcaly at 6 results that M is periodicaly at s of period

2 . . oM oM oM .
- and periodicaly at 6 of period 2n. Thus 5~ “ 5 and 5 0 if

.. OM
and only if 5 = 0.

Theorem. Assume that there is a point (sq, 6o) such that:
a.) M(So,eo) =0

b) a—]\j(so,t?o) # 0, then the manifolds W*(vy.) and W*(v.) are
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intersected transversely at a point (g.,0) where d(ge,h(—s0)) < €. In
addition, if M(s,0) # 0, for all (s,0) € Rx S then W3 (v.)NW¥(v,) = &.

2. Results

Let us take the equation [1]
dy

priak 3 4+ e(ysin 2wt — dy),

where %Z =y v,6w>0 and &£>0 verysmall

For this equation, called the Duffing oscillator modified, we have the fol-
lowing theorem:

Theorem. The critical surface of the transition to chaos is

\/§6chw7r V2 §chwr

= 1, that
3w'y7r at is, i Swym
has chaotic solutions.

< 1 the Duffing oscillator modified

Proof. For € = 0, there is a saddle point at 0 in the phase plane, with
two symmetric homoclinic orbits hi(t), ha(t). [2] :
The orbits of the basic system (for € = 0) have equation

1 1 1
H =—y? — g+ gt
(z,y) Y~ 3% + 1%
It follqws that the homoclinic orbits have equation

1
H(z,y)=0, ie. y2 =g? (1 - 5@'2) , and solutions

e = (3 L) e w0 = (-3 )

Because hi(t) = —ha(t), we compute the Melnikov function only for h;(t).
Thus, we have:

grad H(z,y) = (-z +2°,y) and

2f V2 tht
grad H(h (t) (cht i3t cht )
g9(z,y,6) = (0,nsin 26 — dy).
Thus: g(hy(t), wt+ws+0) = (O vsin2(wt + ws + 6) + 6\/;2-};;ht) and
oo th 2
Ml(s,()):_{)o( \/_'ysm2(wt+ws+9)—t—-26ti2 )d =
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—fy\/é sin 2(wt + ws + ) — >
ht —o0
2
—2v2 4 f wcosZ(wt+ws+9) dt —-26 f @—dt
—oo ch
—46 oo cos 2wt
- —-2v2 2 6 d
5 V2 wycos 2(ws + )_foo 0 t
A o0 gin 2wl
+ 2v2 wysin2(ws + 0) [ = wtdt.
— cht
o 2 t oo 2
Let’s note: I; = f 205 247 3t and I, = f SI::h wtdt Then
0o et 2wt
I=Il+7,12=‘_£o hi dt.
Using the complex theory we have:
et 2wz 0 et 2wz
I= 2m(Zrez( chz )) =2k 2mk_ozli>nzlk(z—zk)( chz )

where zj, are the solutions of the equation chz =0, for £k =0,1,2,... ie.
2= (1+k7r)i k=0,1,2,...

k —2wk1r —wT __ € T
Therefore I =27 kzo e = 2T e 5o7 = dhom
= I = Ul un ILb=0 =
chom 2 0) 46
(5,8) = =2V2 wyn cos2ws +6) _ 49 and
chwm 3
cos2(ws+6) 46
Mz(s,e) = 2\/5 w’)’ﬂ"'—--—m - ? .
2
Using M2=0 = cos2ws+0)= ﬂ:m :
: Swym
26ch
So, if we have: [ﬁ < 1 the Duffing oscillator modified has
chaotic solutions. The critical surface is —\/M =
Swym
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IIPEMHWH KOH XAOC HA DUFFING-OBUOT
MOINSUIIMPAH OCIIMJIATOP

Tigan Gheorghe

Peszume

Bo oBaa pabGoTa HHMe ro npumenyBame MeIHUKOBUOT METOL 3a
vMomupumuparror Duffing-oB ocumnatop. Hwue ro npumenmsMe gpaj-
HuoT TepMm Ha Duffing-oBumor ocmunartop. Ja HajmoBMe KpuTUUYHaTa
NOBPINMHA Ha MPEMUHOT KOH Xaoc.
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