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A NOTE ON A LEMMA

N. Rechkoski* and Vasko Rechkoski**

Abstract

In this work we give generalization of a lemma from [1] page
162. The Lemma is ilustrated by an example.

This note refers to lemma A.3.2 given in (1. p.162) that is in context
to the Fourier transform for the function f € L. L! is the space of the
integrable functions by Lebesgue in R.

Let the function f € L!, then the function

(a1 [ 1@ s
f(z)—-Qm. t——zdt’ z=z+1y

is analytic for y # 0. In relation to the mentioned lemma we take into
consideration the function

f*(w+iy)=—-/ 10 _ 4

If f(t) is a real-value function, then

e +iy) = f(2) + F(2) = 2Ref(2),

meaning that f*(z + iy) is a harmonic function for y # 0. From here, the
function f*(z + iy) is called harmonic representation for the function f. It
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is known that f*(z + iy) — f(z), when y — 0%, in the points z € Rin
which f(z) is continuous, the convergence is uniform to compact sets (1.
5.3 p, 69)
It is also of interest to mention that f*(z 4 iy) — f(z) when y — 0%
in terms of distributions. :
The lemma which our note refers to states:

Lemma 1. Let fi, fo € L*, and f}, f3 are harmonic representations
for the functions fi, fa. If it is true that f{(z +iy) = f3(z + iy) for every
y # 0, then fi(t) = f2(t) almost everywhere.

The lemma is equivalent to the condition: if f € L! and f*(z+iy) =0
for y # 0, then f (t ) = 0 almost everywhere.

The proof is given in (1. p.162). Our note rega.rdmg the mentioned
lemma is the following lemma:

Lemma 2. Let fi, f» € L', and f}, f; are harmonic representations
1>J2

for the functions f1, fa. If it is true that f7 (w+zy) f3(x+1y) fory >0,
then f1(t) = f2(t) almost everywhere.

Proof. We shall prove the lemma with the help of the analytic repre-
sentation of the distributions. Each function f € L' is a regular Schwartz
distribution, where it has Cauchy representation. Namely, the function

f(z) - 2jrz tf—(-t)

—0Q

2=z +1iy

is analytic for y # 0 and in that f(z +iy) — f(z —iy) — f(z) wheny — 0t
in terms of distributions (3. p.17-19).

fle+iv) - flo- / il Fata), v

By analogy, we have f (x +iy) = f(z) when y = 0% in terms of distri-
butions. Supposedly, in :the lemma fl (z +1y) = f3(z +iy) for y > 0, we
have

lim, / (o + w)pla)ds = lim, / B+ i)p()ds

for every ¢ € D. D is the space of the test functions in R. On the other
hand we have :

Jim [ fie+ive@ds [ fopaaa

—00
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and

i [ farieiz= [ fepEde

from where it follows that fi(z) = f2(z) almost everywhere (2. p.66).
To illustrate this, we list one very important theorem from the Fourier
transformation.

Example. If f € L! is a continuous function and its Fourier transfor-
mation

F(f,3) = / FR)eit= dt

is also from L!, then it is known that f(t) = F~Y(F(f),t) for every t.

o0

1 ix 4
"l(g,t)=§;/g(w)e ‘dr, ge L'

-0

is called inverse Fourier transformation for the function g.

Let us now have f € L. The function f will be not continuous,
and let Fg f) € L. With the help of lemma 2., we will prove that
f(z) = (F(f),z) for almost every x, which is a known result.

For that purpose, we will first prove that, if h(z) = f*(z +i€), f € L?,
€ > 0 then

h*(z +10) = f*(z+i(d+¢€)), 6>0.

h*(z +18) = 6 / If(t+zs) dt

— 02
(1)
) / / _fn) '
ft—z —'u5|2 vy I'r—-t—zel2
it is easily proved that
F iwz—e|w| t) = / —iwz—e|w| jiwt — € )
(0= ] e e e £ @)

By setting in the relation (1) we get

* S\ é i dt 1 T —iwt—e|w]|
h*(z +i6) = p / ry— / f(T)F(e ,T)dT.
—-—00 -0
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From here, with the help of the Parseval relation we have
s da 17T |
* sy — 2 L —iwt—e|w]
W (z +1i9) w / [t—z -2 2m / F(f,w)e dw
~00 -0 | ;

with change in the order of integration

1 T ) et
- — —elwl gy —
2m / F(f,w) du [t —z — 6|2
co

1
i(z—d|7| —iwt
=3 /F(f w)e ,te dt

— 1 Ji , —€|w] ,—iwr—5|w|
=5 /F(f,w)e e dw

(o)
=5 [ Flfwpeion ememti st g

= / FE)F(ei=EtDlel 1y gy

From (2) we get

T 2(e+9)
/ft) [t —z —i(e +0)]2 at

e+5 f(t
/ |t —z —i(e + 8)|*n dtﬁ

£z +ile +8).

I

The function h(z) = F~1(F(f),z) is continuous because it is an inverse
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Fourier transforme. With the help of the relation

1 oo . 1 00 .
—iwz—¢|w| — —iwt—e|w|
o / F(f,w)e dw = - / F(t) F (e ) dt
—00 ~00

o0

we get

5 T d
h*(u-l-z&):;r- /Ehmf (x+ze)| ux e
.0 T . ) dx
=im [ rerop =

using the result we got previously
. h*(u+1id) = li_r)% Frlu+i(6 +¢€) = f*(u+1d),
[

from where on the basis of lemma 2. h(u) = f(u) almost everywhere. Since
h(uw) = F~Y(F(f), u), we finally have f(u) = F~1(F(f),u) for almost every
u.
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