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ON AN INEQUALITY AND A MEAN VALUE

Jovan V. Males§evié

Abstract

Using the papers [1] and [2] the inequality (1) is given and
the author indicates the application of the given inequality on
two particular cases. In the context of one of these particular
cases we discovered a mean M(a,b) on the segment [a,b] labeled
as H(a,b) < M(a,b) < G(a,b), together with a geometric inter-
pretation which is given, according to paper [3], by the relation
‘M = H(A, H).

1°. The following theorem is true,
Theorem. It for the function f(z) on interval (a,b) f"(z) (<) 0
>

is true and f(z) has the corresponding one-sided final derivates f'(a) and

F'(b) (F'(b) # f'(a)), then

b .
[ i@ < TEO 60~ 21w - r@pe-or, )

respectively.

Proof. According to theoren 3’ in {1] pg. 161, the following is true

X—-a b—-X
P=3=% T34’ )
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X-abscissa of the intersection point of tangents in the points Ala, f(a)] and

Blb, £(b)].

A

i) (x):»ﬁ

2(x)<«0

Fig. 1

Let consider the first case given in figure 1 where the tangents in border
points A and B of the graphic of function f(z) > 0 intersect above the
z-axis. In the case of f"(z) < 0, [2] is true pg. 69:

PA(AKB) = |B7_/l| (3)

where ﬂ' is directly ortogonal vector to the vector f{_fi Next,

KA =(-AR) = —[(X — a)i + (¥ - f(a))7}
= —[p(b - a)i + pf'(a)(b ~ a)j]’
= —plb=a)(~f(@i+])
A BR=(X-bi+(Y-fO)]
— —q(b-a)i - b - ) f' ()]
— ~qb— )i+ £ ()]
= BR-KA =pab— (/') - £(a)).

Finally from

PA(AKB) = 3 pab ~ a)? |1/(5) - (@), @
using the implication

f(z) <0= f(b) < f'(a) (5)



ON AN INEQUALITY AND A MEAN VALUE 39

it follows that

PA(AKB) = ~3 pa(b — aX('(5) - F'(a)). (©)
Thus
b
/ fz)de < LD 4 1 paakB)
! ? | (7)
= LI 6 o) - Lor'®) - F@NE-a?.

From p+q=1=>pq=p(1 — p) = p — p*. Function f(p) = p — p? has the
. . . 1 1 1 ;
maximum in the point p = 3 and Qmax(p) =@ 3)=7°% that finally
b

[ #@yae < LEEIO o) - L16) - @)6 - 0P, for @) <0
a . (8) i

In case of f”(z) > 0 there is

1 o1 — !
PA(AKLB)=§|R1m|=§lﬁl']—3?t|r

where

AR = (X - a)i +[Y - f(a)}] = p(b — )i + pf (a)(b — &)]

=p(b— a)[i + f'(a)]]
BRi=~q0- i+ /®]l, BR,=ab-a)lf0Fi-7.
It follows that
PA(AK:B) = 5 pa(b — a)’[f'(8) ~ £/(a)].
Next, using the implication /
£'@)> 0= F8) > 1), Q

it follows that

PA(AK:B) = 5 palf'(5) - F(@)(b - o)? . (10)



\
40 . - Jovan V. Male8evié

Thus
, |
/f(:z:)dl‘ > .f(a')—;_fgl).(b— a) — PA(AK1B)
—L@EIO ) 2 palr ) - £@) 6~ ),

so that finally

/f +f(b)(b a) - ;[ '(6) = f'(@)(b - a)?, for f'(z) > 0.

(11)

Tn the second case; the results (8) and (11) are true for the function

= f(z)+C, where the constant C' > 0 is chosen in the way that the figure

1, from the previous consideration, is attained. Namely then, according to
the above mentioned

[r@az+co-a) < LT 0a)rc0-0)- 5170~ r@)e-a

( (12)
the conclusions follow. By this the theorem is completely proven.

20, At this point we shall apply the theorem to the two particular
cases.

1) In the case of the function
f(z ) Inz, z>0, (13)

there is 1 ‘ 1
] i 1! —_—
fla)=1, fla)=-2<0,
so by the applying the theorem on the ssegment [a,b] (b > a > 0) it is true

that \
Ina+Inbd 1,1 1 2
/1na:dw<——2————(b—a)—-§(3—a)(b—a) . (14)

a
For a > b > 0 we would have in the previous inequality the opposite sign.
The calculations induce

2
(lnb—lna)a;b<a +6“b+b (b-a)
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in fact to the inequality

Inb—1Ina a+b < a? + 6ab + b?
b-a 2 8ab ’

which is true for b < a. Finally, the following relation is true

Inb—lna < a? + 6ab + b
b—a dab(a + b)

, b>a>0 or a>b>0. (15)

According to (15) the obtained bounds of the fraction }EZ———IB—G in

-a
the left and right neighbourhood of the point a are of an invariant form.

a) Fora=1and b=1+z, z > 0, from relation (15) it follows that

323 + 422

(l+e) <z- o Gra)’

z>0; (16)

whilefora=1land b=1+4+2, -1 <z <0, from the mentioned relation it
follows that .

323 4 422

Wml+2)>e - G ra)

~1<z<0. (17)

Remark. By the relations (16) and (17) for f(z) = In(1 + z), in the
domain of rational functions, we got more precise bounds than the bounds
in (35) and (35') respectively from the papers [1], pg. 173, that is, 175. Let
notice at this point that the relations (35) and (35') in [1] are by technical
error labeled as (35) and (35’). Namely, with (35) and (35")we should have
labeled the relations two rows before these relations respectively. In the
context of that remark, the inequality (35”) in [1] pg. 175, becomes

2

0<|a| <1; (18)

with a remarks that for z € (—1,0) the following is true

2
z
B) From relation (15) the following relation is true
b— 4ab b
Lab) = o=t 5 JOHD) e, ()

Inb—Ina = a2+ 6ab+ b?
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where M (a,b) is also a mean of the numbers a and b (M(a,a) = a and
a < M(a,b) < b). It is not difficult to verify the relations

H(a,;b) < M(a,b) < G(a,b). (21)
The relation M(a,b) < G(a,b) is got from the accuracy of the relation
G(G,G") < A(G,G"), (22)
whwre G’ = KG — complementary mean of the geometric mean [3].

For the geometric construction of the mean M(a, b) through the classic
means, we determine the previously reciprocal mean for M (a,b) in relation
to number ab [3]; let label it with X, by notation RM = X, it is true that

| M-X=ab. (23)

It follows that

a®+6ab+b  (a+d)?  ab 1(a+b 2ab)
2

X= 4a+b) (a+b)+a+b 2 a+b
i.e. Alab) + Hlab
Thus, according to (3], we finally get
M=RX=R(AJ; )=H(A,H). (25)

~According to the figure 1 from the paper [3] we construct the means
A = A(a,b), G=G(a,b) and H = H(a,b); and then the mean M, accord-
ing to the figure 2.
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2) In the case of the function
f(z) =sinz, O<z<m, (26)

there is
f'(z) = cosz, f"(z)=-sinz,

so, by the applying the theorem on the segment [0, z], £ < 7, we have that

T

. X |
/sinwdx< :cs;nm —%—(cosa:—l), (27)
J :

which induce the relation

2
tan -—(2 - %—) <z
Finally 4 S '
.tan§<8—w2 for 0<z<2v2. o (28)

For -1 < z < 0 we would previously have the opposite sign, so by
substitution of ; =t we got the following inequality

2
tan|t|<5—_|t—'t5, 0<Jt| < V2. (29)
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3A EITHA HEPABEHKA U EITHA
CPEIHA BPEIOHOCT

JoBar B. Manemesuxk

PezumMme

Bo TpymoT e nmanmeHa HepaBeHKaTa (1) M Cce ykaxkyBa Ha IpHuMe-
HaTa Ha Taa HepaBeHKa BO JBa NApPTUKYJIADHU CIydad. BO KOHTEKCT
Ha elleH OJ [BaTa NapTHUKayJapHM ClIydau ce noara AO CPeIMHATA
M(a,b) na cermentot [a,b] co obenexje H(a,b) < M(a,b) < G(a,b),

CO reoMeTpPHUCKa MHTEpIpeTaluja AaleHa BO TPYAOT [3] co penanujara
M =H(AH).
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