MaTtemaTrnuknu Bunrten ISSN 0351-336X
27 (LIII) '
2003 (87-94)
Crkonje, Makenoumnja

SOME PROPERTIES OF p-APPROXIMATE [;
SEQUENCIES IN BANACH SPACES

M. Lohaj* and N. Braha**

Abstract

The main result in this paper is the following: If X is a Banach
space, which contains an p-approximative ! system of vectors then
there exists a subspace L and a weighted shift operator T : L — L
with a weighted sequence (A;) such that inf; (1 —¢;) | X\;] |[z]|l - K <
|Tz|} < sup;|As]||z||, K-constant, for every = in L and for every
decreasing sequence 0 < (¢;) < 1 of real numbers, in case where
X = L3|R) the norm of operator is estimate in whole space X = Lo.

Introduction

Denote by X the real or complex Banach space. Let (z;)ier be a unit
sequence in a real Banach space X (where I = {1,2,...,n} or I = N), and
let 4 > 0. We say that (z;) is a y-approximate [; system if

i€A

for all finite sets A C I and for all choices of signs. Is valid the following

> Al —p

Theorem 1. [1] Let (z;)7., be unit vectors in a real Banach space X
such that ’
n
”Z :l:l’i
i=1
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for all choices of signs. Then

n
”Z a:;
i=1

n
=D _lail
i=1

for all (a;) € 1y.

Theorem 2. (2] Suppose that (z;)32, is a u-approzimate I, system.
Then, given any decreasing sequence 0 < (€;) < 1 of positive numbers, there
is a subsequence (y;) of (z;) such that

S|z S a- kel
i=1

i=1
for all (a;) € I;. Weighted shift operators in a Banach space with
weight bounded sequence

Theorem 3. Let X be a complex Banach space and let (z;) be a
sequence of unit vectors. If

[le¥t - zy + -+ + e¥n Zp|| =n,VE,. .., & €0, 27

then the equality

n n
”E ak-’DkH= E lakl,axr € C,k=1,...,n
k=1 k=1

holds true.
Proof. Let {, = argag,k=1,2,...,n and

n
g = E e’£’° * Tk
k=1

Then by the Hanh-Banach Theorem there exists a functional z* € X*,
llz*|| = 1 such that

n n
(S ) =[S =
k=1 k=1
i.e

zn:ei‘f’“m*(xk) =n. (1)
k=1
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Since zx, k = 1,2,...n are unit vectors and ||z*|| = 1 we will have
|z*(zx)] < 1. Now, from the equality (1) we obtain e¥* . z*(z;) = 1
and therefore z*(zx) = e~%*. Further on,

n . - n
(Y k2| < lle”ll- D an - o
k=1 k=1

Hence, o , , ‘
n n ~
|Zak-w*(azk)l < ”Zak-mk“. (2)
k=1 k=1

From the above inequality we will have

n n
.Zakiﬂ*(xk)' = IZ |ak|eiargake—iargak
k=1 ' . k=1 R

Now, from (2) and (3) we will have

n n
> loul < 3 ou o
k=1 k=1

= lal. (3)
k=1

On the other hand

n n
: “Z akwk“ < ZHakwkH
k=1 k=1
n
= lax].
k=1

and the proof of the Theorem is completed.

In the following, denote by L the subspace of a real Banach space X,
generated by the system of unit vectors (e;);en, which satisfies the property

e
i€A

where k(A) is the cardinal number of theset A C I (I = {1,..,n} or I = N),
N-the set of natural numbers.
Define the weighted shift operator T': L — L, by

= k(4) (4)

Te.,; = )\i * €41

with bounded sequence (A;). Then every vector z € L is of the form
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T = E a;- €;

ieEN

Further on, we will give an example for the subspace L of the Banach space
X.

Example 1. Let L and Y be the Banach spaces, where L is isometri-
caly isomorphic to the Banach space [;. Then,the direct sum L @Y is the
Banach space.The basic vectors in [; are :

e1=(1,0,0,...)...en = (0,0,...,0,1,0,...)...

Now, |lei|li;, = 1 for every i € N and

552, -

I(£1,41,...,£1,0,0,..)|li,

=) |£1]=n=k(4)
=1 }

where A= {1,2,...,n},n € N.
For the set L we will prove the following result.

Lemma 1. The subset L is a closed subspace of the Banach space X .

o0
Proof. Let (z,) be a Cauchy sequence and let z, = 3~ a;"e;. Then,
i=1

[|Zm — zn]| = 0
Now from the Theorem 1 it follows that
o0
Hzm — znl| = Z la,™ ~a;"| = 0
=1

Therefore, (2;")nen is a Cauchy sequence of real ,numbers for every nat-
ural number i. Let a;® — a;%,4 — oo and let z¢g = Z a;%;. Obviosly,

To = hm z,, and L is a closed subspace of the Banach space X.

Theorem 4. Let (X,||.||) be a real Banach space and let (e;)ien be
a system of unit vectors, which satisfies condition (4). Then for every
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bounded sequence (\;) there exists a closed subspace L in X and a weighted
shift operator T : L — L, defined as above, such that

inf (1 — &) |l - lel| = K < ||Tz]| < sup A - lz]]

for every x € L, K constant, and for every decreasing sequencies 0 < ¢; < 1.

Proof. (e;)icn is a 0-approximate system of vectors in Iy (it follows
from (4)).Let (a;) € Iy from the Theorem 2 there is a subsequence (ys) of

(e;) such that
o0
||Z a; * Yi
i=l

for every sequence (a;) ye l.
In the following we denote by {z; 14 € N} ={e;:1€ N}\{yi:1 € N}

and
Z aie; = Z biy; + Z CiZ;

=1 iel

> Z (1-€)-al (5)
i=1

relation (5) is true for every (a;) € lj, so it is true and for (b;)(because

(b:) C (ai))
||sz"yi ZZ(l—Gi)'lbiI ' (6)
i=1 i=1

Now we estimate the relation

“iai ' ei” = “ibiyi + Zcizi
=1 i=1 iel
2 i(l = e)lbil = | eiai|
i=1. iel

||Zc,z, Y
iel
< Z(1+€1 |C1.| = — “ZC;Z-;
i€l

>Y (1 -elel =23 e

el el
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and from that

[
i=1 .
=2 el = Z 1—€)lai] —

i€l i=1

> (1-e)lbil+ > (1-e)leil
i=1 i€l

Further on, denote by L the subspace generated by vectors (e;)ien and
let T : L — L, be shifted operator with bounded sequence (;).For every

vector £ = ) a;e; € L, it follows that
i€eEN ’

T2l = [ 3% ai-ewn|| 2 3= (1= )Inl - faul - &
i€EN iEN

> inf (1= )l 3 Joil — K

ieEN
= inf (1 — &)|A] - ||| - K
On the other hand

| Tz|} = ”Z Ai-a; €i+1“

iEN

< Y Pillailllesal]

iEN

= > Iilla] < sup [As] - [la|

€N

and the proof of the Theorem is completed.
Further on, consider a Hilbert space X = Ly(R),with respect to the
inner product

@) = [ sy
R
which is spanned by a sequence of Hermite functions
0}
hn(z) = ——gn(:z:) 9gn(T)

dr
—_— — 1 n . 7('"122  ——
(=)™ e™ o

e™2"), By = ((4m)" - nl)?
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Lemma 2. [5] The sequencies of hermite functions hold the following
properties

(1) it is a orthonormal in La(R)
(2) it is a basic in La(R)

Now, there is easy to see that
[ - [ v
icA icA

for every finite subset A of natural numbers N.It means that (h;) is a
0-approzimate l; system of unit vectors in La(R).

= k(A)

At the end we obtain the following result,which is the direct conse-
quence of Theorem 4.

Corollary 1. Let Ly(R) be a Hilbert space as described above and let
(hi) be a system of Hermite functions, and T operator defined in Ly(R)
with T'(h;) = A;hiy1,the norm of this operator hold the relation

inf (1 — &) Ai] - ||zf| - K < [[T2]| < sup Al - []=|

for every ¢ € Lo(R), K constant, and for every decreasing sequencies
0< (&) <1.
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HEKOUV OCOBMHUW HA ;-ATIPOKCHMUWPAYKN
[y HU31 BO BAHAXOB ITPOCTOP

M. Lohaj* and N. Braha**

Peszuwme

'naBEMOT pesynraT BO oBaa pabota e ciemrnor: Arxo X e Ba-
HAXOB IPOCTOP, KOJIITO COIPKU [i-AIPOKCHMATUBEH [; CUCTEM OJ BEK-
TOpM, TOram nocTou mormpocrop L u Texxuncku mudr omepatop T :
L — L co resxuncka Hu3a (A;) Taka mto inf;(1 —¢) - [Nl ||z|| — K <
\Tz|| < sup; |\l lz||, K-koHCTaHTS, 3a cekoe x Bo L u 3a cekoja ona-
rauka musa 0 < (¢;) < 1 Ha peannu 6poesu, Bo ciaydaj kage X = Lo[R]
HOpMaTa Ha ONepaToOpoT € OmeHeTa BO HpocTopoT X == L.
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