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ON PECARIC’S INEQUALITY IN INNER
PRODUCT SPACES

S. S. Dragomir

Abstract

Some related results to Pe¢arié¢’s inequality in inner product
spaces that generalises Bombieri’s inequality, are given.

1. Introduction

In 1992, J. E. Pegari¢ [3] proved the following inequality for vectors in
complex inner product spaces (H; (-,-)).

Theorem 1. Suppose that x,y1,...,yn are vectors in H and Cls- -5 Cn
are complex numbers. Then the followmg inequalities

Izn:ci(w,yi) ‘< H%‘Hzilcz (il (Y2, U5) ) (1.1)
i=1 i=1 j=1

< Jall® Y leil® max (Z| (s,u5)1)
=1
hold.

He also showed that for ¢; = (x,y;),7 € {1,...,n}, one gets
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n

(Zl(w,yi)l2)2Sllwllzi!(z,yz (ilyuy]) (1.2)
i=1 j=1

i=1

n

< el 3 1o e (3 o))

i=1
which improves Bombieri’s result [1] (see also [2,p.394])

n

>l vl < el max (3 Iws,0)]) - (13)

i=1

Note that (1.3) is in its turn a natural generalisation of Bessel’s inequality

n

> el <lzl®, =zeH, (1.4)

i=1

which holds for the orthonormal vectors (€i)1<i<n.

In this paper we point out some related results to Petarié’s inequality
(1.1). Some results of Bombieri type are also mentioned.

2. Preliminary results

We start with the following lemma that is interesting in its own right.

Lemma 1. Let z1,...,2, € H and o, ..., 0, € K. Then one has the
inequalities:

(2.1)

n 2
“Z Q2
i=1

< (g lailp(;:-;](zi,zj)o) (; 'a’,q(;:;| Y )>l/q
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Proof.

3

(2.2)

If one uses the Holder inequality for double sums, i.e., we recall it

i,7=1 i,j=1 i,j=1

where m;;, a;;, bi; > 0, =1, p>1; then

“clv—l
IQIP—‘

. (Xn: s, ) lailp)l/p(zn: (2, 27)| lailq)l/q

i,j=1 i,5=1

(2.3)

(2.4)

- (S (o) (S (S i) s
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and the first inequality in (2.1) is proved.
Observe that

;Ia,|p<é| Zi, 2j) ) >

giving

1I?;a<xn|a,|p Z (21, 23)1 5

1,j=1
(i:aiwp)”*(z(il o z)))
i=1 i=1 j=1
if a>1 % %:1;
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Similarly, we have

(i |a,|q(1§::1| 2, 2)| ))l/q < (2.6)

r

Lt 1/q
max lol (D Iz )l)

4,j=1

()™ (S ) )

i=1 j=1

I

ify>1 +-=1;

2 [+~
Sal

L<§|ai|q) 152 (Z'(z“z’ >

Using (2.1) and (2.5) - (2.6), we deduce the 9 inequalities in the second
part of (2.2). 0

If we choose p = g = 2, then the following result holds.

Corollary 1. If z1,...,2n, € H and a1, ..., an € K, then one has

(2.7)

n 2
Hzaizi
i=1

n n
< z:|a2 (Z| (2i,25) )
=1 Jj=1
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max el ) 1 7)l;

i,j=1
n

lrga<x Iall(zlailh)uzv(i |(zi,zj)|>l/2 (Z (Zl(z“zg)l) )1/25’
1

i=1 i,5=1 i=

/2
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i=1 1,j=1
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1= 1=

< ()
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Zml e (Zl(zuzj)i)

NQIo—*

1/

\

3. Some Pecari¢ Type Inequalities

We are now able to point out the following result which complements
and generalises the inequality (1.1) due to J. Pegarié.

Theorem 2. Let z,y1,...,y, be vectors of an inner product space
(H;(,") and c1,...,cq € K. Then one has the inequalities:
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1
where p > 1, +E=1.

S~

Proof. We note that

ici(m7 ¥i) = (z»ifiyi) .
i=1

i=1
Using Schwarz’s inequality in inner product spaces, we have
g ’

2 5 n 2
< llall?|| s
=1

(3.2)

n
‘Z C; (.’L’, yz)
i=1

,n), we deduce the

=y (i=1,.
0

Finally, using Lemma 1 with a; = ©;, 2;
desired inequality (3.1). \

Remark 1. If in (3.1) we choose p = g = 2, we obtain amongst
others, the result (1.1) due to J. Peéarié.

4. Some Results of Bombieri Type

The following results of Bombieri type hold.
Theorem 3. Let z,y1,...,yn € H. Then one has the inequality:

(4.1)

51wl <

=1

<Pl [S I P (310 yz,ym)]
Jj=1

i=1

. [zn: |(z, y:)|? (i (s, yJ)l)] 1/2q
=1 Jj=1
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(

1/2
1252 (=, y’)l(z (i, y5) ) ;

i=1 j=1

1,5=1
max |(e,y |1/2(2| - pq) (Z o) I)l/zp
=1 igm1 ,
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=1 j=1
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=1 j=1
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Jmax |(, 9] (E (=, i) ) lrgiagn(ill(yz,yg)l)

X ( Z ](yi,yg‘)l) 1/2q ;
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1/2
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1
where p > 1, ;+ =1.

1
q
Proof. The proof follows by Theorem 2 on choosing ¢; = (z,y:),

i € {1,...,n} and taking the square root in both sides of the inequalities
involved. We omit the details. o

Remark 2. We observe, by the last inequality in (4.1), we get

(Slwwr) .
T < el max (3 I35
(Eiewr) " (Sl@wr)’ (3 el

1
where p > 1, ;+—_=1.

If in this inequality we choose p = q =2, vihen we recapture Bombieri’s
result (1.3).
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3A HEPABEHCTBOTO HA IIEUYAPUK BO
INIPOCTOPHU CO CKAJIAPEH ITPOM3BO.I

C. C. Oparomup

PeszumMme

IlameHU ce HEKOM pe3yATATH KOM IO reHepalM3MpaaT HepaBeH-
ctBOTO Ha Ileyapuk BO mMPOCTOPM CO CKaJlapeH HPOM3BOX, & IO IeHe-
paJu3upaaT HepaBeHCTBOTO Ha BomOGuepwu.
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